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A b s t r a c t .  This paper describes a novel framework for performing rela- 
tional graph matching using genetic search. The fitness measure is the 
recently reported global consistency measure of Wilson and Hancock. 
The basic measure of relational distance underpinning the technique is 
Hamming distance. Our standpoint is that genetic search provides a more 
attractive means of performing stochastic discrete optimisation on the 
global consistency measure than alternatives such as simulated anneal- 
ing. Moreover, the action of the optimisation process is easily understood 
in terms of its action in the Hamming distance domain. We provide some 
experimental evaluation of the method in the matching of aerial stereo- 
grams. 

1 I n t r o d u c t i o n  

Discrete optimisation problems [4, 5, 6, 10, 11, 12, 19] are of pivotal importance 
in high and intermediate level vision where symbolic interpretations must be 
assigned to relational descriptions of image entities [2, 13, 14, 15, 16]. Although 
the theory of continuous optimisation is mature [4], discrete or configurational 
optimisation is still in its infancy [5, 10, 11, 12]. The main difficulties stem 
from the fact that  objective functions defined over a set of discontinuous states 
are prone to develop local optima [6]. It is for this reason that  techniques such 
as simulated annealing [10, 6, 7], mean, field annealing [19] and most recently 
genetic search [5, 11, 12] have been developed to overcome some of the local 
convergence problems. 

Broadly speaking discrete or configurational optimisation problems can be 
approached according to two distinct methodologies. The first of these effectively 
corresponds to transforming the discrete optimisation problem into a continuous 
one [4, 19]. In other words, the discrete symbolic assignments which are the goal 
of computation are replaced by a continuous representation. Algorithms falling 
into this category include mean-field annealing [19] and probabilistic relaxation 
[4]. The second class of algorithm retains the discrete assignment representation, 
but avoid local optima by incorporating a stochastic element into the update 
process [1, 10, 6, 5, 11, 12]. Perhaps the most popular algorithm falling into 
this category is the simulated annealing idea of Kirkpatrick [10], which as been 
exploited with seminal impact by Geman and Geman in the context of low-level 
vision [6]. Gidas has addressed the problem of slow convergence by developing 
a multi-resolution Markov model that  efficiently tracks the optima of the cost 
function from coarse to fine detail in a resolution pyramid [7]. A more recent 
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addition to the family of stochastic optimisation methods is genetic search [5, 
11, 12]. Rather than being motivated by the heat-bath analogy of simulated 
annealing [10, 1, 6], genetic search appeals to ideas concerning chromosomal 
evolution [5]. 

Although genetic search is a new and imperfectly understood optimisation 
method, it offers certain attractive computational features. Basic to genetic 
search is the idea of maintaining a population of alternative global solutions 
to the discrete optimisation problem in-hand. The initial population may be 
generated in a number of different ways, but should in some sense uniformly 
sample the feasible solution space. Associated with each of the different solu- 
tions is a cost function which in keeping with the evolutionary analogy is termed 
the "fitness" [5]. Genetic updates involve three distinct stages. Crossover involves 
randomly selecting pairs of solutions from the current population and interchan- 
ging the symbols at corresponding configuration sites with a uniform probability 
[12]. Mutation aims to introduce new information into the population by ran- 
domly updating the component symbols for individual solutions [12] and takes 
place with a uniform probability. The net effect of modifying the population in 
this way is to randomly sample the landscape of the fitness function. Configura- 
tions generated by crossover and mutation are subjected to a stochastic selection 
process in order to avoid convergence to a local optimum [11]. The probability 
that a modified configuration enters the population is computed on the basis of 
the fitness measure. 

In many ways genetic search provides an interesting compromise between the 
continuous transformation of the discrete optimisation problem [4, 19] and its 
realisation by simulated annealing [1, 10, 6]. In the first instance, the selection 
process is analogous to the Metropolis [1] algorithm employed in the sampling of 
Gibbs distributions in simulated annealing. Moreover, maintaining a population 
of solutions each with an associated fitness measure, naturally bridges the gap 
between the idea of having continuous optimisation variables and discrete ones. 
One of the unique features of genetic search is the possibility of crossover. This 
effectively provides a means of mixing existing solutions to provide a diversity 
of new ones. In this way locally consistent sub-solutions may be combined to 
generate a globally consistent solution. If effectively controlled, this feature can 
provide convergence advantages over simulated annealing [3]. 

It is for these reasons that we would like to exploit genetic search in this 
paper. Our principal interest is in the matching of symbolic relational descrip- 
tions [13, 14, 16, 18]. Here we aim for find a discrete matching configuration that 
optimises a measure of relational consistency. Symbolic approaches to the rela- 
tional matching problem have proved of perennial popularity since Barrow and 
Popplestone's pioneering work which located consistent matches by searching for 
cliques of the association graph [2]. Difficulties associated with matching inex- 
act relational structures representing imperfectly segmented or cluttered scenes 
soon became evident [13, 14, 18]. One way of circumventing these difficulties is 
to pose the matching process as one of minimising a relational distance measure 
[13, 14, 18]. This measure should be capable of gauging both matching incon- 
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sistencies and structural errors. The idea of quantifying relational inexactness 
in this way has been pursued by Shapiro and Haralick who attempt to min- 
imise the number of inconsistently matched cliques [13]. Structural errors are 
accommodated by inserting dummy nodes into the relational graphs without 
penalty. Sanfeliu and Fu's structural edit operations are more complex [14]. Sep- 
arate heuristic costs are associated with the operations of node relabelling, node 
deletion and node reinsertions; there are additional costs for the analogous op- 
erations on edges. In each of these methods consistent matches are located by 
deterministic search. 

Viewed from the perspective of relational matching, our genetic search pro- 
cess also has a number of novel features. We gauge consistency using a matching 
probability defined over connected subgraphs of the relational structures. The 
development of this consistency measure commences from an objective Bayesian 
model of matching errors and has been extensively reported elsewhere by Wilson 
and Hancock [15, 16]. Compared with this earlier work, the novel aspect repor- 
ted in this paper resides in the use of the relational matching probability as 
a fitness measure in genetic search. By maintaining a population of matches, 
we have a natural mechanism for simultaneously enumerating different ambigu- 
ous solutions. Crossover allows us to mix these solutions in such a way as to 
combine consistent subgraphs to form a more globally consistent solution. This 
can offer accelerated convergence, since standard discrete relaxation algorithms 
only propagate constraints over a distance of one neighbourhood with each it- 
eration. Selection operations stochastically refine the population on the basis of 
probabilities derived from the Wilson and Hancock [15, 16] consistency meas- 
ure. Structural errors are removed by graph edit operations [14, 17] aimed at 
increasing the fitness of match during the selection phase. Finally, it is worth 
mentioning that since probabilistic selection is a critical stage in genetic op- 
timisation, the availability of an objective Bayesian measure greatly simplifies 
the search procedure. Moreover, the population of solutions can be regarded as 
sampling the probability distribution for consistent relational matches. 

The outline of this paper is as follows. In Section 2 we review the basic in- 
gredients of the Wilson and Hancock relational consistency measure [15, 16] and 
describe how the optimisation of this measure may be mapped onto a genetic 
search procedure. Section 3 provides some performance evaluation on synthetic 
data. Section 4 shows the utility of the genetic matching procedure in the regis- 
tration of aerial stereograms. Finally, Section 5 offers some conclusions. 

2 G e n e t i c  S e a r c h  

Genetic search [5, 11, 12] provides a very natural way of locating globally consist- 
ent relational matches. In essence the approach relies on generating a population 
of random global matching configurations. These undergo cross-over, mutation 
and selection to locate the match that optimises a fitness measure. Mutation op- 
erations ensure that the fitness landscape is uniformly sampled. Crossover, intro- 
duces diversity by mixing partially consistent solutions; if effectively controlled 
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this can accelerate the merging of consistent subgraphs. Selection stochastically 
selects from the population so as to locate the solution of optimum fitness in a 
manner analogous to the Metropolis algorithm [1]. However, since the algorithm 
commences from a set of random matches, accurate initialisation is not an issue 
of critical importance. One of the novel features of our genetic search process 
is the incorporation of a deterministic hill-climbing stage. This additional step 
is applied to the fitness measure once mutations have occurred and is used to 
accelerate convergence to the nearest optimum of the average consistency meas- 
ure. In this way sub-optimal solutions may be rapidly rejected by the selection 
process. 

2 .1  Fitness 

Our adopted fitness measure is the recently reported Bayesian relational con- 
sistency measure of Wilson and Hancock [16]. The basic idea underlying this 
measure is to compare the symbolic matches residing on the neighbourhoods 
of a data  graph with their counterparts in a model graph. Suppose that  the 
data  graph GI = (V1,E1) has node-set V1 and edge-set E2. The basic unit 
of comparison is the neighbourhood which consists of the nodes connected to 
a centre-object j by data-graph edges, i.e. Cj = j t3 { i l ( i , j  ) E El}.  If the 
model graph is denoted by G2 = (V2,E2), then the state of match between 
the two graphs is represented by the function f : V1 -~ V2. The matched real- 
isation of the neighbourhood Ca. is represented by the configuration of symbols 
Fj = U~ccj f ( i ) .  Wilson and Hancock's basic idea was to invoke the concept of a 
label-error process to facilitate the comparison of the matched neighbourhoods 
in the data graph with their counterparts in a model graph. The consequence of 
this model is that  the consistency between the matched data  graph neighbour- 
hood Fj and the model graph neighbourhood Sk is gauged by the Hamming 
distance H(F j ,  Sk) = Y~tc& (1 -6 / (0 , l  ). These Hamming distances are used to 
compute a global probability of match using the following formula 

1 
P c  - IVll • IV21 z ( 1  _ p)lCjl ~ e x p [ - f l H ( r a ,  sk)] (1) 

j ev~  k~v2 

The exponential constant appearing in the above expression is related to the 
uniform probability of matching errors, i.e. fl = In 1-e p 

2.2 Initial Populat ion Generation 

Key to genetic search is the idea of maintaining a population of alternative solu- 
tions, each with a computed fitness value. The initial choice of the trial solutions 
which undergo genetic refinement may be made in a number of ways. Here we 
choose the initial matching configurations so as to uniformly sample the feasible 
search space. From the perspective of structural matching, this has a number 
of advantages. Firstly, it means that  we obviate the need for accurate initialisa- 
tion, which has proved to be a perennial problem in the application of iterative 
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labelling schemes. Secondly, it means that our matching scheme is purely sym- 
bolic. An alternative to selecting a uniformly distributed initial population is to 
adopt a bias towards the matches suggested by unary measurements. 

The choice of population size determines the rate of convergence for ge- 
netic search [11, 12]. There is a tradeoff between the sampling the fitness land- 
scape with a fine granularity and the computational overheads associated with 
maintaining a large population of solutions. Since Hamming distance is the ba- 
sic ingredient of our consistency model, we have appealed to a simple pattern 
space-model [9] to select the population size. We have demanded that the spa- 
cing of the initial solutions is less than the average Hamming distance between 
random graph pairs. For a uniformly distributed population of initial configura- 
tions, the distribution of inter-pattern Hamming distance is binomial with mean 
IV1 i(1_ 1 ~ ) .  This means that the population size is approximately equal to the 
number of nodes in the data graph. 

2.3 C r o s s o v e r  

Crossover is the process which mixes the pool of solutions to produce new ones. 
If effectively controlled, the process can be used to combine pairs of suboptimal 
or partially consistent matches to produce one of improved global consistency. 
Typically, deterministic updating of the match will propagate constraints only 
over the distance of one neighbourhood with each iteration. Crossover can accel- 
erate this process by combining disconnected yet internally consistent subgraphs 
from the individual solutions in the pool. 

The standard crossover procedure involves selecting at random pairs of global 
matching configurations from the current population. Random matches at cor- 
responding sites in the match are then interchanged with uniform probability �89 
we term this probabilistic crossover. However, this crossover mechanism will not 
necessarily facilitate the merging of locally consistent subgraphs. Moreover, the 
process also ignores the underlying structure of the graphs. A better strategy 
is to combine the solutions by physically dividing the graphs into two disjoint 
subgraphs. In this way internally consistent portions of the individual solutions 
may be exchanged, at the structural level. 

Initially, when the genetic population consists of random configurations, cros- 
sover results in a distribution of step-size which is binomial with a mean Ham- 
ming distance of IVII(1 - ~ ) .  At later epochs, when the genetic population 
is dominated by a few ambiguous solutions, the principal mode of the step-size 
distribution will be at zero Hamming distance with a number of submodes cor- 
responding to the distance between different solutions. 

2.4 M u t a t i o n  

A further randomisation stage is applied to the individual matches to introduce 
new information into the population of global matches through a process of 
mutation. This is effected by randomly swapping the matches on individual sites 
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with a uniform probability. In order to sample the probability distribution for 
relational matches in equation (1), we perform mutations with probability p, 
i.e. the prevailing value of the label-error probability. The effect of mutat ion 
operations can again be understood by reference to our simplistic pattern-space 
model. The distribution of Hamming distance associated with uniform mutat ion 
will again be binomial. The mean Hamming distance step-size is I1/11P while the 

1 is the average number of mutation variance is IVllp(1 -p).  In other words, 
steps required to transform the different initial solutions into one-another. 

2.5 Popu la t ion  Ref inement  

The crossover and mutation stages of genetic search take place without reference 
to the value of the fitness measure; they simple maintain a diverse population of 
matches for further refinement. In our matching process the refinement process 
is effected using both hill-climbing and selection operations. Both stages of the 
algorithm are aimed at optimising the global configurational probability measure 
Pc. 

Hil l  C l i m b i n g  The aim in performing hill climbing operations is to restore con- 
sistency to graphs modified by the crossover and mutation operations. Although 
this can be effected by stochastic means, this is time consuming. The hill climb- 
ing stage involves iteratively reconfiguring the graphs modified by crossover or 
mutation to maximise the value of Pc. This process has the effect of locating 
the nearest local optima of the global consistency measure. It therefore redistrib- 
utes the population of solutions to reside at the modes of this fitness measure. 
Suboptimal modes become increasingly unlikely as they are removed from the 
population by the stochastic selection operations. This process not only accel- 
erates convergence, it also diminishes the requirements for a large population of 
graphs. 

U n m a t c h a b l e  n o d e s  One of the critical ingredients in effective relational 
matching is the way in which unmatchable entities or clutter are accommod- 
ated. Conventionally, there are two principal ways in which the effect of clutter 
can be neutralised. The first of these is to retain clutter nodes as an integral 
part of the graphs, but  to explicitly label them as null-matched [15]. The al- 
ternative is to follow a graph-edit philosophy and to remove the clutter nodes, 
recomputing the edge-set of the graph if necessary [14, 17]. As recently demon- 
strated by Wilson and Hancock, the main advantage of graph edit operations is 
that  if effectively controlled, they can overcome relational fragmentation due to 
severe levels of clutter [17]. Although effective when subgraph matching is being 
attempted, the null-labelling technique has a greater sensitivity to noise. 

We therefore choose to control clutter using a graph-edit process which al- 
lows nodes to be deleted and reinstated [17]. This process is incorporated into 
the hill-climbing stage in the following way. Each node in turn is deleted from 
the graph and the edge-set recomputed. For our experimental evaluation of the 
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method, we have chosen to use Delaunay graphs representing Voronoi tessella- 
tions of the image plane. Here the node deletion process corresponds to removing 
a particular Voronoi cell and growing adjacent cells to fill the vacated space. This 
process effectively modifies the edge-set of the associated Delaunay graph. Fol- 
lowing Wilson and Hancock [17], by adopting the Delaunay representation we 
simplify the graph-editing process by lifting the requirement for an explicit set 
of edge-edit operations of the sort employed by Sanfeliu and Fu [14]. Our de- 
cision concerning node deletion or re-insertion is based on the value of Pc- If the 
value of Pc increases due to the deletion process, then the node is edited from 
the graph. If, on the other hand, the value of Pc increases as a result of node 
re-insertion at a later stage, then it is reinstated. 

Selection The hill-climbing and node deletion operations are purely determ- 
inistic processes which effectively bring about local improvements in matching 
consistency. These operations would otherwise prove time consuming if pursued 
by stochastic means. The final stochastic element of genetic search is the selec- 
tion process. The aim here is to randomly admit the configurations refined by 
the hill climbing process to the population on the basis of their fitness measure. 

The probability distribution defined in equation (1) lends itself naturally to 
the definition of a population membership probability. Suppose that p(0 denotes 
the global configurational probability for the i th member of the pool (population) 
of graphs. By normalising the sum of clique configuration probabilities over 
the population of matches, we arrive at the following probability for randomly 
admitting the i th solution to the pool of graphs P with probability 

P s -  x-" p(~) (2) 
Z..~I6"P ~ G 

The final optimal match is located by selecting the graph for which P(G 0 is 
maximum. The idea of maintaining a population of alternative weighted match- 
ing configurations effectively bridges the conceptual gap between classical dis- 
crete relaxation methods [8] and continuous labelling algorithms such as prob- 
abilistic relaxation [4] or mean-field annealing [19]. 

3 C o n v e r g e n c e  B e h a v i o u r  

Our aim in this Section is to evaluate the degree to which our method is sensitive 
to the various optimisation parameters. There are two parameters that control 
the genetic search procedure. The first of these is the population size, while the 
second is the mutation probability. Our aim is to investigate the sensitivity of 
the convergence-rate to systematic variation of these two parameters. Figure la 
shows the number of iterations to convergence as a function of the population 
size for a graph of 40 nodes. The main feature of this graph is the existence of a 
critical population size. Once the population size exceeds 20 graphs, convergence 
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has taken place within 5 iterations. These convergence results are many orders 
of magnitude faster than those obtained if we omit the hill-climbing stage or 
adopt a probabilistic rather than geometric crossover strategy. 
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Fig. 1. a) Number of iterations to converge for a given population size. b) Iterations 
to converge for a given mutation probability. 

The second parameter of the optimisation scheme is the mutat ion probability. 
Normally, this is taken to be the label-error probability p used in the computat ion 
of global fitness Pc .  Figure lb shows the number of iterations to convergence 
when this constraint on the mutation probability is relaxed. Provided that  p < 
0.6, then the algorithm appears to be completely insensitive to the mutat ion 
probability. In fact, we find that  mutation is a relatively insignificant component 
of the algorithm. Most of the effectiveness of the algorithm is derived from the 
crossover, hill-climbing and selection stages. Finally, we have performed some 
experiments to measure the covergence-rate as a function of graph size. For 
graphs of up to 50 nodes we have found empirically the that  number of Hamming 
distance computations required to locate a graph isomorphism rises as IV112'13. 

It is also interesting to study how the distribution of the fitness value over 
the pool of graphs evolves with iteration number. This is illustrated in Figure 2a. 
Initially Pc  is concentrated close to the origin. As the genetic search proceeds, 
the mode of the histogram slowly moves to larger value of Pc .  However, of greater 
importance to the genetic search procedure, the largest fitness value increases at 
a more rapid rate. In fact, the rightmost column of Figure 2a illustrates how the 
frequency of the fittest match increases with iteration number. The ground t ru th  
solution is in fact first encountered in the third iteration and has saturated the 
genetic population by the tenth iteration. Finally, it is interesting to note that  
the mode of the histogram corresponds in a statistical sense to the typical results 
achievable by of deterministic search. Figure 2a therefore underlines some of the 
convergence advantages of genetic search over its deterministic counterpart.  

To underline some of the points made in the previous section, we have plotted 
the distribution of Hamming distance between the ground-truth solution and the 
individual members of the population of graphs. Figure 2b shows the Hamming 
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distance distribution as a function of iteration number for the 40 node problem 
studied in Figure la. Initially, the minimum Hamming distance is 36, while the 
mode occurs at 39. As the genetic search process iterates the modal Hamming 
distance moves towards zero as the correct solution saturates the population. 

Fig. 2. a) Cost Function Distribution as a function of iteration number, b) Hamming 
Distance Distribution as a function of iteration number. 

Figure 3 illustrates some typical matching results on synthetic graphs. Figure 
3a shows a representative solution from the initial population. The left-hand 
graph is the model while the right-hand graph is the data; lines between the two 
graphs indicate matches. The data graph has been obtained by adding random 
clutter to the model and perturbing the nodes with Gaussian position errors. The 
original model graph contains 20 nodes while the corrupted data graph contains 
40 nodes. Figure 3b shows the fittest match from the genetic population after 3 
iterations. There are two features worth noting. Firstly, the overall consistency 
of match has improved. The lines connecting the nodes in the data and model 
graphs are no longer randomly distributed. Secondly, the added clutter nodes 
have all been correctly identified and deleted from the data graph; they appear 
as disjoint points in the right-hand graph of Figure 3b. The overall accuracy of 
match in this example is 100%. 

4 M a t c h i n g  E x p e r i m e n t s  w i t h  A e r i a l  S t e r e o g r a m s  

Our experimental vehicle is provided by the matching of aerial stereograms of 
suburban areas. A typical image pair is shown in Figure 4. The image registration 
problem is posed as one of matching rooftops. In this section we briefly review 
the image processing operations required so that we can abstract the registration 
process in terms of genetic graph matching, before proceeding to detail algorithm 
performance. 
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Fig. 3. a) An Initial Guess. b) The Recovered Solution 

To commence we must localise the rooftop features to be matched. Here we 
adopt a matched filtering technique. Details of the algorithm are outside the 
scope of this paper. Suffice to say that  we exploit the Fourier duality between 
convolution in the spatial domain and multiplication in the frequency domain to 
determine the coefficients of the matched filter over a set of training examples. 
The training examples are chosen on the basis of their angle, size and shape. 
Once the matched filter is to hand, we can at tempt  to identify typical rooftop 
structures by locating maxima of the image convolution. We localise significant 
rooftop responses by applying a simple thresholding technique to the convolution 
output  and locating the centroids of the associated connected components. A 
neighbourhood structure is established by computing the Voronoi tessellation 
of the centroids. The Delaunay triangulation of the Voronoi regions provides us 
with a relational structure for matching. The Voronoi centroids are marked as 
crosses in Figure 4. 

The lines between the two graphs in Figure 5 represent the final matches 
between the two graphs. This example represents a less demanding test than the 
synthetic matching experiment in Figure 4a There is only one spurious node, 
which appears in the left-hand image, due to thresholding errors in the centroid 
location process. This node is correctly identified as clutter and is deleted. The 
remaining nodes are all correctly matched. Although the segmental input to this 
matching problem is good, the regularity of the graphs poses potential problems 
of ambiguity. The genetic search process is effective in overcoming these and 
locates a solution of maximum global consistency. 

5 C o n c l u s i o n s  

To conclude, we have shown how the optimisation of the relational consistency 
measure of Wilson and Hancock [15, 16] naturally maps onto genetic search. 
Moreover, the physical variable underpinning this consistency measure, namely 
Hamming distance, allows us to picture the action of the various stages of the 
search process in an intuitive way. Based on an extensive simulation study, we 
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Fig. 4. Aerial stereograms with detected houses marked with crosses. 

Fig. 5. Matching results (Popsize=100) 

evaluate the performance of the resulting optimisation process. This yields a 
number of interesting results. Empirical results suggest that  the number of com- 
putations required to locate a consistent solution rises in a polynomial manner 
with graph size. Despite being stochastic in nature a recent comparative study 
has shown that  the convergence is more rapid than simulated annealing [3]. It 
is also interesting to note that  the method requires a population size which is 
approximately equal to the number of nodes in the graphs under match. In ad- 
dition to the population size the only parameter of the method is the mutation 
probability. Again, convergence is not critically dependant upon the choice of 
parameter.  

The genetic search procedure therefore represents a relatively effective stochastic 
optimisation process that  is not sensitive to the choice of parameters. 
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