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Abstract. We design polynomial-time algorithms for some particular cases of the
volume computation problem and the integral points counting problem for convex
polytopes. The basic idea is a reduction to the computation of certain exponential
sums and integrals. We give elementary proofs of some known identities between
these sums and integrals and prove some new identities.

1. Introduction

Let P < R" be a convex n-dimensional polytope. We consider the problem of
computation of the volume of P and counting the integral points in P. To do this
we introduce the following main objects.

(1.1) Exponential Integral. We consider the following expression:
J exp{{c, x>} dx,
Id
where ce R*, (;,-> is the scalar product in R", and dx is the Lebesgue measure
on R"
(1.2) Exponential Sum. We consider the following discrete sum:

Y exp{<c, x>}

xePn "

where Z" is the standard integral lattice in R".

* This research was partially supported by the Mittag-Leffler Institute.
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We also consider integrals and sums over a convex polytopal cone K — R™:

f exp{<c, x)} dx and Y exp{<c, x>}
K

xeKnZ*

Exponential sums and integrals satisfy certain nontrivial algebraic relations which
make it possible to compute them efficiently in some particular cases. Although
the identities usually degenerate when ¢ = 0, the computation at a point ¢ close
to 0 enables polynomial-time algorithms for computation of the volume and
counting the integral points for some classes of polytopes to be designed.

In Section 2 we prove some identities for the exponential integrals. Then we use
them to design algorithms for computation of the volume (Section 3). In Section
4 we prove certain identities for the exponential sums. Then we apply these
identities for counting the integral points in integral polytopes (Section 5). In
Section 6 we prove an anologue of identities for nonrational polytopes.

2. Exponential Integrals

We begin with three examples of exponential integrals over polytopes and cones.

(2.1) Example (Simple Cone). Let K = R% be the nonnegative orthant, R, =
{x =(xy,...,x,)€R™ x; >0 for all i}. Choose celnt R, where R.:= —R.
Then we have

f exp{<c, ¥y} dx = ]| (=ci )
K i=1

Moreover, let K be the conic hull of linearly independent vectors u,,...,u,, so
K = co{uy,...,u,}. Denote by K* = {xeR" {x, y> <0 for all yeK} the polar
of K. Then for all ceInt K* we have

f exp{<c, x)} dx = |uy A -** A u,,lf[ {—c,u)" L.
K =

i=1

To obtain the last formula we have to apply a suitable linear transformation to
the previous integral.

(2.2) Example (Cube). Let I" = [0, 11" be an n-dimensional unit cube. Then
J exp{<c, xD} dx = [] ¢ "exp{c;} — 1)
m i=1

for all ¢ = (cy,...,c,). If ¢; =0, then the corresponding factor is equal to 1.
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(2.3) Example (Simplex). Let L = {x: x =(x,...,X,), Xx; + ** + x, = 1} be the
hyperplane in R" and let A = L~ R"% be the standard simplex. Denote by u the
Lebesgue measure on L induced from R". Then

f exp{<c, x)} du = \/; Zn: exp{c;} ﬁ (c;—c!
A j=1

k=1,k#j

for all ce R" with pairwise distinct coordinates.

Proof. It is enough to prove this identity only for ¢ in Int R, since by adding
a suitable multiple of (1,..., 1) we can always put c in the negative orthant. Let
us introduce the function

Y(x) =

exp{(c x>} if xeR%,

otherwise.
The desired integral has the form jw Y du, where p is considered as a measure in
R" concentrated on L. If we apply the Fourier transform : @(x)+ @(p) =
fmn @(x) exp{ —27mi<y, x>} dx, we obtain

f wdu=f ¥ dp.
R» Rn

Here uzl(x) = []j=, @nix; — c)~ ', and p is the measure on the orthogonal comple-
ment L' with the density exp{—2ri{a, x>} where a = (1/n, ..., 1/n).
So the desired integral is equal to

ff exp{2miy} H @miy —c)~ .

If ¢ has pairwise distinct coordinates, then the function has only simple poles
y; = (1/2mi)c; with the residues (exp{c;}/2mi) [ [i= 1,21 (¢; — ). Since ce Int R", all
y; belong to the upper half-plane. Choosing the contour consisting of the upper
semicircle R(cos ¢ + isin @), 0 < ¢ <, and of the interval [ —R, R], where
R - + o0, by the Residue Theorem we obtain the desired value. O

This formula was obtained in [11]. Podkorytov uses [11] induction on n instead
of the Fourier transform.

Now we can describe the general form of the integrals | exp{<c, x>} dx, where
K is a cone.

(2.4) Proposition. Let K be a polytopal convex n-dimensional cone in R® without
straight lines and let K* = {xeR": {x, y> < 0 for all y€ K} be the polar of K. Then
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Jor all celInt K* the integral

f exp{<c, x>} dx
K

exists, and determines a function s(K; c¢) which is rational in ce C*. Let u,,...,u,
be unit vectors on the extreme rays of K. Then the set of singular points of s(K; c)
is the union of hyperplanes H = | J-, H;, where H; = {ce C*: {c,u;) = 0}.

Proof. By Example 2.1 it follows that the statement is true when K is a simple
cone. The cone K can be subdivided into the union of simple cones K = | /7o, K;
so that Int K;nInt K; = ¢ when i+#j, and the set of extreme rays of K,
Jj=1,...,m, coincides with the set of extreme rays of K (see, for example, Lemma
4.6.1 of [12]). It follows that

s(K;c)= )Y s(Kj;c)

=1

and that each singular point of s(K;c¢) is contained in H. Since s(K;c)— o0
when ¢ — ¢, € H, ce K*, we conclude that the set of singular points coincides with
H. J

If K+v, veR", is a shift of the cone K, then the integral (., exp{<c, x)} dx
determines the meromorphic function exp{{c, v)}s(K;c). We denote it by
S(K+v; ).

The following result provides a decomposition of an exponential integral over
the whole polytope into a linear combination of the integrals over facets.

(25) Lemma. Let Pc R" be a convex n-dimensional polytope and let T,
i=1,...,m, be the set of its facets. Let u; be the Lebesgue measure on the affine
hull of T;. Denote by w,; the outer unit normal to T';. Then

1 m
Z <Aa ni> f exp{<C1 x>} dﬂl
T

L exp{{c, x)} dx = G &

for all ceC", AeR", such that {c, A) # 0.

Proof. Without loss of generality we may assume that {(1,4) =1 Let us
introduce the following differential form on R":

o(x) = exp{<c, XD}u; A “** Ay,

where (4, u,) =0foralli=1,...,n—landAAu A" Au,_; =€ A" Ae,
Here e,,...,e, is assumed to be the standard basis of R". Note that dw =
exp{<c, x)}e; A -** A e,. Applying the Stokes formula to P and w, we obtain the
desired result. ;)
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Now we are able to prove the main result of this section.

(2.6) Theorem. Let P — R" be a convex n-dimensional polytope. For each vertex

ve Vert P of P, let us define the cone K, as the smallest convex cone with the vertex
v which contains P. Then

f exp{<c, xp} dx = Y s(K,; c)
P veVertP

for all ce C" such that c is a regular point of all functions s(K; c).

Proof. Let us choose 1€ R", 1 # 0, such that 4 is not orthogonal to any edge of
P. Consecutively applying Lemma 2.5 to P, then to its facets, to faces of
codimension 2 and so on, finally we obtain a decomposition

J‘ exp{<C, X>} dx = Z exp{<C, v>}qv(c)9
P

veVent P
where g,(c) are homogeneous rational functions, g,(tc) = t~"q,(c) for all te C. Now

we have to prove that in fact q,(c) = s(K, — v; ¢).
Let us choose we Vert P. Consider an open set U, € R” such thatforallce U,

{c, wy > <, v) if veVert P and v#w

and U, does not contain any singular point of s(K,; ¢), ve Vert P. Then we have

lim ¢" exp{—t{c, w)} f exp{t{c, x)} dx
P

t—++ oo

lim " exp{—t{c, w)} f exp{t{c, x>} dx
K.

t=>+ o

J exp{{c, x>} dx  forall ceU,.
K,—w

The first equality holds since the integrals outside an arbitrary small neighbor-
hood of the vertex w are asymptotically negligible when ¢ tends to infinity. The
second equality holds since s(K,, — w; c) is a homogeneous function. Similarly, we
have

lim " exp{—1tc, wp} Y, exp{t{c, vD}q.,(tc) = q.(c)

t=+ 4+ veVert P

for all ceU,,. So q,(c) and s(K,;c) coincide on a certain open set in R". Since
these functions are rational they coincide everywhere. O
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This theorem was first proved by Brion [3] in the case of a rational polytope
P. This restriction arose because Brion obtained the result as a limit case of his
theorem on integral points in convex integral polytopes (see Section 4). Later
elementary proofs were given by A. G. Khovanskii and A. V. Puhlikov (1989) and
independently by the author [2]. These proofs are essentially different, here we
have given a modified version of the proof from [2]. Note that Theorem 2.6 follows
from Example 2.3 and the observation that each polytope can be subdivided into
simplices without new vertices. We gave here a different proof based on certain
asymptotics since this method also appears to be useful in the case of discrete
exponential sums.

3. Computing the Volume of a Polytope

We turn to the application of exponential integrals to computation of the volume
of a convex polytope. It is known that this problem is 4 P-complete if the polytope
is given by its vertices or by its facets (see [8] and [4]). Nevertheless, there exist
a probabilistic approximative algorithm which, for any given ¢ > 0, computes the
volume of a convex body given by its oracle with relative error less than ¢, in a
time which is polynomial in ¢~ ! [5], and a deterministic polynomial-time algo-
rithm which computes the volume of an n-dimensional convex body given by its
oracle, with a relative error bounded by n®?" (see [6]). The volume of an
n-dimensional convex body given by its oracle with relative error less than
(const - (n/log n))* cannot be computed in polynomial time (see [1]).

If we put ¢ = 0, then the Exponential Integral 1.1 transforms into the volume
of P. However, the point ¢ = 0 is singular for all functions s(K,; ¢). So to compute
vol P approximately, we have to calculate Integral 1.1 at a nonzero point ¢ which
is close to 0.

By arithmetic operations we mean addition, subtraction, division, multiplica-
tion, and comparison of real numbers. We begin with the computation of s(K; ¢).

(3.1) Lemma. Assume that a convex polytopal n-dimensional cone K c R" without
straight lines is given as convex hull of its extreme rays, so K = co{u,, ..., u,} for
some given vectors u,, ..., U, R" Then, for any given ce C", we can compute the

value s(K; c) (or decide that c is a singular point) using O{ n® -m- (m)) arithmetic
n

operations.

Proof. If K is a simple cone we can use Example 2.1 to compute (K, c). In
general, we have to reduce the problem to the case of simple cones. To do this,
we use the so-called “regular” subdivision. We consecutively move the points
wrsv=1t;-u, t;>1, i=1,...,m, so that the following condition of general
position holds: if dim co{u;, u,,..., 4, } = n, then the points v, , v,,...,v;  are

2% ** 22 " " int

. m
affinely independent. To construct the points v,,..., v, we need O| m-n*- ))
n

arithmetic operations.
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m

Put P = conv{v,, ..., v,}. Now we have to check for each of ( > collection of

n
vertices I = {v;,...,v;} whether their convex hull is a facet of P, such that
K; =co{u;,...,u; } is an n-dimensional convex cone. For a given collection this
procedure requires O(n? - m) arithmetic operations. The set of such facets gives us
a covering of K by simple cones K; = co{u,, ..., u; } such that each point in K,
except points in a set of measure zero, belongs exactly to two such cones. (If we
choose facets which are “visible” from the point 0, then we obtain the regular
subdivision mentioned above, but it is enough to use the constructed covering.)
Now we have s(k; ¢) =3 Y ; s(Ky; ¢). O

Since we are interested in complexity theory, let us restrict ourselves to
integral polytopes given by their vertices v,,...,v,€Z". We use the notion of
input size (see, for example, [6]). So for a given v = (vy,...,v,)€Z", size v &
n+log(lvy| + 1) +- -+ log(lv,] + 1).

(3.2) Theorem. There exists an algorithm which, for any given integral vertices
Uys-.., Uy€Z" and any number ¢ > 0, computes the volume of the polytope P =
conv{vy,...,v,} with relative error less than ¢ using a number of arithmetic
operations which is polynomial in max{size v,, ..., size v,}, log ¢, and linear in

e(v)
veVZenP< n ),

where e(v) denotes the number of edges containing v.

Proof. We have to choose sufficiently small ce R” and then compute Integral 1.1
using Theorem 2.6 and Lemma 3.1. First, let us determine the set of edges of P.
For two given vertices v;, v; the problem of finding whether [v;, v;] is an edge of
P is a linear programming problem which can be solved in a time which is
polynomial in n, max{size v,, ..., size v,}. This is the only case where size v; is
involved. So we have determined the sets of extreme rays of K.

Now we have to construct a point ¢ which is separated from the sets of singular
points of s(K,,; ¢) with some guarantee. Let {H; = {x: {x, u;» = 0}, je J} be the set
of all hyperplanes orthogonal to some edge of P. Put ¢(t) = (1, £,¢%,...,t" " 1)eZ"
for teZ. Now {p{t) = <u;, c(t)), je J} is a family of nonzero polynomials. Using
known bounds on the roots of a polynomial we can choose sufficiently large ¢,
(but bounded by a polynomial in the input size) such that |{c(t,), u;>| > 1 for all
j€J. The complexity of this algorithm is linear in the number of hyperplanes.

Without loss of generality we may assume that ¢ < 5. Put

¢ = & c(to) .
3-lelto) | - max{f|vyll,..., [lvml}
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Now we can compute [pexp{<c,x)>}dx using Theorem 2.6. Note that
s(K,; ¢) = exp{<c, v,>}s(K,, — v;;¢). To compute s(K, —v;;¢) we can use
Lemma 3.1. Since exp{{c, v;>} can be computed with error less than ¢, using
O((log &,)?) arithmetic operations, the proof follows. O

If e(v) < n + const for all ve Vert(P), then the algorithm has a polynomial
complexity. In the case when e(v) = n for all veVert(P), i.e.,, the polytope P is
simple, a polynomial algorithm of the computation of vol(P) was presented in [9].
Lawrence used Gram’s relation, which is in a sense a limit case of our Theorem
2.6 when ¢ =t-cy, and t - 0. A polynomial algorithm for computation of the
volume of a simple polytope was also constructed in [13]. This algorithm is based
on a certain decomposition of a simple polytope into the alternating sum of
simplices.

Theorem 2.6 allows us to reduce computation of the volume to computation of
s(K,; ¢). Lemma 3.1 gives an estimation of the complexity of computation s(K; c)
for a polytopal cone given as the convex hull of its extreme rays. In the following
example we consider the dual situation, namely a cone is given as the intersection
of half-spaces.

(3.3) Example. Let K = R" be an n-dimensional convex polytopal cone without
straight lines, which is given as the intersection K = (7=, H; of m half-spaces
H; = {xeR", {a;,x) > 0}, where a;e R". We shall prove that s(K;c) is a linear

) simplest rational functions of the type
n

[T5=1Kbj, )~ for some b;eR", j=1,...,n. We shall show how to construct
this decomposition.

combination of not more than (

Let us consider the inclusion ¢: K - R™, ¢(x) = ({ay, XD, ..., {a., X)). Denote
L = ¢(R"). Then we have p(K) = R™, n L. Let u be the Lebesgue measure on L.
For ce R™ define y(x) as in Example 2.3. Then we have

s(K; Ac) = det™ Y24 A" ¥ dy,

Rm
where the matrix 4 consists of the columns a, ..., a,. Put k = m — n. Applying
the Fourier transform, we finally obtain

s(K; A= | [ @rica;, y> —c)™* dy, (3.1

Rt j=1

where ¢ = (¢y,.--, Cp)-
Let us consider the set H of complex hyperplanes

H;={xeC* 2ni{x,a> —c;=0},j=1,...,m.
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Assume that c e R" is “generic,” namely that there is no point in C* which belongs
to more than k hyperplanes in the set H. For J < {1,...,m}, card J = k, let us
denote by x, the common point (if one exists) of the hyperplanes H;, je J. Put

-1
[1@nica;, x> — ).

i

Ryc) =

N g

JjeJ

Note that R(c)is a rational function having the desired type. Using the decomposi-
tion R* = R*~! @ R, we represent the integral (3.1) as an iterated one. We success-
ively apply the Residue Theorem to the integral with ¢ chosen from a small
neighborhood of the generic point ¢,. Finally we obtain a linear combination

containing O(<m)) summands of the form R,(c). Since s(K; Ac) is an analytic
n

function in ¢, this decomposition holds for all ¢ e C*. The algorithm presented for
the construction of this decomposition has a complexity which is polynomial in n*.

There exists a decomposition of K into a linear combination of O(( )) simple
n

cones [14] (see also Section 6). Therefore our result also follows from the existence
of this geometric decomposition. However, the author does not know how to
construct the decomposition effectively.

By Example 3.3 it follows that for an n-dimensional polytope P, such that for
all ve Vert(P) the cone K, contains not more than n + const facets, we can
compute its volume in polynomial time.

Now we consider other methods of volume computation by means of expo-
nential integrals.

(3.4) Laplace’s Asymptotic Formula and the Volume of a Section. Assume that
for a given polytope P = R", we can compute {pexp{{c, x>} dx for all ceR". Let
ceR" be a vector such that {c,x) > 0 for all xe P. Put

P, =Pn{x:{c, x)=1}
Then

vol P, = lim \/E exp{m} f {c, x)™ exp{—m- (¢, x)} dx.
2n P

m—+ + oo

Proof. Letusdenoteg(z) =Inz—z2z>0,P,={xeP:{c,x) = z}, and Y(z) =
vol P,. Then the integral is equal to [o" ® Y(z) exp{m- g(2)} dz. Smcg g(z) has the
unique maximum z = 1 and ¢”(1) = —1, then by Laplace’s asymptotic formula we

obtain the desired result. O

An analogous formula holds for the intersection of a polytope with a space of
larger codimension.
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To compute the integral we can use the formula

J {c, x)™ exp{—m- {c, x>} dx = ;;dt—’:.n J exp{t-<{c, x>} dx
P P

t=—m

and then replace the differential operator d4™/dt™ by the finite difference operator
(Aty™™T — Iy, where T: t+—t + At is a shift operator and I is the identity
operator. So we can reduce the computation of the integral to the computation
of m + 1 exponential integrals over polytope P. Some examples and error estima-
tions are given in [2]. In particular, we can compute approximately the volume
of a section of the cube by a hyperplane.

(3.5) Decomposition into Facets and Stokes Formula. We can use Lemma 2.5 to
obtain an expression of the exponential integral over P as the sum of exponential
integrals over facets. We can choose A€ R" orthogonal to some normal vector n;
in order to exclude “bad” facets from the sum. An example is given in [2].

4. Exponential Sums

We begin with three examples of exponential sums over integral polytopes and
rational cones.

(4.1) Example (Simple Rational Cone). Let K =co{uy,...,u,} cR" be a
rational simple convex cone given as the conic hull of its extreme rays. So,
dimK =m and u,,...,u,eZ". Without loss of generality we assume that
u,,..., U, are integral points on extreme rays of K closest to 0. Let us denote by
I1 the following parallelepiped:

= {xeR" x=ayuy +ay U+ +pt, where 0<a;<lforalli=1,...,m}.

Then we have (see, for example, Corollary 4.6.8 of [12])

Y eplcvj= 3 ew{<e o} [T (- expfceud)

xeZ*nK xelinZ»
for all ceInt K*.
Let us denote by L the integral lattice generated by K nZ" and by L, the

integral lattice generated by u,, ..., u,. Then card IInZ" is equal to the index
L : L, of the subgroup L, in L.

(4.2) Example (Cube). Let I" = [0, m]" be an n-dimensional cube. Then

Y exp{de, x)} = 11 exp{edm + 1)} — 1

xe*n I i=1 exp{ci}
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for all ¢ = (cy, ..., c,). If ¢; = O for some i, then the corresponding factor is equal
tom+ 1.

(4.3) Example (Regular Simplex). Let
A={x=(xy,....,x)€R" ,x; + x, + ** + x, =m},
where me N is a regular simplex. Then it is easy to see that

Z eXp{(C, x>} = hm(cl: R ] Cn)s

xeAnZn

where h,, is the full symmetric function of degree m (see [10]), and C, = exp{c;}.
Now we describe the general form of the function ) .k .z exp{{c, xD} for a
rational cone K.

(4.4) Proposition. Let X be a rational polytopal convex cone in R* without straight
lines. Then for all ceInt K* the series

Y. exp{<c, x)}

xeKnZ"

converges and determines a function a(K;c) which is rational in C; = exp{c},
i=1,...,n There exists a representation

P(c)
™1 (1 —exp{<c, “i>})’

o(K; ¢) =

where P(c) is a Laurent polynomial in C;. If K belongs to the half-space x; > 0,
then the degree of the numerator in C; does not exceed the degree of denominator.
The set of singular points of o(K; c) is the union of hyperplanes

H;; = {ceC":{c + 2mik,u;) = 0},

wherej=1,...,mand keZ"

Proof. By Example 4.1 it follows that the theorem is true when K is a simple
cone. Since K can be subdivided into the union of simple rational cones K =
U}’L 1 K it follows that the theorem is true in general (see Proposition 2.4). ]

If K + v, ve Z", is a shift of the cone K, then the series Y ,cx.,~2» €xp{<c, x>}
determines the rational in C; function exp{{c, v>}a(K;c). We denote it by
o(K + v; ¢). Proposition 4.4 in different terms is kiiown (see, for example Theorem
4.6.11 of [12]). We give its precise reformulation here in order to prove the
following main result.
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(4.5) Theorem. Let P = conviv,,...,,} be a convex integral polytope with the
vertices vy, ..., v,€ 2" For each ve Vert P, let us define the cone K, as the smallest
convex cone with the vertex v which contains P. Then

Y exp{e, xd} = Y oK, )

xePnZn veVertP
Jfor all ceC" such that ¢ is a regular point of all functions o(K ; ¢).

Proof. Let us consider an inclusion R" > R"* !, xi—(x, 1). Let 4 = co{0, P}
be the conic hull of the polytope P. Putting é = (c, t) where ce R" and t < 0, we
obtain

o8 =1+ +ZUOT"'< Y exp{<e, x)}),

m=1 xemPnZ"

where we denote T = exp{t}. Using Proposition 4.4 we conclude that ¢(K; ¢) is
the rational generating function for the exponential sums over mP. The denomina-
tor of this function is equal to [ [,cvenr (1 — T exp{<c, v)>}) and the degree of the
numerator is not larger than the degree of the denominator. Then by Theorem
4.1.1. of [12] we conclude that for all meN

2 exp{le, xpp = ), exp{mlc, v)}Q,m; c), (4.1)

xemPnZn veVert P

where Q. (m; ¢) = q,,(c)m" + -+ + g, ¢(c) is a polynomial in m, whose coefficients
are rational in exp{c,}, ..., exp{c,}.

Now we have to prove that actually g, (c) = 0if i > 0 and ¢, 4 = o(K, — v; c).
Then setting m = 1 we obtain the desired result. We use the same ideas as in
Theorem 2.6. Let us choose we Vert P. Consider an open set U,, = R” such that
for all ceU,,.

{c, w) > <c, v) if veVert P and v#w

and U, does not contain any singular point of 6(K,; ¢), ve Vert P. Then we have

lim exp{—mlc, wd} Y exp{{c, x)}

m— + o xemPn 2

= lim exp{—mlc,w)} Y exp{<c, x)}

m— + o xemKy,nZn

= a(K,, — w; ¢).

The first equality holds since for an arbitrary small neighborhood W of the vertex
w the sums outside the neighborhood mW are asymptotically negligible when m
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tends to infinity. The second equality is obvious. Applying the same construction
to the right-hand side of decomposition (4.1), we conclude that the functions g,,;
have the desired type. |

This theorem was first proved by Brion [3] using the theory of toric varieties.
Elementary proofs were given by A. G. Khovanskii and A. V. Puhlikov (1989) and
later independently by the author. These proofs are different, here the author’s
proof is presented. Note that if ¢ = 0, then ) ,.,.p 2z exp{<c, x>} transforms into
the Ehrhart polynomial (see, for example, [12]). The point ¢ = 0 is singular for
all functions g, 4(c) and we can consider the Ehrhart polynomial as the value of
Y vevertp 6(K,; mc) at the point ¢ = 0. A result analogous to Theorem 4.5 holds for
the integral points in the relative interior of P (see [3]). It can be proved using
similar arguments.

A. G. Khovanskii and A. V. Puhlikov also proved other remarkable identities
between exponential sums and integrals.

5. Counting Integral Points

Now we turn to the application of exponential sums to the problem of counting
the integral points in convex integral polytopes. This problem is more complicated
than the problem of volume computation. It is # P-complete even in the case of
integral simplex. It is not known whether a polynomial algorithm exists for
counting integral points even if the dimension is fixed. Unlike the case of
exponential integrals it seems to be difficult to compute o(K; ¢) even for simple
cones.

(5.1) Definition. Let K = co{u,, ..., u,} be a simple cone. Assume thatu,,...,u,
are the integral points on extreme rays of K closest to the origin. Let us denote
by I(K) the index of the sublattice L, generated by u,,...,u, in the lattice L
generated by K n Z" (see Example 4.1).

It is known that I(K) is equal to the g.c.d. of m x m minors of the matrix
consisting of the columns u,, ..., u, (see, for example, [12]).

(5.2) Lemma. Let K = co{u,,...,u,} = R” be a simple cone given by its vectors
Uy, ..., u,€Z" Then for all ce C" we can compute the value of o(K; c) (or decide
that c is a singular point) in a number of arithmetic operations which is polynomial
in n, | cll, max{size u;, i = 1,..., m} and linear in I(K).

Proof. By Example 4.1 we have
aK;c)= Y, exp{<c, x>} [] (1 —exp{<c, upp)™".
xellnZ" i=1

So to compute o(K; ¢) we have to find all integral points in the parallelepiped II.
We assume that u,,...,u,, are closest to the origin integral points on extreme
rays of K. As we have mentioned earlier (see Example 4.1) card IIn 2" =
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L : L, = I(K). Note that it is enough to find a certain representatives of the cosets
L/L,, since if y =Y, Bu;, f;€R, represents a coset in L/L,, then the point
y= Z}"=1{B,-}d,-eﬂ represents the same coset. We can construct in polynomial
time a basis e¢,,..., e, of L and a basis d,, ..., d,, of L, such that d; = a,e; for all
i and for some a; € N (see, for example, [7]). Then it is clear that vectors ) 1., fe;,
0 < B, < a;, B;€ Z, are the desired representatives of L/L,. O

Now we are able to prove the main theorem of this section.

(5.3) Theorem. There exists an algorithm which, for any given integral vertices
Uss ..., Uy€Z" such that P = conv{v,,...,v,} is a simple polytope, computes the
number of integral points in P using a number of arithmetic operations which is
polynomial in n, max{size v, ..., size v,,} and linear in Y ,cyenp I(K, — V).

Proof. The reasoning is essentially the same as in Theorem 3.1. We have
to choose a sufficiently small ¢ which is a regular point for all functions a(K,; c)
and then compute Y ,.p~z- exp{{c, x>} using Theorem 4.2 and Lemma 5.2. It is
enough to choose ce R” such that

1
3-@2-max{lvy ..., lval})

lell <

and then round the Exponential Sum 1.2 to the nearest integer. O

Now we give an example of the computation of ¢(K; c) for the cone K given by
its facets.

(54) Example. Let a =(a,,...,a,)eZ". We assume that a; < 0 for some i. Put
K = {xeR%: (a,x)>=0}. Choose c=(cy,...,c,)elnt R. with the pairwise
distinct coordinates. Let us consider the following series:

F(z)= Y exp{<c, x>}z,

xel®

This series converges to [ [7-,[1/(1 — exp{c;}z*)] for all z in the circular annulus

max{exp{:—c—’}, a; < 0} <|z| < min{exp{_—c’}, a; > 0}.
a; a;

By Cauchy’s formula we have

o(K;c) = —lw § f@ dz.
lzf=1

2mi z
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Applying the Residue Theorem to this integral, we finally obtain

o= 3 PGS 1

Jjraj<0 __aj k=0 m=1,m#j 1~ CXp{Cm}Z;:';‘,
where we put z;, = exp{(2nik — c;)/a;}.

Now it is clear that the complexity of the computation of o{K; ¢) is linear in

Zj:a]-<0 |aj|'

Exponential sums can also be applied to counting integral points in the
intersection of a polytope with a hyperplane.

(5.5) Integral Points in Hyperplane Section. Let P = R” be a convex polytope and
let aeZ". Assume that |{a,x>| <L for all xe P~ Z" and for some LeN. Put
P, = Pn{xeR" {a,x) = 0}. Then we have

L-1 2 k
oz 5y cofte0)

k=0 xePnZ" L

Proof. For all xe P Z" we have

Lt p{Zni - k{a, x)} N {1 if{a,x) =0,

L! e
k;, X L 0 otherwise.

O

Using Theorem 5.3 and Integral Points 5.5 we can define a class of polytopes
for each of them the number of integral points inside can be easily computed.
Using a similar approach we can also design algorithms for counting integral
points which belong to the relative interior of an integral polytope.

6. Integral Points in Nonrational Polytopes

In this section we prove an analogue of Theorem 4.5 for nonrational polytopes.

Let P e R" be an n-dimensional convex polytope, let K + v be an n-dimensional
polytopal cone with the vertex v, and let p: R" — R be a polynomial. Let us consider
an exponential sum with polynomial density:

T exp{<e, x)}p(x).

xePnZn
Together with this sum we can consider the series analogous to one which

determines o(K + v; ¢):

Y. exp{<c, x)}p(x). (6.1)

xeK+vnZ»
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Let us construct the following differential operator:

0 0
D,=p{—,....,— )
g p(acl acn)

For a polytopal n-dimensional cone K + v with the vertex v let us define
S(K + v, p;c)= D, s(K + v; c).

It is clear that s(K + v, p; ¢) = [, exp{<c, xD}p(x) dx for all ce Int K*. Applying
the operator D, we obtain a p-analogue of Theorem 2.6:

ICXP{@, i) dx = Y sK,, p;c).
P

veVertP

It turns out that for special polynomial densities p we can prove a result
analogous to Theorem 4.5.

(6.1) Proposition. Assume that p(x) = O for all xe 0K + v. Then for all ceInt K*
the series (6.1) converges and determines a function o(K + v, p, ¢). This function has
the representation

oK +v,p;0)= Y s(K + v, p; ¢+ 2mik). 6.2)

keZ

The series (6.2) converges uniformly on any compact set which lies in
C\UjeskezAH; + 2mik),

where H;, j€ J, is a certain finite set of hyperplanes in C". In particular, o(K + v, p; c)
is an analytic function on C"\| Jjc; ez~ (H; + 2mik).

Proof. First we prove the statement for a simple cone. Let K = co{uy,..., 4,}.
Let uf, ..., uy be the dual basis, so {u;, uf> = ¢, ;. Set o(x) = [17=: <uf, x>. Then
we have p(x) = @(x — v)(x) where y(x) is a certain polynomial. Let us consider

the differential operator
0 ]
Dy=yl—,....— ).
v w(écl 6c,,>

Then the series (6.2) can be written as follows:

Y. Dys(K + v, p(x — v); ¢ + 2mik)
keZ"

1
((—c — 2mik,u)*

=|uy A A u,| Y Dy exp{{c + 2mik, v)} []

keZr i=1
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(Here we use the precise formula for the integral {x exp{{c, x)}¢(x) dx which
reduces to the integral -‘-R'l exp{<c, x>}x, " x, ** x, dx, see Example 2.1). When
=1 the series converges uniformly on each compact set in C™\| )z~ (H.
; + 2nik), where H; = {xe C": {x, u;» = 0}. If y # 1, we can apply the known result
on differentiating a convergent series of analytic functions. Then by Poisson
summation formula we have that the sum of this series cannot differ from the sum
(6.1) if ceInt K*. So, for a simple cone K we obtain

1
{—c — 2mik, u»)*’

oK + v,p;¢)=luy A Au, D, Y exp{<c + 2mik,v)} [ (
keZn j=1

Let us assume now that K is not simple. Let A, jeJ, be the supporting
hyperplanes of its facets. Let us choose an affine hyperplane B in R” such that
Q = Kn Bis a convex polytope and B intersects with all affine subspaces of the
form A= A; nA;,;n--nA;, dim 4> 0. By [14] it follows that there exists a
representation

Q= Z rAA’

Ae2
where A e 2 are simplices separated in B by hyperplanes from the set {4;}.
Here r, are integral numbers and the equality should be considered as an identity

between characteristic functions x,, x, which holds everywhere except on a set of
Lebesgue measure zero in B. Put K, = v + co{A — v}. Then

K=Y r.K,.
AeP

Since the desired statement is already proved for simple cones K, the proof
follows. -

Now we can prove the main resuit of this section.

(6.2) Theorem. Let P c R be a convex n-dimensional convex polytope and let
p: R" - R be a polynomial such that p(x) = 0 for all x € dP. Then

Y exp{<e, D)= Y o(K,, p; )

xePnZ" veVertP

Jor all ce C" which are regular points of the functions a(K,, p; c).

Proof. Let us consider the series

Y f exp{{c + 2mik, x>} dx. (6.3)

keZn
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We have

veVert P

J exp{{c + 2nik, x)}p(x)dx = Y, s(K,,p;c + 2nik).
P
By proposition 6.1 we conclude that the series (6.3) converges to

Y oK, p;c)

veVert

Furthermore, by the Poisson summation formula, we conclude that this sum
cannot differ from

2. exp{<c, x)}p(x)

xePnZn

and the proof follows. [

It seems that to compute o(K, p; c¢) is much more difficult than to compute
o(K; c) for a rational cone K. One way to do this is to use (6.2).
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