
D e r i v a t i v e s  a n d  J a e o b i a n s  

Memoria di G. BALEY PRICE (a Lawrence, Kansas. U. S. A) 

To Enrico Bompiani on his scientific Jubilee 

Summary. - This paper develops a theory of Jacobians and partial derivatives based on 
definitions analogous to that of the ordinary derivative. The definitions lead to well 
kno~vn classes of differentiable functions. The development employs important identities 
in the theory of determinants. 

1. In t roduc t ion .  - This paper treats partial  derivatives and Jaeobians 
based on definitions which arise as natura l  generalizations of the definition 
of the derivative of a function of a single real variable. The definit ion of 
the Jacobian was given by BEnTRA~D in 1851 (see the last section for refe- 
rences to the literature}, but its consequences were never developed. The 
new treatment  involves determinants,  including some identities that are not 
well known. In order to avoid notat ional  difficulties, the exposition will  be 
restricted to functions of two independent  variables;  similar theorems can 
be proved, however, for functions of n independent  variables. Some remarks 
about the history of the subject are given in the last section. 

2. Definitions of  derivatives and Jacobians. - The equation of the line 
through (~co, f(xo)) and (x~, f (~} )  on the graph of y - - f ( x )  is 

(x  - Xo), 

where 

1 ' f (xl )  1 " 

According to the usual  definition, 

(2.3} d y _  lim A_ff 
d x  x~--~ A~¢" 

An analogous procedure leads to definit ions of part ial  derivatives. The 
equation of the plane through (Xo, Yo, f (xo,  Yo)), (x l ,  y l ,  f ( x l ,  y~)), and (x2, 



312 G. BALEY PRICE: Derivatives and Jacobians 

y~,  f (x~ ,  y~}) is  

(2.4) 

where  

A(f, y) h(x, • --Zo--a(x, ~)(X--Xo)+~(x, 

~(f, y)= 

(2.5) alx, f) = 

5(~, y) - -  

f(Xo, yo) Yo 1 

f (x , ,  y~) yl 1 

f(x~, y~) y~ 1 

Xo f(xo, Yo) 1 

x~ f(xx,  y~) 1 

x~ f(x~, Y2) 1 

Xo Y0 1 

xl Yl 1 

x~ y~ 1 

By analogy with (2.3), it is na tura l  to define 

(2.6} ~--f --  l im A(f, y) ~ f - -  lira 5(x, f} 
~ x -  A(x, y)' ~y - -  A(~c, y) '  

f) 
(Y - yo), 

(2.s} a(f, g ) =  

t2.7} ~(f' g) lim A(f, g) 
~(w, y ) - -  A(x, y)'  

where  
f(xo, yo) g(x°, yo)1 

f(xl, yl) g(x~, y~)1 

f(x~, y~) g(x~, x~)1 

3. G l a s s e s  o f  i n c r e m e n t s .  - The l imits  in (2.6) and "(2.7) must  be speci- 
fied more precisely if the defini t ions are to have meaning.  It  will be conve- 
nient  to use A(w, y) to denote the conf igurat ion formed by the three point  
P~: (w~, y~), i - - 1 ,  2, 3, as well as the number  specified in q2.b); A(w, y) 

the l imits being taken as (xl, Yt) and (x2, Y2} tend to (Xo, Yo). 
If  y - - f ( x )  is thought  of as a mapp ing  of the x space into the y space, 

then the general izat ion is the mapp ing  of (x, y) space in to  (u, v) space by 
u -  f(x,  y), v -  g(x, y). In  this case, the general izat ion of formula  (2.3) is 



G. BALEY PRICE: Deriwl t ives  and Jacobians  313 

will be called an increment  at (Xo, yo). Consider the following three classes 
o[ increments  : 

{3.1) I~ is the class of all increments  h(x,y)  at (xo, Yo) such that h(x, y)=~=O. 

(3.2) Is is the (;lass of all increments  A(x, y) at (xo, Yo) such that, for 
some fixed number  ~, 0 ~ ~ ~ l ,  

I ~(x, y)}_> e i PoP~I t PoPs 1, 

where ] PoP~] is the distance from Po to P~. 

(3.3) I~ is the class of all increments  A(x, y) at (xo, Yo) for which  P~ 
and P,  have coordinates (Xo-{-Aw, Yo) and (Xo, Yo d-Ay) respectively, where  
ax :4: o, ~y :4:: O. 

A more precise s ta tement  of (2.7) wonld be 

~tf, g) lim A(f, g) (2.7') ~(x, y) xk - -  A(x,  y )  ' 

where I~ designates one of the three classes of increments  I~, Is, or I8. The 
s tatement  in (2.7') means the following: for every e ~ 0  there exists a 

~ 0 such that 

] ~if, g) A(f, g) l ~ 
~(x, x) A(x, Y) I 

for all increments  A(x, y ) i n  Ih such that ]PoP~I ~ 8 for i =  1, 2. The 
limit is a MOORE-SM~I4 limit. The limits in (2.6) are taken in a s imilar  
manner  with respect  to I1, Is, or I3. 

4. Funct ions  d i f fe ren t iab le  wi th  respect to I1. - It will no~, be in order  
to investigate what functions, if any, have partial  derivatives with respect  to 
the various classes of increments .  

THEOREM 1 . -  If  

( 4 . : )  f(x,  y) - -  a lx  -t- bly -{- cl 
a3x .-{- b3y -4- c~ ' 

g(x, y) a2x -{- b~y --[- cs 
- -  aax ~ b3y --[- c3' 

then ~c(f, g)/~(x, yt exists with respect to I1 at each point (xo, Yo) such that 

Annali di Matematica 4o 
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asVCo + b~yo + c~ =4= O, and 

o(f, g) = (4.21 o(x, yl 

al bl cl 
a2 b~ c2 

a~ b8 ca 

(a~Xo + b~yo + ~3) ~" 

Conversely, if ~(f, g)/O(x~ y) exists with respect to I1 and is not zero in an 
open convex set, then f(x, y) and g(x, y) have the from stated in (4.1), and 
the determinant  on the right in (4.2) is not zero. 

The proof of the first part of the theorem follows from the definit ion of 
~(f, g)/~('x., y) and from simple properties of determinants.  The proof of the 
converse theorem is obtained by showing that" (a) the mapping u -  f(x, y), 
v---g(x,  y) is continuous;  (b) points on a line are mapped into points on a 
line; (c) the mapping is one- to -one ;  and (d) f ix,  y) and g(x, y) have the spe- 
cial form stated in (4.1}. The details are too long to be given here. The 
non-vanishing of ~(f, g)/~(x, y) is essential for the proof, but the open convex 
set can be replaced by a more general  region. 

TttEOREM 2. - I f  

(4.3) f(x, y) ~- ax + by + e, 

then ~f/3x and ~f/~y exist with respect to /1 at each point (xo, yo), and 
~f/~x-----a, ~f/~y = b. Conversely, if ~f/~x exists with respect to /1 and is not 
zero in an open convex set, then f(x, y} has the form stated in (4.3), and 
a =~= 0. Similarly, if ~f/~y exists and is not zero in an open convex set, then 
f(~, y) has the form stated in 14.3), and  b :~=0. 

The proof of the first part  of the theorem requires only a simple calcu- 
lation using e lementary  properties of determinants .  To prove the second part  
of the theorem, observe that 

~f (~f' g) where  g(x, y) ------- y, 

and then apply the second part  of theorem 1. 

5. F u n c t i o n s  w h i c h  h a v e  par t ia l  d e r i v a t i v e s  w i t h  r e s p e c t  to  12. - Let  r 
denote the distance between the points ~xo, yo) and (x, y). A function [(x, y) 
is said to be S•oLZ differentiable at (xo, yo) if and only if there exist con  
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stants A, B and a funct ion e(r)  such that 

(5.~) f(.x, y) - -  f(Wo, Yo) : A(x -- Xo) + B(y --  yo) + r ~ (r), 

lira ¢ (r) ---- 0. 
~ - , + 0  

THEOREM 3. - I f  f ( X ,  y) is S~OLZ differentiable at (xo, Yo), then for each 
such that 0 < ~ ~ 1 the partial  derivatives ~f/~x and ~f/~y exist at (xo, yo) 

with respect  to the corresponding class of increments  Is. 
A straightforward calculat ion shows that 

t ree(r1) y~ - -  Y0 

Aqf, y) _-- .4 -{- r~ e (r,) y~ - -  yo 
5(x, y) h(~c, y) 

where  ri is the distance from Pc to P i , ~  l, 2. The proof is completed by 
showing that the limit of the second term on the right is zero. Divide the 
two rows of the determinant  by rt and r2 respect ively;  divide the denominator  
by r~r2. Since ] 5(x, y)/r~rz I ~,a by the.  definit ion of the class Iz of incre- 
ments, the desired result  follows. A similar  proof shows that ~f/~y exists and 
has the value B. 

THEOREM 4. - If for some ~, 0 < p < 1, the funct ion f(x, y) has partial  
derivatives ~f/~x and ~f/~y at (Xo, Yo} with respect  to the corresponding class 
of increments  12, then f(x, Yl is S~OLZ differentiable at ~x0, yo). 

By an identity known as SYLVESTER'S theorem of 1839, 

i 
f(no,, yo) o 1 

f(x~, y,) o 1 

f(x~, y2) i 1 

I xo Yo 1 

xl Yl 1 

x~ y~ 1 

f(~c~, Yo) yo 1 

f ( ~ ,  Yl) yl 1 

f ( ~ ,  Y2)y2 1 

xoO 1 

x lO  1 

x ~ l  1 

Xo 

X2 

f (x , ,  Yo) 1 

f(xl, yl) 1 

f(x~, y~) 1 

y~O 1 

y lO 1 

y l l  1 
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and hence 

Air, yl (Xl - -  no) + A(x, f) 
f ( n , ,  yl) - -  f (Xo,  yo) - -  a(n ,  y) ~(n,  f )  y~ - -  y°) 

- -  ~ f  (x l  M no) + ~f(yl ~f 

An application of Sc]tw~nz's  inequali ty to the remainder  term R completes 
the proof that f(x, y) is STOLZ differentiable at (xo, yo). 

COROI~LAI~,Y.- If for some ~, 0 ~ ~ 1 ,  f(x, y) has partial  derivatives 
~f/~n and ~f/~y at (xo, Yo) with respect to the corresponding class of incre- 
ments I~, then f(x, y) has partial  derivatives at (no, Yo) with respect to the 
class I~ for every ~, 0 ~ ~ ~ 1. 

The proof follows from theorems 3 and 4. If the partial  derivatives exist  
for some ~, then f(n, y) is SToLz differentiable by theorem 4. I t  follows from 
theorem 3 that fin, y) is differentiable with respect  to /2 fer every ~. 

6. Funct ions  which have par t ia l  derivatives wi th  respect to 13. - If~A(x, y) 
is an increment  in the class 13, then 

h(f, y) f(no + Ax, Yo) -  f(no, Yo) 
a ( n ,  y )  - -  a n  ' 

(6.1) 
atn, f) f(no, y° + ~y)--f(no, yo) 
a(x, v ) -  Ay 

The following theorem is a consequence of these formulas. 

T~[EOREM 5. - The part ial  derivative ~f/~n exists at (no, Yo) with respect  
to I 3 if and only if fln, Y) has an ordinary partial  derivative with respect  to 

at (no, yo); the partial  derivative ~f/Vy exists at (Xo, Yo) with respect  to la 
if and only if f(n, y) has an ordinary partial derivative with respect to y 

at (xo, yo). 

7. Relat ion be tween part ia l  iierivatives and Ja¢obians. - It  follows from 
the BAzI~-REISS-PIQUET identi ty for de terminants  that 

a(L 9) (7.t) a(n,v----)) = 

5{f, y) A(n, f)  
a(x, y) ~(x, y) 

a(g, y) a(n, g) 

The next  theorem is an obvious consequence of this identity. 
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TttEORE)~[ 6. Let  f(x, y) and g(x, y) be functions which have partial  
derivates ~f/~c, ~f/~y and ~g/~x, ~g/~y at (Xo, yo) with respect  to the class of 
increments  [k. Then the Jacobian  ~(f, g)/~(x, y) exists at (xo, yo) with respect  

~(f, g) 
~(x, y) 

to the class I~, and 

~g 

~y 

~y 

The following example shows that the converse of theorem 6 is not true. 

EXA)IPLE.-  Let  h(x) be a function which is discontinuous for every 
value of x. Set 

f(x, y ) - - x - - y - - h ( x ) ,  

g(x, y) - -  x~ + y -~ h(x). 

Then ~(f, g)/~(x, y) exists at every point (a~o, yo) with respect  to the class 
of increments  I3, and its value is 2. Nevertheless,  ~ f / ~  and 3g/~cx do not 
exist with  respect  to Ia. 

8. H i s t o r y  and l i te ra ture .  - Express ions  of the form 

3u ~v ~u ~v 
~x ~y ~y ~x 

occur repeatedly  in the wr i t i ngs  of mathematicians of the eighteenth century,  
but  CAUCHY Was the first to go beyond the second order and to associate 
the expressions with determinants.  In his prize :memoir of 1815 (see 8 in the 
bibliography~ Oeuvres Completes, pp. 11-13) he considered a Jacobian  of the 
third order and wrote  it as a determinant.  In 1834 ,IACOBI gave the first 
s ignificant  t reatment  of the subject  in Ill), and in 1841 he made functional 
de te rminants  the special object  of an exhaust ive t reatment  in (12), a paper  
w h i c h ' q u i c k l y  became a classic. Widespread knowledge and applicat ions of 
functional  determinants  date from JACOBI'S contributions.  SYLVESTER (see 24, 
~Iathematical Papers ,  p. 555) in t roduced  in 1853 the name << Jacobian  >> for 
the funct ional  determinant  and the notation J!f, g) for the Jacobian of f and g. 

J_~coBI had observed the analogy of Jaeobiaus  to derivatives of funct ions 
of a single variable. BERTRAND, in the introduction of an important  paper (3) 
in 1851, calls at tention to JACOm'S observation and says, <~... mais cette ana- 
logie r~sulte j u s q u ' i c i  de la forme des ~nonc~s et de la similitude dcs r~sultats 
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bien plus que d ' une  ressemblance dans le ddfinitions ou le mode de d6mon- 
stration>>. Yfe proceeds to introduce a definit ion for the Jacohian which is 
entirely analogous to the definition of the derivative df dx. He says, (~ Je nom- 
meta l  d6terminant  du systbme des fonetiens ... Ia limite du rapport  du d6ter- 
minant  du syst~me d 'aceroissements  des fonetions au d~terminant  du systbme 
des aecroissements eorrespondants  des variables>>. Thus, in the notation of 
the present  paper, B~RTRAND'S definition of the Jaeobian is lira A(f, g)/A{x, Yl. 
BEI~TI~AND'S t rea tment  of Jacobians based on his definit ion was uncri t ical  
and lacking in depth and rigor, and the results where  largeIy formal. 

Donkin, in the first four  pages of a paper  (9) published in 185~, points 
out the analogy of functional  determinants  and derivatives of fuuctions of a 
singIe variable noted by J-ACOBI and BERTRA~CD (see (2.3} and (2.7) above) and 
proposes the notation ~(f, g)/~(x, y) for the Jacobian to emphasize it. Do~KnC's 
notation is s tandard today, but BERTRAND'S definition of the Jaeobian 
- -  which it was designed to emphasize -- has been forgotten. 

BERTRAND'S definition of the Jacobian was, hovewer, widely reproduced 
in treatises both on the Calculus and on the theory of determinants.  A few 
examples will indicate the truth of this statement.  BERTRAND himself repeated 
the results of his paper and applied them in his monumenta l  work on the 
calculus (see 4, vol. 1, pp. 61.72; vol. 2, pp. 468-469). PnANo was the first to 
offer any significant criticism of the definition. On p. XX~VII of his Annota- 
zioni f20), he calls at tention to the difficulties that may arise from the vani- 
shing of the denominator  in (2.7), P~Azqo later  in (21) resumed his criticism; 
in addition, he offered several suggestions for avoiding the difficulties. 

LAVl~EN~ (see 15, chapter  7) in lS85 gave (2.7) but called it BER~nA~I)'S 
theorem ra ther  than BErtT~t~CD'S definition. 31UIR-)IETZ~nn (see 19, p. 636) 
mentions that  the Jacobian can be defined by (2.7), but B~RTt~AND'S name 
is not given, and the only reference is to PEA~CO'S paper (21). There  is no 
significant comment  or treatment.  

KOWALEWSKI (see 14, pp. 290-296t in 1909 gave, without any ment ion  of 
BERTRAND or earl ier  l i terature on the subject, a careful  and accurate  proof 
of the n-dimensional  analogue of the following theorem: If f(x, y)and g(x, y) 
are S~oLz differentiable at (x0, Y0), then 

~f, g) lim A(f, g ) e x i s t s  and equals ~c~x, y) 
x~ 5(~c, y) 

(compare the results in theorems 3 and 6 of the present  paper). However, the 
possibility of using (2.7) as a general  definition was not considered. BOc~]~R, 
after  stating KOWALEWSKI' s result in considerable detail in his lengthy review 
of the la t ter ' s  book, says (see 5, p. 126): ~<It would have been interest ing 
for the reader  to have been told whether  this result  is of any importance, 
and if so why >~. 
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Thus, al though at tention has been di~.eeted to his results  repeatedly,  it 
appears  that BERTRAND'S definition came to be treated as a theorem, and as 
such it had no influence on the development  of the theory of differentiation. 

PHILIP FRANKLIf~ (see 10} in 1926 considered the limits 

A(f, Yt lim A(x, f )  lim 5(~v, y ) '  h{w, y) 

and proved the following theorem: If f ( x ,  y) has continuous first part ial  deri. 
vatives fx(x ,  y) and f~(x, y) in the usual  sense, and if the points P~: (x~, y~), 
i ~  1, 2, 3, approach a fixed point P* :  (x*, y*} in such a way  that the angles 
of the tr iangle P:P2P~ are bounded away from zero, the two limits exist  and 
are fx(x*, y ' i ,  fu(~*, y*) respectively.  The possibil i ty of using the limits as 
definitions was not considered. 

The Jaeobian  defined in this paper  (see (2.71t may be compared with 
B~NACH's generalized Jacobian (see 1; and 2, p. 233j and with BURKILL~S 
modified Jacobian  (see 6, pp. 316-320). 

Impor tan t  t reatments  vf STOLE different iable  functions have been given 
by CARATI~ODORY (7} and RADEM[ACttER 123t. 

The theory of differentiat ion presented here involves extensive applica. 
tion of the theory of determinants.  A number  of identities, including SYLVE- 
STER+S theorm of 1839 and the BAzIN-REIsS-PIQUE~ theorem used in this 
paper, have been collected in (22) for easy rererence. Many of these identit ies 
were  rediscovered during the development  of the theory of differentiat ion 
presented in this paper ;  later  they where  found in the li terature.  

The proof of theorem 1 uses a theorem due to WILFRED KAPLAN. He 
showed (13) that, if the mapping u ~ f ( x ,  y) v - - g ( x ,  yJ is continuous,  maps 
points on a line into points on a line, and is one- to-one,  then the mapping 
is l inear fract ional  as stated in (4.1). 

The n-dimensional  analogue of theorem 1 was proved in the thesis 
(unpublished} of W. K. MOORE (16). 
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