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Abs t rac t .  Image-based scene representation is believed to be an al- 
ternative to the 3-D model reconstruction and rendering. In attempt 
to compare generality of image-based and model-based approaches we 
argue that it is plausible to distinguish three approaches to 3-D scene 
visualization: image interpolation, image extrapolation, and 3-D model 
reconstruction and rendering. We advocate that image extrapolation is 
a useful trade-off between simple but limited interpolation and general 
but difficult 3-D model reconstruction and rendering. Image extrapola- 
tion is able to visualize correctly the part of a 3-D scene that is visible 
from two reference images. In fact, it is equivalent to reconstructing a 
projective 3-D model from two reference images and rendering it. In the 
second part of the work, we present an algorithm for rendering a pro- 
jective model. Our approach is more efficient than the ray-tracing-like 
algorithm by Lavean and Faugeras [6]. We show that visibility can be 
solved by z-buffering, and that virtual images can be synthesized by 
transferring triangles from a reference image via a homography or an 
affinity. Such algorithms are often supported by hardware on graphics 
work stations, which makes a step towards the real-time synthesis. The 
results are presented for real scenes. 

1 I n t r o d u c t i o n  

This work considers visualization of a real 3-D scene described by a set of inten- 
sity reference images taken from different viewpoints. The novel images of the 
scene, not captured by any real camera, are called virtual images. Traditional 
scene visualization proceeds in two steps: (i) reconstruction of a 3-D model, (ii) 
rendering of the model. 

Image-based scene representation is believed to be an alternative. I t  proposes 
to display a real 3-D scene from any viewpoint without using its 3-D model. The 
scene is represented only by a collection of 2-D reference images. A virtual  image 
is then constructed directly from the reference images using correspondences 
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among them. The aim of such a procedure is to avoid the difficult reconstruction 
of a consistent 3-D model. 

It was thought [1,6, 8, 10,15, 5] that displaying a 3-D scene from 2-D reference 
images is quite a different process from rendering a 3-D model. The difference 
seemed to follow from the observation of Ullman [14] who has proposed that the 
objects could be recognized just on the basis of linear combination of correspond- 
ing points in their orthographic images. It was in deep contrast to recognition 
based on verification of a 3-D model projected to the image. 

Ullman's approach has attracted new attention since Shashua showed that a tri- 
linear function replaces the linear one [11] for a perspective camera, and since 
Laveau and Faugeras [6] and Hartley [4] made clear that any projective recon- 
struction of the scene suffices for the visualization itself. Tedious calibration of 
the camera has been thus avoided in the case of visualization. 

Seitz and Dyer [10] have stressed that visualizing an object by interpolat- 
ing close views is a well-posed process and therefore a perfect correspondence 
algorithm and removal of hidden surfaces are not ultimately needed for certain 
limited tasks. Other works have demonstrated that even quite complicated scenes 
can be visualized by interpolating between the reference views [8,15]. 

The above results make an impression that virtual images of a general scene 
can be constructed by an image-based approach. However, knowledge about ge- 
ometry of isolated points is not sufficient for constructing virtual images because 
occlusion must be also considered. 

To display the scene by a camera revolving around it in a circle, quite many 
reference images were needed in [15] to make visual effect realistic enough. This is 
caused by the principal deficiency of image interpolation, namely by its inability 
to show a general object from an arbitrary view point using the images and 
the correspondences obtained ]rom a sparse set of viewpoints. This deficiency 
is caused by occlusion. Surprisingly, no object, not even a convex polyhedron, 
can be completely visualized by mere interpolating between finite number of 
reference images. 

Consider the situation illustrated in Fig. I when the reference views C1, �9 �9 �9 C6 
are located around a simple convex polyhedron. The images taken by the virtual 
camera C, lying in the segment C2C3, cannot be constructed by interpolating 
between reference views C2 and C3 since the camera C: does not see both sides 
of the polyhedron which are seen by the camera C. It will not help to move one 
of the reference cameras, e.g. C3, closer to B1 in hope to avoid the malfunction 
of the view synthesis. By moving C3 to B1, the same problem appears on the 
segment C3Ca. The only solution would be to increase the density of views near 
B1 to infinity. Indeed, the algorithm for automatic finding the optimal sparse set 
of reference views [16] has tended to select many reference images near places 
like B1. 

In the light of this observation, we believe that the following questions must 
be clarified: How general are image-based approaches? Can an arbitrary virtual 
image of an arbitrary scene be constructed by an approach avoiding 3-D model 
reconstruction? 
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Fig. 1. Virtual view C cannot be con- 
structed by interpolation from the views 
C2 and Ca but can be extrapolated from 
Ca and Ca. 

Fig. 2. The set $(v) of scene points vis- 
ible from the viewpoint v. 

In the first part of the work, Section 2, we attempt to compare generality of 
image-based and model-based approaches. We show that it is plausible to dis- 
tinguish three qualitatively different approaches to constructing virtual images. 
The simplest one, image interpolation, is similar to Seitz's and Dyer's approach 
[10]. In image extrapolation, visibility must be solved explicitly. 3-D Model re- 
construction and rendering is the most general approach, the only one which 
can be used if both the scene and the position of virtual camera are general. 
It requires fusing parts of the virtual image transferred from different sets of 
reference images. 

Since the applicability of image interpolation is limited and 3-D model re- 
construction is difficult, we advocate image extrapolation as a trade-off useful 
in practice. The application can be, e.g., observing a scene described by a pair 
of uncalibrated photographs. In Section 3 we present an efficient algorithm for 
synthesizing virtual images by image extrapolation. The algorithm is similar 
to rendering a Euclidean 3-D model, however, no Euclidean reconstruction is 
needed and visibility can be solved in image planes. In contrary to Laveau and 
Faugeras [6], the rendering algorithm allows using hardware-supported graphics 
functions available on some work stations. Therefore, the synthesis of virtual 
images can be faster. 

2 A n a l y s i s  o f  A p p r o a c h e s  t o  3 - D  S c e n e  V i s u a l i z a t i o n  

In this section the following questions are addressed: Can an image-based ap- 
proach be used to construct an arbitrary virtual image of an arbitrary 3-D scene? 
If  not, for which configurations of the scene and virtual and reference viewpoints 
can it be used? 
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2.1 Used Concepts 

A scene is one or more rigid opaque bodies in a fixed relative position. Scene 
points are the points on the surface of the scene. Viewpoints are points that  are 
not inside the scene nor on its surface. We will denote the set of scene points 
visible .from the viewpoint v by $(v).  The set S(v) for an example configuration 
is shown in 1 Fig. 2. Each viewpoint is a possible center of a camera. If it is a 
real camera, the viewpoint is called the reference viewpoint. If it is a center of 
a non-existing camera for which a novel view of the scene is to be created, it is 
called the virtual viewpoint. 

We assume that  an algorithm able to find corresponding pairs of pixels in two 
reference images is available. We further assume that  there exists an algorithm 
that  allows to compute the position of an image point in the virtual image from 
the positions of corresponding image points in some subset of reference images 
(this subset usually contains only two images). This algorithm is often called 
transfer. Approaches to transfer can be found in [12, 4, 2, 13]. 

2.2 Three Approaches to Constructing Virtual Images 

The considered task is to construct virtual images of a scene from a captured 
set of reference images. The virtual viewpoint will be denoted by v and two 
reference viewpoints by v ~, v ' .  

If the scene were a cloud of isolated points we could construct an arbi t rary 
virtual image by transferring all corresponding points from a pair of arbi t rary 
reference images to the virtual image (in fact, this is image interpolation de- 
scribed below). Since scene surfaces occlude each other this simple approach 
cannot be used in some situations. 

Possible configurations of the scene, the reference viewpoints and the virtual 
viewpoint can be divided into three qualitatively different classes. A different 
approach to constructing virtual images is suitable for each class so that:  

- The virtual image is complete, that  is, no part  of the scene is missing in it. 
- Possible hidden surfaces are correctly removed in the virtual image. 
- The approach is as simple and efficient as possible. 

The three classes of approaches are summarized in Table 1 and described in 
the following three sections. For each class, necessary and sufficient condition 
for configuration of the scene and the viewpoints is formulated in terms of 
S(v),S(v'),s(v"). 

Image Interpolation. Image interpolation allows synthesizing the virtual im- 
age from two reference images of the scene by transferring points in an arbi t rary 
order from the reference images to the virtual one. 

Once we find the correspondence, the synthesis of the virtual image is simple 
and fast. The following algorithm can perform image interpolation: 

1 In this figure, as well as in other figures in the paper, the scene is shown as two- 
dimensional for simplicity. 
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Table 1. Three approaches to constructing virtual images. 

Approach Condition 

image interpolation 8(v) = 8(v') N S(v") 
image extrapolation S(v) C S(v') r3 S(v") 
model reconstruction 

and rendering S(v) r ,S(v') f3 S(v") 

Solving visibility Fusion 
necessary? necessary? 

n o  n o  

yes no 

yes yes 

Fig. 3. Configurations of the scene and the virtual and reference images corresponding 
to image interpolation (a), image extrapolation (b), and model reconstruction and 
rendering (c). 

1. Find the correspondences in the two reference images by a stereo algorithm. 
Sparse correspondences of salient features are sufficient. 

2. For each pair of corresponding points in the reference images, compute the 
position of the corresponding point in the virtual image by a transfer. 

3. Construct a triangulation on the set of transferred points in the virtual 
image. Warp the interiors of the triangles from one reference image to the 
virtual image. This is similar to morphing, well-known in computer graphics. 

Let v be the virtual viewpoint and v', v" the reference viewpoints. The nec- 
essary and sufficient condition for image interpolation to yield a correct and 
complete virtual image is: 

a(v) = s(v') n a(v") .  (1) 

It means that exactly the part of the scene visible from both v' and v" has to be 
visible from v. Figure 3a shows an example configuration when the virtual image 
that can be correctly constructed by image interpolation. Viewpoints v ,v ' , v"  
must not leave the domain bounded by dashed lines. 

This method is similar to "image interpolation" by Seitz and Dyer [10]. 

Image Extrapolation. The example in Fig. 3b shows scene points a, b, c trans- 
ferred to the same image point in the virtual image. One has to decide which of 
them is visible. If visibility is not explicitly solved (like in image interpolation), 
an incorrect virtual image can obtained. 
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An algorithm for image extrapolation is image interpolation augmented with 
an explicit removal of hidden surfaces. The removal can be done in a way similar 
to ray tracing [6] or, more efficiently, by z-buffering distances from the epipole, 
described in Section 3.3. In contrary to image interpolation, sparse correspon- 
dences of salient features need not be sufficient. The reason is that  a part  of the 
scene can be occluded by a surface with no salient features. 

The necessary and sufficient condition for image extrapolation to yield a com- 
plete virtual image is the following: 

S(v) C S(v') n S(v") , (2) 

i.e. the part  of the scene visible from the viewpoint v has to be a subset of the 
parts visible from both v' and v". 

3-D M o d e l  R e c o n s t r u c t i o n  a n d  R e n d e r i n g .  Sometimes, two reference im- 
ages do not allow to construct a complete virtual image because some parts of 
the scene visible from the virtual viewpoint are not visible from both reference 
viewpoints. In this case, we have to use other pairs of reference images and 
fuse multiply reconstructed image parts. The fusion makes this approach practi- 
cally equal to the reconstruction and rendering of a consistent (projective) 3-D 
model 2. 

Images taken from reference viewpoints v' and v" do not suffice to construct 
the complete virtual image from the viewpoint v if 

8(v) r S(v') n 8(v") , (3) 

that  means, a part  of the scene visible from v is invisible from either v' or v". 
An example configuration is in Fig. 3c. 

Since two reference images are not enough, it is necessary to use another pair 
of reference viewpoints, e.g. w' and w" in Fig. 3e. If 

S(v) c [8(v') n a(v")] u [s(w') n a(w")] (4) 

the transfer from v' and v" to v combined with the transfer from w' and w" to 
v yields the complete virtual image (otherwise, other pairs of reference images 
have to be added). A difficulty occurs if 

[S(v') n S(v")] n [S(w') n S(w")] r 0 (5) 

because some parts of the scene will be constructed twice in the virtual image. 
Since these two parts will not be exactly the same due to noise, they have to be 
fused. Thus we have to cope with fusion of multiply reconstructed scene parts, 
which is one of the most difficult issues in 3-D model reconstruction. 

2 This approach seems to work with a view-centered representation whereas a model- 
based approach works with an object-centered representation. But this is not signif- 
icant because (i) there is no qualitative difference between transfer and projective 
reconstruction-reprojection, and (ii) it is convenient to express reconstructions from 
different subsets of reference images in a common projective coordinate system in 
order to construct a single virtual image v, which is in fact an object-centered rep- 
resentation. 
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2.3 Compar i son  of  the Three Approaches 

Which approach should be used for a given application? In order to visualize 
a general scene from a general viewpoint, we showed that only 3-D model recon- 
struction/rendering yields correct and complete virtual images. 

Image interpolation is on the opposite end of the spectrum. It has nice prop- 
erties in its well-posedness [10], relative insensitivity to errors in correspondence, 
and no care about possible hidden surfaces. However, the domain of its validity 
is limited and it is difficult to find this domain automatically for a general scene. 

Image extrapolation is a trade-off between the two limit approaches. For 
a general scene and general viewpoints, it does not ensure completeness (i.e., 
some part of the scene can be missing in the virtual image) yet it guarantees 
reconstructed parts to be visualized with correctly solved visibility. Obviously, 
image extrapolation is the most general method for visualizing a scene described 
by two reference images only. 

While it is reasonable to call image interpolation an image-based approach, 
and 3-D model reconstruction/rendering a model-based one, we could hesitate 
about image extrapolation. This may indicate that using the concepts "image- 
based" and "model-based" can sometimes cause misunderstanding. 

3 I m a g e  E x t r a p o l a t i o n  f r o m  U n c a l i b r a t e d  I m a g e s  

Three issues are involved in image extrapolation: 

1. Reconstruction of a partial 3-D model from several (often only two) reference 
images. The model is partial because only scene parts that are visible from all 
these reference images at the same time are reconstructed. This is important, 
as it distinguishes image extrapolation from the reconstruction of a complete 
consistent 3-D model from a large number of reference images. 

2. Virtual camera positioning. 
3. Rendering the partial 3-D model. 

This section presents an efficient algorithm for the issue 3. However, we will also 
briefly introduce issues 1 and 2 to have a necessary background. 

We will consider only uncalibrated reference images. In that case, at most 
projective 3-D model can be reconstructed [9]. This situation is important espe- 
cially when the reference images cannot be calibrated, e.g., if we want to visualize 
scene parts visible in a set of photographs taken by an unknown cameras. 

We will denote camera centers by C, image planes by 7r, image points by 
Ui = [Ui Vi Wi] T, scene points by Xi = [Xi Y/ Zi Wi] T, and 3 x 4 camera 
projection matrices by M. The points are elements of a projective space and 
represented by homogeneous coordinates. Entities related to the virtual camera 
and the reference cameras will be distinguished by primes. Thus, C is a center 
of the virtual camera and C ~, C" are centers of the first and second reference 
camera; 7r, 7d and ~r" are respectively the virtual image plane, the first reference 
and the second reference image plane; etc. 
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3.1 R e c o n s t r u c t i n g  a P r o j e c t i v e  M o d e l  

We assume that  a reconstructed projective model is available and that  it is 
represented by the following data: 

- The set of corresponding pairs [image point, scene point], {[u~, Xi], i = 
1 , . . . , N } .  This is the result of a projective reconstruction (e.g., [9]) from 
the set of corresponding image points {[u~ u ~.']~J, i = 1, . . .  , N}.  It is 

l I I I  I I  piUi ---- M ' X i  , Pi ui ---- M " X i  , (6) 

where M' ,  M "  are camera matrices of the reference cameras, {Xi, i = 
1 , . . . ,  N} is the set of reconstructed scene points, and p~ ~ 0, p~' ~ 0. Points 
Xi differ from an underlying Euclidean structure by an unknown projective 
transformation. 

- The triangulation on the set {Xi, i = 1 , . . . ,  N}. The triangulation approxi- 
mates the underlying scene surface. Since only the surface that  is visible from 
both reference cameras can be reconstructed, there is a one-to-one mapping 
between this surface and the reference image plane 7r'. Therefore the trian- 
gulation can conveniently be done in 7r' rather than in the projective space 
of the scene. 

- The reference image captured from the viewpoint C'. It is used to store 
texture which will be warped to the the virtual image during the rendering 
process. (The texture from the other reference images is currently not used.) 

3 . 2  V i r t u a l  C a m e r a  P o s i t i o n i n g  

The reconstructed points Xi are projected to the virtual image as 

piui : M X i  , (7) 

where p ~ 0. The camera matrix M specifies the virtual view, in other words, 
it positions the virtual camera. If Euclidean reconstruction were available, M 
could be easily computed from extrinsic and intrinsic camera parameters. Virtual 
camera positioning in projective space is a difficult task, which has not yet 
drawn too much attention, however. It has a connection to the theory of self- 
calibration and Kruppa equations [3]. We will assume that  a matr ix M specifying 
the required virtual image is available. 

3.3 R e n d e r i n g  a P r o j e c t i v e  M o d e l  

The rendering of the projective model involves two problems to be solved: (i) 
explicit removal of invisible parts of the scene, (ii) correct and efficient filling 
pixels in the virtual image plane. Let us discuss them in more detail. 

A part  of the scene visible in reference images (and therefore reconstructed) 
can be invisible in the virtual image for the following reasons: 
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- This part  is behind the virtual  camera. If the projection to the virtual image 
plane 7r is done exactly according to (7), the virtual camera cannot distin- 
guish between scene points in front of it and behind it, both can be projected 
into an image point in ~r. To model a real situation correctly, the scene points 
behind 7r must be explicitly distinguished from the scene points in front of 
7r, and their rendering must be suppressed. The solution has been suggested 
using oriented projective geometry [7]. 

- This part  is occluded by another  scene part. Scene points Xl ,  X2 projected 
in two image points u~, u~ distinct in 7r' can be projected in a common point 
ul  = u2 in 7r. This means that  either Xl  occludes X2 or vice versa if the 
scene is observed from C. The decision which of these two cases occurs can 
be done according to the distance of points u 1' , u 2' from the epipole e' in 
~r' [6, 7]. Equation (10) below gives the exact formulation. We will use this 
distance to remove occluded surfaces by z-buffering. 

Let us focus on how to fill pixels in the virtual image plane 7r. A naive way 
is to transfer pixels in a random order from 7r' to 7r. The drawback is that  some 
pixels in 7r remain unfilled because of different sampling frequencies in ~r and 7r'. 

Ray tracing remedies this drawback. It allows warping texture and solving 
visibility correctly. It is interesting that  the rays can be traced directly in image 
planes [6]. Ray tracing is time-consuming since an intersection of the scene and 
rays going through all pixels in 7r must be f o u n d . .  

A more efficient approach is t ransfer  by triangles. First, the vertices of each 
triangle are transferred from 7r' to r .  Second, the interior of each triangle is trans- 
ferred by an appropriate transformation. Visibility can be solved by z-buffering. 
We will show that  this approach can result in a very efficient implementation. 

Transferring Triangles via H o m o g r a p h y .  Let us consider two corresponding 
triangles T and T'. The triangle T lies in the virtual image plane 7r and has the 
vertices u l ,  u2, u3. The triangle T'  lies in the reference image plane 7r' and has 
the vertices u~, u~, u~. We know ul ,  u2, u3 from (7) and u~, u~, u~ from (6). 
T is rendered by transferring the interior points from T' to T. The interiors of 
T and T' are related via a homography: 

u ~ Hu' (8) 

where u lies inside T and u'  lies inside T'. 
We need four corresponding point pairs to determine H. We show that  we 

can use the pairs [ul, u~], [u2, u~], [u3, u~], and [e, e']. The first three pairs can 
be used obviously as they are vertices of T and T'. Figure 4 illustrates why [e, e'] 
can be used as the fourth pair. The triangle XlX2X3 corresponds 3 to T in ~r 
and also to T' in 7r'. The plane XIX2X3 and the line C C '  intersect in the point 
X4. The epipoles e and e' are the corresponding images of X4 and therefore 
the fourth corresponding pair. In projective space, X4 exists even if the plane 
XlX2X3 and the line C C '  are parallel. 

a The situation is simplified by one dimension in Fig. 4, therefore X3 is not shown. 
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H is used for computing intensities of pixels inside T in the virtual image (i.e., 
transferring texture from T'  to T) and removing hidden pixels by z-buffering. 

Transferring texture. The intensity function 4 in the image point u '  in the refer- 
ence image is denoted by I ' (u ' )  and in the corresponding image point u in the 
virtual image by I (u) .  Currently, we assume that  I (u)  = I ' (u ' )  for each pair 
[u', u] (that is, we neglect changes due to photommetry).  Synthesis of the virtual 
image means computing an intensity in each its pixel u. This intensity I (u)  is 
obtained as 

X(u) = r (u ' )  = r(H-lu).  (9) 

Transferring depth. The visibility in the virtual view can be solved by z-buffering 
in ft. Let us assign values of the following function d'(u ')  to points in rr': 

, .  (10) 

where u '  = [u' v' w'] T, e' = [e' f '  g']q-, I1[  3 1 -   111 is the distance of 
the point u '  from the epipole e' ,  and a is an arbitrary monotonic function. The 
function o(e') equals 1 resp. - 1  if C lies in front resp. from behind of 7r' (see 
[7] for explanation). The values of z(u) in the z-buffer 5 for each pixel u in lr are 
obtained in terms of d'(u'):  

z(u) = d '(u ')  = d l ( H - l u )  . (11) 

A p p r o x i m a t i n g  t h e  H o m o g r a p h y  by  Aff ini ty .  Equations (9) and (11) allow 
to synthesize virtual images in a similar manner as a Euclidean 3-D model is 
rendered in computer graphics. This rendering can be very fast especially on work 
stations with hardware-supported texture warping and z-buffering (e.g. Silicon 
Graphics). We want to enable utilizing these hardware-supported functions. 

Sometimes only warping via an affine transformation is supported, rather  
than via a homography as in (9) and (11). If T is small compared to the whole 
image and the maximum difference in depth of the interior points of T is also 
small, H can be approximated by an affinity. Since an affine transformation 
leaves length ratios unchanged, the relation u '  -- H - l ( u )  can be conveniently 
approximated using barycentric coordinates, u '  = alU~ + a2u~ + a3u~, where 
ai  are determined by u = a lUl  + o/2u2 -{- o~3u3, Oil + a2 + a3 = 1. Then (9) 
changes to 

U t I (u)  = I'(u')  = I'(oqu~_ + o~2u,~ + 0~3 3)- (12) 

4 For simplicity, the notation I(u) is used for intensity in an image point even if 
u = [u v w] -r is in projective coordinates and the function I usually takes points in 
Cartesian coordinates. I(u) can be considered as an abbreviation for i ( [~ ~]v 7-). 

5 Unlike in rendering a Euclidean model for which z-buffer is usually used, z(u) does 
not mean the Euclidean depth in u here but rather an increasing function of it. 
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; U2 e e' ~, "-~"4 
. . . . . . . . .  o =  

Fig. 4. The fourth point needed to de- 
termine H. The situation is simplified 
by one dimension, therefore X3 is not 
shown. 

i 

o 

d'(v') 
, linearly interpolated distance from the epipole 

:!f . . . . . . . .  . . . . .  

[ actual distance fro~ the epipole 
/ I y' 

Fig. 5. The error in visibility due to the 
approximation of (11) by (14). The seg- 

! I ment u2u 3 is incorrectly determined as 
visible. 

Similarly, we can approximate (11): 

t I U ! U ! z ( u ) = d ' ( u ' ) = d ( a l u  1 + a 2  2+c~3 3)" (13) 

However, this requires evaluating (10) for each pixel in 7r. A more efficient way 
is to further approximate (13) in a way similar to Gorand shading well-known 
from computer graphics: 

z(u) = a ld ' (u~)  + a2d'(u~) + a3d'(u~) . (14) 

Note that  (14) becomes identical to the exact relation (13) if d '(u ')  is linear in 
coordinates of u' .  

Thus, (12) and (14) are approximations of the exact relations (9) and (11) 
and allow using hardware-supported warping via an affine transformation. 

A r t i f a c t s  D u e  t o  t h e  A p p r o x i m a t i o n s .  The approximation of (9) by (12) 
causes the texture inside T to be distorted. This distortion becomes more signifi- 
cant near the middle of T and increases with the size of T and with the maximal 
depth difference of its points. It will vanish for orthographic cameras. 

We will show that  the approximation of (11) by (14) can cause determining 
the visibility of T incorrectly on some conditions. In Fig. 5, there are two tri- 
angles, ~ ~ and ' ' UlU 2 u2u 3. Since the situation is simplified by one dimension, these 
triangles are illustrated as line segments. The correct decision whether the seg- 

' ' occludes ' ' ment u2u 3 UlU 2 or vice versa should be done according to the actual 
distance of the segments' interior points from the epipole e' .  When this actual 
distance (d'(u') in (11), solid-line plots in Fig. 5) is approximated by a linear 
interpolation from end points (d'(u') in (14), dashed-line plots), the segment 
u~u~ is incorrectly determined as visible. 
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This error can be avoided by an appropriate choice of the function a in (10) 
so that  d~(u ') is linear in coordinates of u ~ because then (13) and (14) will be 
equal. It is not obvious, however, if expressing d ' (u  ~) as a linear function in u ~ is 
possible and when. We will show that  it is possible if e '  lies outside the convex 
hull of all image points u ~. Then we can replace (10) with 

d'(u ')  = n ' T u  ' (15) 

where n t is a vector such that  n~T(u~ -- e ~) has the same sign for all image 
points u~. Such a vector exists only if e ~ lies outside the image. This sign has to 
be positive, resp. negative if C lies in front of ~r ~ resp. behind ~ .  In fact, (15) 
describes a projection of the ray e~u ~ to a vector that  is "parallel enough" to the 
image of the optical axis of the reference camera. This projection can be written 
as s  = n~T(u ~ -- et), hence (15) after omitting the constant --n~Te '. 

4 E x p e r i m e n t a l  R e s u l t s  

We will describe experiments with image extrapolation on two real scenes. The 
first scene (Teeth) was a plaster cast of human teeth arch, its dimensions were 
approx. 8 x 8 x 8 cm. The second scene (Doll) was a small ceramic statue of 
about  the same dimensions. 

Figure 6 shows the reference images. Figs. 6a, c show images in ~ff, b, d show 
images in 7r'. Image sizes are 250 x 160 pixels for the Teeth scene and 384 x 278 
pixels for the Doll scene. 

Reconstruction of the partial projective model. We found sparse correspondences 
of the two reference images by tracking edges in a dense image sequence between 
the reference images [17]. The edges were obtained in rows using Deriche edge 
detector with subpixel precision. Any standard feature-based stereo algorithm 
would also suffice. The matched edges for the first scene are shown in Fig. 6e, f. 

Projective reconstruction was done, using the corresponding edge points. 
Next, triangulation of the projective model was constructed by using De- 

launay triangulation on the set of the matched points in 7ft. There were 4183 
triangles for the Teeth scene (Fig. 6g) and 12408 triangles for the Doll scene. 

Virtual camera positioning. We set the elements of the virtual camera matr ix  M 
(see (7)) experimentally so that  it yielded an acceptable virtual image. Resolving 
the front-behind ambiguity, i.e. marking a single image point in ~r as well as the 
epipole e ~ in r~ as projected from front or from behind, was specified by the user. 

Rendering the projective model. Equation (12) was used to warp texture from ~' 
(i.e., Fig. 6a or c) to 7r. Removing hidden pixels by z-buffering was done according 
to (14). We used for computing d'(u') (15) if e '  was outside the convex hull of 
u~ and (10) otherwise. The function a was linear. 

We used hardware-supported z-buffering on a Silicon Graphics Indigo 2 work 
station. About 4 grey-scale images for the Teeth scene and 2 color images for the 
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Doll scene were synthesized per second, image sizes being about 500 x 500 pixels. 
We hope that  if also texture warping were supported by hardware (as is the case 
for some other workstations) real-time synthesis could have been achieved. 

The resulting virtual images are shown in Fig. 6h-1. Incorrectly reconstructed 
triangles due to errors in the correspondence can be noticed in 6b, c. The cusp on 
the doll's nose in 61 is caused by the existence of only one salient feature (edge) 
on the tip of the nose. Figure 6m shows a virtual image with the following error 
in visibility: C was incorrectly marked in (10) as lying behind ~r ~ instead of in 
front of 7r'. 

5 C o n c l u s i o n  

This paper presented two main results. First, image-based visualization was 
shown to be closely related to model-based one, because a consistent 3-D model 
must be used for a perfect visualization of a general scene from a general view- 
point. Fusion and visibility must be explicitly solved like in 3-D model recon- 
struction/rendering. We distinguished three approaches to visualization: (i) im- 
age interpolation (simplest, correct only for a special configuration of a scene 
and viewpoints), (ii) image extrapolation (correctly removing hidden surfaces 
but  some parts of the scene can be missing), and (iii) 3-D model reconstruc- 
t ion/rendering (difficult, correct in a general situation). 

Second, image extrapolation was introduced and advocated as a useful trade- 
off between simplicity and generality. It  was shown to be equivalent to the re- 
construction and rendering of a partial projective model. An efficient algorithm 
for rendering a projective model was presented. It includes transfer from the 
reference images to the virtual one by triangles via a homography and solving 
visibility by z-buffering. The derived relations were approximated so that  the re- 
sulting algorithm could use warping via affine transformation. We showed that  
qualitative errors in visibility can be caused by these approximation and when 
they can be avoided. 

Examples of virtual images of two real scenes were presented. The synthesis 
was close to real time when using triangle warping supported by hardware on a 
Silicon Graphics Indigo workstation. 
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Fig .  6. The reference images for the Teeth scene (a,b) and for the Doll scene (c,d). 
Matched edge elements in the reference images of the first scene are in e,f. Subfigure g 
shows the tr iangulation on the set of edgels in e. The synthesized virtual images of the 
Teeth scene (h, i, j )  and of the Doll scene k,l. Subfigure m shows the result if visibility 
is solved incorrectly. 


