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Abs t r ac t .  Recent research has showed that invariant indexing can speed 
up the recognition process in computer vision. Extraction of invariant 
features can be done by choosing first a canonical reference frame, and 
then features in this reference frame. This paper gives methods for ex- 
tracting invariants for planar curves under affine and projective trans- 
formations. The invariants can be used semilocally to recognize occluded 
objects. For affine transformations, there are methods giving a unique 
reference frame, with continuity in the Hausdorff metric. This is not 
possible in the projective case. Continuity can, however, be kept by sac- 
rificing uniqueness. 
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1 I n t r o d u c t i o n  

The pinhole camera model is a fairly adequate model of a real camera. Using 
this model it is straightforward to predict the image of a collection of objects in 
specified positions. The inverse problem, to identify and to determine the three 
dimensional positions of possible objects from an image, is however much more 
difficult. Tradit ionally recognition has been done by matching each model in a 
model da ta  base with parts  of the image. Model based recognition using view- 
point invariant features of planar curves and point configurations have recently 
a t t racted much attention, cf. [MZ1]. Invariant features are computed directly 
f rom the image and used as indices in a model data  base. This gives algorithms 
which are significantly faster than the traditional methods.  The problem of find- 
ing curve invariants have been addressed earlier. Some examples are 

1. Differential Invariants, cf. [Wel]. Smooth curves can be recognized using 
differential invariants. These invariant signatures can in theory be used to rec- 
ognize curves even though almost all of the curve is occluded. Unfortunately 
such differential invariants under projective t ransformations require fifth order 
derivatives, leading to numerical difficulties. 

2. Semi-differential Invariants, cf. [GM 1]. If distinguished points can be found 
it is possible to reduce the order of the derivatives needed. 
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3. Distinguished points. If  many distinguished points can be found it is pos- 
sible to use them directly in the construction of invariants. 

4. Projectively invariant fitting of algebraic curves, cf. [Call. Invariants can 
be extracted by fitting ellipses to a curve. 

5. Canonical frame, el. [RZ1]. Four distinguished points at a concavity can 
be used to transform the concavity into a canonical reference frame. Features 
are then extracted from the concavity in this reference frame. 

In this paper  affine and projective invariants of planar curves and regions are 
discussed. More general normalization ideas have been used. In the affine case 
robust invariants can be constructed using moments .  There are, however, some 
fundamental  l imitations in the projective ease. This is discussed in Sect. 5. In 
Sect. 6 we present some ideas on what can be achieved despite these limitations. 

2 How to Use  N o r m a l i z a t i o n  and  Inva r i an t s  

A grayscale image contains a large amount  of information. The main idea of in- 
variant based recognition is to throw away information that  varies with lighting, 
occlusion and viewpoint, and to keep invariant features that  allow recognition. 
This can be done by algorithms for edge extraction, segmentation, normalization 
and feature extraction. Figure 1 illustrates the process of edge extraction and 
segmentation. The invariant features can be used as indices in a table of known 
objects. After a recognition hypothesis have been found, it is verified at different 
levels. Only the problem of normalization and invariant index extraction will 
be addressed in this paper. The task is thus to extract invariant indices fl 'om a 
configuration, which may constists of one or several points, curve fragments  or 
regions. 

3 Using Normalization to Find Invariants 

In this section some notations are introduced~ The objects i.e. curves and regions 
are considered as elements in an abstract  set ~2. This abstract  set may  have 
less structure than R ~ but it is still meaningful to talk about  invariants and 
normalization. By adding topology on D we can also talk about  continuity. 

A group G, in this paper the planar affine or projective group, is said to 
act on a set f2 if there exists a mapping (G, s ~ (g,~) , g(w) E ~2 with 
properties l(w) = w, gw E f2 and 91(g2(w)) = (glg2)(w), Vw E ~ ,  Vgl,g2 E G. 
The notation for group action is either gw or g(w). 

Two elements a;1 and ~02 are said to have the same shape if wl = gw~ for 
some transformation g C G. This is an equivalence relation, because of the group 
structure of G. We write 

* o l ~ w 2  r 3 g E G ,  w l = g w a  . ( i )  

The equivalence relation divides D into disjoint equivalence classes. Denote the 
equivalence class containing w by Gw = {ga;]g E G}. 
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Fig.  1. la: A grayscale image of a scene with a roughly planar object, lb: Edges are 
extracted using a Canny-Deriche edge detector, lc: Distinguished points on one edge 
are used to segment a curve into pieces in a projectively invariant way. ld: Distinguished 
points and lines can also be used to extract small regions in a projectively invariant 
way. Three such regions are shown in the figure. 

Let T : / 2  ~ W be a funct ion defined o n / 2  with values in some feature set 
W.  This  funct ion is called an invariant if o~i "~ w2 ~ T(wl)  = T(w2) and a 
complete invariant if wl ~ ~a2 r  T(Cdl) : T ( ~ 2 )  �9 

A normal iza t ion  schemes is s imply a choice of normal reference frames. Let 
/2p denote this set of  normal  elements. One c o m m o n  construct ion is J2p = 
{wlP(~a ) = 0}, where P : / 2  ~ R ~ is some function.  For each element ~ let the 
corresponding equivalence class Gw be represented by its normal  elements, i.e. 
by 

= n / 2 p .  (2) 

Assume for simplicity tha t  this set-valued function T(w) contains only one ele- 
ment  for each w. Any  element wl can then be uniquely factorized as Wl = glw~ nv, 
with gl E G and w~ '~v = T(wl) .  

Isotropy, cf. [Wil ,  Gs and max imal  compactness,  cf. [BY1] are two ex- 
amples of  afllne normal iza t ion  of  planar  curves. These two ideas give the same 
normal  reference frames. 

In our case /2 will be the class of  all compact  sets ~ C R 2 with positive 
area, whose bounda ry  C = cOw is a rectifiable curve, i.e has finite arclength. 
Digi t izat ion errors are typically euclidean, so it is na tura l  to work with the 
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Hausdorff metric. Two metrics on curves are introduced: 

d(C1, C2) = max  rain I[zl - z21l + max rain Ilzt - z21l . (3) 
zlEC1 z.~EC~ z~EC~ ztEC~ 

and 

d(C1,C2) = max  min liz, - z:ll + max  min Ilzl - z211 + II(C1) -l(C2)l  . 
zIEC1 z~EC2 z~EC2 zlECt 

(4)  

Here tlzll is the euclidean norm and 1 is arclength. Being close to a given curve 
in these metrics is a strong restriction. Two curves that  are close to each other 
in the image plane really look alike. They would e.g. produce almost the same 
image on a CCD screen or on the retina of an eye. All points on one curve are 
close to some point of the other and with the second metric their arclengths are 
almost equal. Two elements of f2 are compared using the above metrics on the 
boundary, i.e. we define d(col,W~) = d(3col, 3w~). Let moments  be defined as 

~0(~) = f ~  dxldx2 
r / t l ( 0 ) ) i  " -  fxew Xi dx ldx2  

rn2(a~)ij = f~e~ xlxj dxldx~ 
m3(co)i~ ~ = f,~e~o x~x~ xk d~ lcl~:~ 

Notice that  m0 is a scalar, rnl a vector and m2 a matr ix .  The moments  depend 
continuously on w in the metrics above. The area enclosed by a curve C will be 
denoted A(C), i.e. too(co) = A(Ow). 

The planar affine t ransformation group G~ and the planar projective trans- 
formation group Gp are used. For simplicity we will talk somewhat  losely about  
Gp acting on D. 

Once in a normal reference frame any feature is invariant. Moments and 
Fourier coefficients can be used for curves and regions. In our experiments we 
have divided the plane in sectors and used the area of a region in each sector as 
a feature, see [/~s3, ~s4]. This has been quite effective. 

4 A C o n t i n u o u s  A f f i n e  N o r m a l i z a t i o n  S c h e m e  

One simple example where these ideas work is the following normalization scheme 
of s with respect to G~, of. [~s3, ~s4]. Let I denote the identity matr ix .  Using 
ideas from physics, moment  of inertia, we define the class of normal elements as 

x?p = {~1 ~,~0(~) = 1 , - ~ 1 ( ~ )  = 0, m ~ ( ~ )  = aI ,  a ~ n }  . (5)  

This gives a normalization scheme with the following properties: 

- In the factorization co = gw i~v, g and coiu, are unique up to rotation. 
- Both g and w i'~" depend continuously on co. 
- The transformation g can be computed directly from the moments .  
- Robust to digitization errors. 
- No distinguished points are needed. 
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Fig. 2 .2a  and 2b: Images of a sawlike planar curve. In 2b, interesting features disappear 
because of low resolution. 2c: The two curves can be affinely normalized using maximum 
compactness or weak isotropy, but the normal reference frame depends crucially on how 
the curve is approximated. 2d: Moment based normalization on tile other hand is very 
robust to these kinds of digitization errors. 

This scheme can be useful for recognizing planar curves. The affine approxima- 
tion works very well for small segmented regions as in Fig. ld. The method has 
good robustness properties, also in comparison with max imum compactness and 
weak isotropy. See Fig. 2. Analogous normalization schemes can be used for point 
configurations, curve segments and any combination of points, curve segments 
and regions. 

5 Inherent Difficulties with Project ive  Normalizat ion 

It  would be nice if it is possible to extend the affine scheme of Sect. 5 to projective 
transformations.  There are fundamental  reasons why this is impossible, as will 
be described below. 

5.1 Al l  S m o o t h  C u r v e s  C a n  b e  P r o j e c t e d  C lose  to  a C i r c l e  

One idea for projective normalization of curves is to use m a x i m u m  compactness, 
i.e. choose 

f~p = {W I 12(Oa~)/mo(co) is min imal in  the equivalence class) , (6) 
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cf. [BS1]. One problem with this approach is that optimization is done over a 
non-compact parameter space. It is therefore possible that  the infimum is not 
attained. In [/~s3] it is shown that this is indeed the case if the convex hull has 
a part that  is smooth and curved. The following theorem is true both in the 
original Hausdorff metric (3) and in the modified metric (4). 

T h e o r e m  1. Let 17o be the unit  circle and let C be a curve with f ini te  arclength 

which has a smooth curved part on its convex hull, then 

inf d(C',/To) -- 0 . 
C~EGpC 

The theorem is a simple consequence of the fact that  any part of the convex hull, 
can be magnified to any degree by projective transformations. An immediate 
corollary is that 

inf l (C')2 - 47: . 
c ' e a , c  A(C')  

The modified metric (4) which includes the arclength is needed here. The pro- 
jective transformations required when approaching the limit are, however, quite 
extreme. A proof of the theorem is given in [/~s3]. 

Theorem 1 has some serious consequences for a scheme based on (6), since 
most curves can be approximated by smooth curves, If a curve is modeled by 
a cubic spline the infimum is not attained. If a curve is modeled as a piecewise 
linear curve then the minimum is attained but the normal reference frame will 
depend crucially on how the boundary is approximated. This is illustrated in 
Fig. 3. In this figure the same shape is approximated with polygons to different 
accuracy. The reference frames in which they have maximal compactness are 
indeed different. 

5.2 T l ' a n s f o r m l n g  a R a b b i t  to  a D u c k  

A key feature of Theorem 1 is that the main part of the curve is squeezed into a 
neighbourhood of a point. Elaborating this idea we obtain the following theorem. 

T h e o r e m  2. Given F I , . .  �9 Fro, closed continuous curves with f in i te  arclengih. To 

every ~ > O, there exists a curve C and projective t rans format ions  q l , . . .  , qm so 

that 
d (q i (C) ,F i )  < e, i =  1 , . . .  ,rn . 

A proof is given in [/~s3]. Note that the curves Fi do not have to be smooth. The 
theorem is illustrated by Fig. 4. Notice that  the lower four curves are projectively 
equivalent. The only errors are in plotting, printing, copying and viewing the 
curves. The theorem is in itself somewhat counterintuitive at first, but  it is a 
simple trick of hiding a shape along the convex hull of another shape. The reason 
why it works is the use of extreme, but non-singular, projective transformations. 
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Fig. 3. Three different approximations of a planar curve (a, b and c) and their normal 
projective reference frames with respect to maximal compactness (d, e and f). Notice 
how much the normal reference frame depends on the representation of the boundary. 

Fig.4.  4a-d: Four planar curves with different projective shapes. 4e-h: Four planar 
curves that are projectively equivalent, i.e. have the same shape. Errors in the plotting 
device, printing, copying and viewing conditions make them look pairwise equal. 

The consequences are perhaps more important. Consider a fixed curve w and 
all curves in an arbitrary small open neighbourhood O~ of w. The theorem says 
that the orbit of this open set GpO~ is dense in t2. A corollary is thus. 

Corol lary  3. Let T be a projectively invariant mapping from the set of closed 
continuous curves with finite arclength to R n, then T maps all curves at which 
it is continuous to the same value. 

Another consequence is that projective normalization schemes cannot be con- 
tinuous and give a unique representative from each equivalence class. Such a 
scheme would contradict Corollary 3. Either continuity or uniqueness has to be 
sacrificed. Corollary 3 seems to rule out all at tempts to use projective invariants 
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in recognition of planar non-algebraic curves. However, it will be shown in the 
next section that it is possible to construct something almost as good. 

6 E x p e r i m e n t s  w i t h  P r o j e c t i v e  N o r m a l i z a t i o n  

Global projective invariants of curves are tricky. No mat ter  what method you 
use, distinguished points, fitting ellipses, projective smoothing or maximum com- 
pactness, you get non-uniqueness or discontinuity. In this section a normalization 
scheme is presented which might be useful. Choose the normal reference frames 
according to 

~P  = {wl ").0(~) = l, m~(~) = aZ,, ,3(w) = 0, a e R} . (7) 

This gives a normalization scheme with none, one or several representatives from 
each equivalence class. The number of solutions may vary, but each solution can 
be continuous in the Itausdorff metric. One way of specifying the rotation is to 
demand that  the maximum distance of a point in ~ to the origin occurs at the 
xl-axis. 

The normalization scheme has been implemented and results from experi- 
ments will be presented. Grayscale images of roughly planar objects are taken 
with a digital camera. Polygon approximations of contours in the image are ob- 
tained using a Canny-Deriche edge detector. The curves are then normalized as 
described above. See Fig. 5. Notice the good performance in Figs. 5c and 5d. The 
sixteen normalized curves lie practically on top of each other in spite of possible 
nonlinearities in the camera, errors in segmentation and in edge detection. The 
normalization scheme is quite general. There are, however, convex curves for 
which there are no normal reference frames. 

7 C o n c l u s i o n s  

Projective normalization schemes of planar non-algebraic curves have been dis- 
cussed in this paper. Such schemes should be continuous, and preferably give a 
unique representative from each equivalence class. In the affine case, it has been 
shown that  this can be achieved. A canonical frame, that  does not depend on or- 
dering of points or choice of affine basis points, can be chosen for general feature 
configurations such as compact regions, curve fragments, and point configura- 
tions. Things are more difficult in the projective case. It has been shown that  it 
is impossible to achieve both uniqueness and continuity for projective normaliza- 
tion of general non-Mgebraic curves. A normalization scheme is presented, where 
uniqueness has been sacrificed for robustness. This scheme is applied to closed 
curves, or to parts that  have been segmented in a projectively invariant manner. 
The resulting invariants have good discriminatory properties and they are robust 
to digitization errors. The normalization algorithms have to be studied further 
to become really useful. As an example there exist curves which have no normal 
reference frame. 
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Fig. 5. Figure 5a shows one of 16 images taken of a planar convex curve. All 16 ex- 
tracted edges are shown in Fig. 5b. In Fig. 5c the edges have been transformed into their 
unique affine normal reference frame, and in Fig. 5d one of several possible projective 
normal reference frames have been used. 

The work has focused on simple algebraic and topological properties and can 
be extended in several directions. First, there are several questions on how to 
use the invariants in a recognition system. There appear to to be curves that  are 
generically difficult to normalize with respect to projective transformations. It 
may be possible to examine these critical sets. The continuity of the proposed 
invariants should be investigated further. It would also be interesting to incorpo- 
rate probabilistic models for image distortions. This could give valuable insight 
into the effectiveness of the normalization schemes and their use in recognition. 
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