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Abstract. A structure from motion algorithm is described which re- 
covers structure and camera position, modulo a projective ambiguity. 
Camera calibration is not required, and camera parameters such as focal 
length can be altered freely during motion. Unlike recent schemes which 
compute projective or affine structure using a batch process, the struc- 
ture is updated sequentially over an image sequence. A specialisation 
of the algorithm to recover structure modulo an affine transformation 
is described. We demonstrate how the affine coordinate frame can be 
periodically updated to prevent drift over time. 
Structure is recovered from image corners detected and matched auto- 
matically and reliably in image sequences. Results are shown for reference 
objects and indoor environments. Finally, the affine structure is used to 
construct free space maps enabling navigation through unstructured en- 
vironments and avoidance of obstacles. The path planning involves only 
affine constructions. Examples are provided for real image sequences. 

1 I n t r o d u c t i o n  

The recovery of structure from motion (SFM) is a sufficiently mature field for 
several working systems to have been applied to the navigation of mobile ve- 
hicles [3, 4, 14]. Such systems recover 3D Euclidean structure and require a 
calibrated camera. More recently, researchers have investigated SFM when the 
camera is uncalibrated [9, 13] recovering structure modulo a projective ambi- 
guity. These methods work in batch mode, determining structure and camera 
projection matrices from a complete sequence of images. In contrast, we devise 
and apply an algorithm which recovers projective structure by sequential update. 
The structure is obtained using matched corners in images from a camera moving 
in a static scene, and the work could fairly be described as a projective coun- 
terpart to the Euclidean system 'DROID'  of Harris et al [3, 4]. Unlike DROID, 
camera calibration is not required. However, when partial or approximate cal- 
ibration is available it is exploited to render "Quasi-Euclidean" structure i.e. 
structure within a small "projective skew" of the actual Euclidean structure. 

The projective SFM scheme is specialised to produce affine structure by use 
of a result of Moons et al [10]. Extra invariants are available when the recovered 
structure is affine including ratios of lengths on parallel segments, ratios of areas 
on parallel planes, ratios of volumes, and centroids. The affine structure is applied 
to the task of path planning in an unstructured environment. A basic mechanism 
in classical path planning is to find a mid-point locus between obstacles. This 
is an affine, not Euclidean, construct - thus many of the techniques from path 
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planning can be utilized when only affine rather than Euclidean structure is 
available. To demonstrate this, we navigate a camera held by a robot arm to a 
specified target, where the direct path to the target is occluded by unmodelled 
objects. The target is reached by incrementally determining free space regions 
from the affine structure as the robot moves, and path planning through these 
regions. 

2 C a m e r a  m o d e l s  and projec t ive  representa t ions  

We introduce the camera models and notation used in the rest of the paper. 
These results are based mainly on [2, 7, 11]. Perspective projection from 3D 
projective space 7 )3 to the image plane .p2 is modelled by a 3 x 4 matr ix P 

x = P x  (1) 

where x = (x, y, 1) -c and X : (X, Y, Z, 1) T are homogeneous vectors. With 
homogeneous quantities, : indicates equality up to a non-zero scale factor. P 
can be partitioned as 

P : ( M I -  Mr) (2) 

where t is the centre of projection, since the centre projects as P(t q-, 1) q- = 0. 
This partitioning is valid provided the left 3 x 3 matrix ~I is not singular (i.e. 
the optical centre is not on the plane at infinity). In a Euclidean frame, P can 
be further decomposed as 

P = x ( ~ l -  ~ t )  (a) 

where R and t are the rotation and translation of the camera in the Euclidean 
frame. K is a 3 x 3 matrix encoding the camera intrinsic parameters 

(o 0 0) XO 
K = ~y (4) 

0 

where ~a and ~y are the focal length measured in pixels along the x and y 
directions respectively, and (z0, Y0) is the principal point. 

For two cameras with x l  = P1X and x2 = P2X, corresponding points in the 
two images satisfy the epipolar constraint 

x ~ x ,  = 0 (5) 

where F is the 3 x 3 fundamental malrix, with maximum rank 2. The epipolar 
line in image 2 corresponding to xz is 12 = Fxl,  and similarly in image 1 corre- 
sponding to x2 is 11 = Fq-x2, where li are homogeneous vectors. Partit ioning P1 
and P2 as in equation (2) facilitates a number of equivalent representations of F 

F = ~ ; ~ [ t ~  - t~]• ~ = [M~(r - t~)]• ~ = Mg~Mr[s~( t l  -- t , ) ] •  (~) 

where the notation iv]• is the vector product represented as a matr ix 

Iv]• v~ 0 -v~ 
--Vy Va 0 



87 

Under a 3D projective transformation, X I = llX, where tt is a non-singular 
4 x 4 matrix, a camera matr ix P is transformed to p / =  pit-1 since 

xi = P'X' = Ptt- i l tX = PX (7) 

In the following, a canonical camera matrix P1 = (I]0) will be used, where I is 
the 3 x 3 identity. This can always be achieved by setting It -1 in equation (7) to 
be 

3 Project ive  Structure From Motion 

Corner correspondences between images are used to recover the position of 3D 
points and the optical centre up to a projectivity o f P  3 i.e. i fX E  = (X, Y, Z, 1) r 
is a homogeneous vector representing the Euclidean position (X, Y, Z) of a point 
then the recovered position is X = ttXE where tt is a non-singular 4 x 4 matr ix 
which is unknown but the same for all points. 

3.1 Frame init ial isation 

Previous methods for projective reconstruction from two or more images [2, 9] 
have selected a five point basis from the 3D points. The problem with this pro- 
cedure is that  if one of the points is poorly localised in an image, the accuracy of 
the entire reconstruction degrades. Instead, we follow more closely the approach 
of Hartley [6] and utilise all point matches to determine the projective frame, by 
specifying the perspective projection matrices P1 and P2 for two images. 

Pt is chosen to have the canonical form Pl = (110) (Section 2). The fundamen- 
tal matr ix F is obtained from corner matches (Section a.a) and decomposed as 
the matr ix  product F = -[l~2t2]xl% = [S]xll2 (equation (6)). It can be shown that  
the most general form of P2 which is consistent with Pt and F is P2 = [I%+a-Cslbs] 
where a is a 3-vector and b a scalar i.e. there are 4 DOF in P2 (plus the usual 
homogeneous scale factor). In the absence of any other information, values for a 
and b are arbitrary. However, if partial or approximate intrinsic parameters or 
ego-motion are available then this information is utilised, firstly by using natural 
camera measurements i.e. an image corner at pixel position (u, v) is assigned ho- 
mogeneous coordinates x = ((u - xo)/O~, (v - yo) /ay ,  1) r where cYx, ay, (x0, Y0) 
are defined in equation (4), and secondly by choosing p~ (setting the 4 DOF) 
so that  P2 = (RI - Rt) where R and t are the approximate rotation and transla- 
tion of the camera. This produces a "Quasi-Euclidean" frame i.e. a frame which 
is exactly Euclidean if the intrinsic parameters and ego-motion are exact, but 
subject to a projective skew otherwise. 

3.2 3D point  init ial isation and u p d a t e  
The 3D coordinates of scene points and optical centres are computed in the 
projective coordinate frame as in [2]. The camera centre Ci = (t/T, 1) T associated 
with Pi --~ ( N i l  - ~Iiti) is determined from PiCi = 0. The 3D coordinates of a 
point X which projects to Xl in image 1 by Pl and x ;  in image 2 by P2 are 
found, as in conventional stereo, by intersecting backprojected rays. The ray 



88 

X OO for a point xi in image i is given by aCi  +/~ i , where X ~  lVli-lxi is the 
ray's intersection with the plane at infinity. In practice the reconstructed rays 
from the two cameras will be skew so X is determined as the midpoint of the 
perpendicular between the rays. Such an approach would not be justified in an 
arbitrary projective frame because "mid-point" and "perpendicularity" are not 
projective invariants. However, the estimate is good in a Quasi-Euclidean frame. 

Update of 3D point coordinates involves two stages - (1) use of matches be- 
tween corners in I~ (image n) which have associated 3D coordinates and corners 
in I,~+t to compute the perspective projection matrix for In+l, (2) update of 3D 
point coordinates with an Iterated Extended Kalman Filter (IEKF). A separate 
IEKF is run on each 3D point - the state vector is the point 's non-homogeneous 
3D coordinates, the observation vector is the point's non-homogeneous image 
coordinates, and the observation equation is the standard projection equation 
(1) expressed in non-homogeneous form. In the usual way-, a covariance matr ix 
is produced and updated in association with each state vector. 

3.3 I m p l e m e n t a t i o n  

Image corners are extracted to sub-pixel accuracy using [5]. Correspondence 
matching is carried out automatically, without any information about camera 
motion, as a three stage process: 
U n g u i d e d  m a t c h i n g :  the aim is to obtain a small number of reliable seed 
matches, then to compute F and P which are used to guide further matching. 
Given a corner at position (x, y) in the first image, the search for a match is 
centred on (x, y) in the second image, and the strength of candidate matches is 
measured by cross-correlation. The threshold for match acceptance is deliber- 
ately conservative to minimise incorrect matches. 
Use  o f  e p i p o l a r  g e o m e t r y :  the seed matches are used to compute F by an 
iterative linear process- at each iteration, matches are weighted according to 
their agreement with the current estimate of F; at the final iteration, outlying 
matches are removed altogether and marked as unmatched (see also [8]). The 
estimated F is used to generate epipolar lines, and the search for a correspondence 
for an unmatched corner can be restricted to a band about its epipolar line. 
Use  o f  p r o j e c t e d  s t r u c t u r e :  corners in In (image n) which have associated 3D 
coordinates and which are matched to corners in In+l provide a correspondence 
between 3D points and the image corners in I~+l. Hence, it is possible to compute 
the perspective projection matrix for L~+I, and we employ an iterative process 
similar to the one used for F. Once P has been found, it is used to project 
unmatched 3D points onto I,~+1, and the search area for a corner's match is 
confined to a circle around the projected point. 

The final set of matches is used to recompute F and P, firstly using the linear 
methods above, and then employing a non-linear method which minimises an 
error based on image plane distance, rather than algebraic distance as in the 
linear case. In addition, rank(F)  = 2 is enforced in the non-linear case, which 
cannot be done in the linear computation [2]. 

System parameters such as search radii and match strength thresholds which 
are used in the above processing are supplied as a priori values at the start of the 
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sequence and are then updated at the end of the frame according to the current 
matching statistics. Typically the number of corners in a 512 x 512 image of an 
indoor scene is about 300, the number of seed matches is about 100, and the 
final number of matches is about 200-250. 

3.4 R e s u l t s  
The experimental setup is a camera mounted on a robot arm, moving in a 
horizontal plane and rotating around a vertical axis. Figure 1 shows a reference 
object made of two perpendicular Tsai calibration grids. Recovered structure 
is assessed by (1) measuring projective invariants, and (2) transforming to a 
Euclidean coordinate frame to measure Euclidean invariants. 

Fig. 1. First and last images from a sequence of the reference object. 

Four equally spaced collinear points have a cross-ratio of 4/3. Thirty-two such 
cross-ratios are computed for the reference object at each frame, and the results 
plotted in Figure 2. The recovered structure shows monotonic improvement. 

1.3380 
Cross ratio 

1.3350 

1.3340 

1.3320 

1.3300 

1.3280 

1.3260 

1.3333 

Image number 

Fig. 2. Mean value and one sigma standard deviation for cross ratios (actual value 
~/3) computed from the recovered projective structure, against frame number. 

Transformation of the structure into a Euclidean frame requires the coordi- 
nates of five or more points in the projective and Euclidean frames [12], where 
direct physical measurement on the reference object is carried out to obtain the 
Euclidean positions. See Figures 3 and 4. 

Measurements on the structure are given in Table 1. The collinearity measure f - - - - -  

L ~/o'~ + o-~/o'~ and the coplanarity measure P = c~z/V/'~2 + o'~ for a selected 
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(a) ~'/~. (b) .......... 
] l  

Fig. 3. (a) Structure of the reference object in an arbitrary projective frame - eopla- 
narity and collinearity are preserved as expected, but the structure is projeetively skewed 
along one plane, and the angle between the two planes is less than 90 ~ (connectivity has 
been added to the point structure for illustration). (b) Plan view of the computed struc- 
ture viewed edge-on along the planes of the reference object (lower left) and showing 
the computed camera positions (upper right) in the arbitrary projective frame. Compare 
with the plan view after  transformation to the Euclidean frame in Figure ~. 

(a) 

S~ ~~ 

(b) 
~o. 

&_ ;:'.-.:..:2.:...~ 

Fig. 4. (a) Plan view of the reference object structure and camera motion transformed 
to a Euclidean frame - at left is the reference object with its planes edge-on, and at right 
the arc of dots shows successive camera positions in a circle. (b) View from behind the 
arc of camera positions. 

set of 3D points are obtained by using Singular Value Decomposition to obtain 
the principal axes of the set's spatial distribution together with the variance cr~y~ 
of point positions along each axis. A straight line has L = 0 and a perfect plane 
has P = 0. The table also includes a comparison with a local implementation 
of the DROID system [3, 4] which computes Euclidean structure directly. The 
results indicate that  there is no significant difference between the quality of the 
projective and Euclidean systems, even though no camera calibration is employed 
in the projective case. 

Section 3.1 introduced the Quasi-Euclidean frame which is obtained using 
approximate knowledge of the camera intrinsic parameters and ego-motion. Ex- 
periments in [1] investigate the effect of varying the estimates of the intrinsic 
parameters, and show that numerical instabilities causing degradation in the 
computed structure only arise with extreme projective frames which are far from 
Euclidean. Figure 5 shows results in a Quasi-Euclidean frame for an indoor scene. 



Measure 

Point error (mm) 
Collinearity 
Coplanarity 
!Cross-ratio 
Distance ratio 
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Expected Projective Affine 
va~lle 

After 2 frames 

DROID 

0.0 0.5 0.7 
0.0 0.003 D.005 
0.0 0.004 0.006 
4/3 1.332 4- 0.006 1.333 4- 0.003 
1.0 0.999 -4- 0.012 1.002 4- 0.009 

After 20 frames 

0.7 
0.006 
0.007 
1.332 4- 0.005 
1.000 -4- 0.013 

Point error (mm) 0.0 0.4 0.4 0.5 
ICollinearity 0.0 0.002 0.002 0.004 
Coplanarity 0.0 0.002 0.003 0.004 
Cross-ratio 4/3 1.333 -b 0.002 1.333 4- 0.001 1.333 4- 0.002 
Distance ratio 1.0 1.000 4- 0.004 1.000 ~= 0.006 0.999 4- 0.007 

Table  1. For the projective structure, the cross-ratio measurement was made before 
transformation to the Euclidean frame, and the remaining measures after. For the affine 
structure, the cross-ratio and ratio measurements were made before transformation to 
the Euclidean frame, and the remaining measures after. 128points were used to compute 
the transformation to the Euclidean frame. The point error is the average distance 
between a measured point and the veridicat Euclidean point, in the Euclidean frame. 
Coplanarity is a mean value for the two faces of the reference object. 

4 A f f i n e  S t r u c t u r e  F r o m  M o t i o n  

The  objective of  the affine SFM processing is to recover the 3D posit ion of scene 
points  and the optical centre up to an afline t ransformat ion  of  three-space, i.e. if 
X E  = (X, Y, Z, 1) T is a homogeneous vector representing the Euclidean posit ion 
(X ,  Y, Z )  of a point,  then the recovered posit ion is X = H A X  E where HA is an 
affine t ransformat ion  which is unknown but  the same for all points, 

HA = 1 (S) 

with A a non-singular  3 • 3 mat r ix  and T a general 3-vector. 
Moons et al [10] have shown tha t  affine s tructure can be obtained f rom a 

perspective camera  undergoing pure translat ional  mot ion  with fixed internal  pa- 
rameters.  We capitalise on this observation, using a single pure t ranslat ion to de- 
termine the plane at infinity ~r~ in the current projective coordinate frame. Sub- 
sequently, we make occasional pure t ranslat ional  mot ions  to upda te  the plane at 
infinity in case of  drift over time. Measurement  of  7ro~ follows f rom the l emma [1]: 

Given two camera  matr ices Pl = (I[0)  and P~ = (MIt*) for identical 
cameras related by a pure translat ion,  then M = k I  + t *v  x where 7r~ = 
(v x,  1) is the equat ion of  the plane at infinity. 
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Fig. 5. (a),(b) Example images taken during translation and rotation of an AGV (Au- 
tonomous Guided Vehicle) in a laboratory. (c),(d) Images constructed by mapping im- 
age intensity onto the computed 3D structure, and viewing from different positions. The 
mapping process is based on a Delaunay triangulation of the 2D image corners. The 
structure is in a quasi-Euclidean frame. 

We determine when D = A I - N  drops rank to 1 as a function of ~; then D = t*v  T , 
and t* is known, so it is possible to solve for v. 

As well as updating the plane at infinity, the case of pure translation is 
exploited in determining the fundamental matrix. If the camera is undergoing 
pure translation and the intrinsic parameters are fixed, then equation (6) has 
the special form F -= l~-T[t~ - t2]xl~ -1. Thus F is skew and has only two DOF. 
This reduces processing in the computation of F and leads to a more accurate 
result than the general case. 

4.1 R e s u l t s  
Table 1 includes quantitative results for computed affine structure. Figure 6 
shows results for an indoor sequence. 

5 N a v i g a t i o n  i n  A f f i n e  S p a c e  

The affine SFM scheme is ntilised for navigation by incrementally computing 
free space regions, and planning paths through these regions in order to reach a 
specified target. For both the robot arm used in our experiments and an AGV, 
it is sufficient to project recovered affine structure onto the ground plane, and 
to compute free space and plan motions in 2D on this plane. 
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(a) "dan" box 
white box / ~ ~. ~ (b) 
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Ib ,~'" viewed edge-on 

left obstacle right obstacle right obstacle ; 

Fig. 6. Two images from a sequence with structure recovered in a Quasi-Euclidean 
afflne frame. (a) Plan view of recovered structure. (b) View from the right and to the 
rear of the obstacles. See the schematic plan view in Figure 8. 

At the most basic level the robot could be controlled by servoing alone i.e. 
with no calibration the robot could be driven to rotate until a distinguished affine 
feature such as a centroid is at the middle of the image. Instead we transform 
between the affine coordinate system and the robot Euclidean frame. Determin- 
ing the transformation requires the coordinates of the camera centre in the affine 
frame and the robot Euclidean frame at a minimum of four non-coplanar posi- 
tions. Once in the robot frame, projection to the ground plane is straightforward. 

A limitation of the 3D structure consisting solely of points is that there 
is no representation of continuous surfaces and thus no notion of the free space 
between objects. We use a simple occlusion test to detect free space as illustrated 
in Figure 7. If a 3D point is visible continuously over a number of frames, then 
there is no occluding surface in the region defined by the 3I) point and the 
moving optical centre. This free space region is projected onto the ground plane 
defining a free space triangle. If the triangle contains any other points from the 
projected structure, it is rejected. The free space map is the union of all accepted 
triangles. 

Processing begins with a check on the free space map to determine whether 
there is an unobstructed route to the target. If an obstruction is present, a choice 
of alternative direction is made by selecting the free space "lobe" of largest area, 
and moving along its mid-line. As long as no obstruction is present, the camera 
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(a) Point P (b) Point P 

Point Q 

C1 2 C1 C2 

Fig.  7. 3D points projected onto the ground plane. The camera moves from C1 to C2. 
(a) Point P is visible continuously and C1PC~ does not contain any other projected 
points, so it is marked as free space. (b) Triangle C1PC2 is unacceptable as free space 
because of the presence of Q; however C1QC2 is accepted. 

moves in a straight line and two checks are carried out - firstly on time-to-contact 
measurements to detect potential collision in the forward direction; secondly on 
the line of sight to the target to detect whether the obstacle has been passed 
and an adjustment in the direction to the target can take place - the robot then 
proceeds to the target. 

5.1 Resu l t s  
Figure 8 is a schematic plan view of the experimental setup. Figure 9 shows 
plan views of the computed free space, and the projection of the structure onto 
the ground plane. The robot is unable to proceed directly to the target position 
because it would strike the left obstacle, so it moves first to the gap and then 
alters trajectory toward the target. Typical images from the sequence are shown 
in Figure 6. 

1750 
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1250 M 

1000 

75O 

5O0 

250 

F 

-250 

-500 

tim 
~ - k g r o u n d  

mm obstacles 

i J  I ~lll 
250 500 750 

0 c a m e r a  

Fig.  8. Plan view of the experimental layout (c.f. Figures 6 and 9). Axes in ram. 

6 D i s c u s s i o n  o f  I m p l e m e n t a t i o n  

W i d e - a n g l e  l e n s :  use of a wide angle lens leads to better camera local i sat ion 
because rays to scene points have good divergence; it also makes it easier to fix 
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Fig. 9. Plan view of free space (marked black) maps taken early and late in a sequence, 
with a consequent filling out of space in the later map. The right-hand figure shows 
the projection of 3D scene structure and camera motion (vertical line) onto the ground 
plane (c.]. the schematic plan view in Figure 8). Axes are labelled in mm. 

each new camera position in the ongoing coordinate frame because many points 
remain in view between images. 
F o r w a r d  m o t i o n :  simple forward motion produces poor structure because rays 
from the camera to a scene point change angle slowly (c.f. the effect of a lateral 
motion) resulting in large error in the computed point position. To avoid this 
situation forward motion paths are "dithered" with lateral movements. Stereo 
would be of obvious benefit. 
C o m p u t a t i o n  o f  F : accuracy of epipolar computation (average distance of a 
corner from its epipolar line) is typically 0.4 pixels when using corner detection on 
indoor scenes, and 0.02 pixels when image points are located by line intersection 
on the reference object. 

S e n s i t i v i t y  t o  ou t l i e r s :  empirically, the computation of F is less sensitive to 
the presence of mismatches than the computation of P, so F is always computed 
first and used to eliminate mismatches (Section 3.3). 
H o m o g e n e o u s  c o o r d i n a t e s :  The arbitrary homogeneous component in a ho- 
mogeneous vector is typically chosen as unity, e.g. an image corner (x, y) is 
represented as (x, y, 1). Increased stability is achieved if the third component is 
chosen to be of the same order of magnitude as x and y (as in Section 3.1). The 
same considerations apply in 793 . 

7 C o n c l u s i o n  

The recovery of projective and arlene structure is increasingly well-understood, 
but its use raises interesting problems about what can be achieved when Eu- 
clidean measurements are not available. We have demonstrated the recovery of 
projective and affine structure with an accuracy similar to a system using cal- 
ibrated cameras, and applied the atfine structure in path planning. The use of 
the translational motion constraint [10] to attain afline structure is part of a 
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spectrum of possibilities for investigation, ranging from fully calibrated stereo 
heads through to cameras of unknown intrinsic parameters  and motion. We 
have concentrated on the uncalibrated end of the spectrum but have introduced 
a mechanism, the Quasi-Euclidean frame, for incorporating poor or partial  cam- 
era calibration in the structure computation. 

This work was supported by SERC Grant No GR/H77668 and Esprit BRA VIVA. 
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