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Abstract. For a set S of points in the plane, let dt > dz > • • " denote the different 
distances determined by S. Consider the graph G(S, k) whose vertices are the 
elements of S, and two are joined by an edge iff their distance is at least dk. It is 
proved that the chromatic number of G(S, k) is at most 7 if ISl>-const k 2. If S 
consists of the vertices of a convex polygon and IS[ > const k 2, then the chromatic 
number of G(S, k) is at most 3. Both bounds are best possible. If S consists of the 
vertices of a convex polygon then G(S, k) has a vertex of degree at most 3 k -  1. 
This implies that in this case the chromatic number of G(S, k) is at most 3k. The 
best bound here is probably 2k+ 1, which is tight for the regular (2k+ 1)-gon. 

Introduction 

Let S be a set o f  n points in the plane. Let us denote  by dl > d2 > "  • • the different 
distances determined by these points, and by n~, the number  o f  distances equal 
to d,. 

The number  of  distinct distances leads to interesting questions. A 40-year-old 
conjecture o f  Erd6s [4, worth $500] implies that the number  o f  distinct distances 
determined by n points is at least en/(log n) '/2 (if true, this is best possible apart  
from the value o f  e, as shown by the set o f  lattice points inside a circle). The 
ease when the set S consists o f  the vertices o f  a convex po lygon  behaves better. 
Erd6s conjectured and Al tman [1], [2] proved that the number  o f  distances 
determined by the vertices o f  a convex n-gon is at least [n /2J ,  which is o f  course 
achieved for  the regular n-gon.  
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The numbers n~ also lead to many difficult problems. Erdrs  [3] observed that 
each distance occurs at most O(n 3/2) times and showed that in the set of  lattice 
points inside an appropriate  circle, the same distance may occur n t+c/~t°gl°g"~ 
times. The upper  bound has since been improved t o  O(n a/3) by Spencer et al. 
[6]. For a survey of  some related problems and results see Moser and Pach 
[12]. 

The situation is rather different in the case when S consists of  the vertices of 
a convex n-gon. Erdrs  and L. Moser conjectured that in a convex n-gon every 
distance can occur at most cn times. This conjecture is still unsettled. A recent 
(unpublished) construction of P. Hajnal [11] shows that the same distance may 
occur about  9n/5 times. Even if we do not insist on strict convexity, the best 
construction known (a chain of  regular triangles) gives the same distance only 
2 n - 3  times. 

The situation changes again if we consider the largest distance only. Hopf  and 
Pannwitz [5] and Sutherland [7] proved that the maximum distance among n 
points occurs at most n times, i.e., nl---n (here, of course, the convex and 
nonconvex cases do not differ). Vesztergombi [8], [9] showed that n2 <-4n/3 in 
the convex case and n2<--3n/2 in the general case, and these bounds are tight. 
More generally, she determined all homogeneous linear inequalities that hold 
for n, nl ,  and n2. She also observed that n k <-2kn. 

Denote by G(S, k) the graph on vertex set S obtained by joining x to y if 
their distance is at least dk. Altman's result mentioned above is equivalent to 
saying that in the convex case, G(S, k) does not contain a complete (2k + 2)-gon. 
In this paper  we study the chromatic number  of  this graph. We prove that if 
n > no(k) then the chromatic number  x(G(S, k)) is at most 7, and give a construc- 
tion for which the equality holds for arbitrarily large n. Obviously without the 
assumption n > no(k) the theorem is not true, since if we take the vertices of the 
regular ( 2 k +  1)-gon as our set of  points then x(G(S, k)) = 2 k +  1. 

I f  we assume that S is the vertex set of  a convex polygon then we can prove 
an even stronger result: for n > n~(k) the chromatic number  x(G(S, k)) is at most 
3. The problem of determining the largest possible value of  the chromatic number 
of  G(S, k) for a given k (both in the convex and nonconvex case, without any 
assumption on the number  of  points) turns out quite difficult and we have only 
a partial answer. We conjecture that if S is the set of  vertices of  a convex polygon 
then the chromatic number  of G(S, k) is at most 2 k +  1. This is best possible (if 
true) as shown by the regular (2k + 1)-gon. This conjecture would generalize the 
result of  Altman mentioned above. Perhaps in the convex case there always exists 
an x~ such that the degree of  x~ is at most 2/c We prove the weaker result that 
for the vertex set S of  a convex polygon there exists an x~ such that the degree 
of  x~ is at most 3 k -  1. From this it follows that the number  of  edges in G(S, k) 
is at most 3kn, and that its chromatic number  is at most 3k. 

The results of  Vesztergombi mentioned above imply that the number  of  edges 
in G(n, 2) is at most 2n. One may conjecture that the number  of  edges in G(n, k) 
is at most kn. Our result verifies this conjecture up to a constant factor and shows 
that  the conjecture of  Erd6s and Moser is valid in the average for the "large" 
distances. Let us mention the related conjecture of  Erd6s that in a convex n-gon 
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there is always a vertex xi such that the number of  distinct distances from xi is 
at least n/2. 

It would be nice if in the nonconvex case the maximum of the chromatic 
number of  G[ ~, k) for fixed k were also equal to the largest complete graph 
which can be contained in some G(S, k). I f  the above-mentioned conjecture of  
Erd6s is true, then the largest complete graph contained in G(S, k) has 
O(k(log k) ~/~) vertices. We can prove that the chromatic number is at most ck 2. 
A bound of the form k t+~ will not come out easily since so far we could not 
even prove that G(S, k) does not contain a complete graph on k i+~ vertices. 

In the one-dimensional case these problems are trivial. For large n, G(S, k) 
is bipartite and, for any n, the chromatic number  of  G(S, k) is at most k + l ,  
which can of course be achieved. 

The following problem might be of  interest. Let x l , . . . ,  xn be n points in the 
plane and 1t, . . . ,  lk, k arbitrary distances. Two points are joined by an edge if 
their distance is one of  the 1/s. Denote by f ( k )  the maximum possible chromatic 
number of  this graph. Could this again be the size of  the largest complete graph 
contained in such a graph? 

1. The "Nonconvex" Case 

We start with a simple lemma. 

Lemma 1.1. Let C be a circle with center c and radius r, and let T be a set of  
points on the circle such that c is in the convex hull of T. Then for each point p ~ c 
of the plane, there is a point t ~ T with d ( p, t )>  r. 

Now we prove the main theorem of this section. 

Theorem 1.2. I f  n >- n2(k) = 18k 2, then x (G(S ,  k))<-7. 

Proof. Let q ~ S be a point of  maximum degree in G(S, k). Consider the circle 
C with smallest radius r containing S ' =  S - { q } .  I f  r < dk then we can cut the 
disc bounded by C into six pieces with diameter less than dk. This yields a 
6-coloration of  G(S, k ) - q ,  and using a seventh color for q we are done. 

So suppose that r > - dk. Obviously, the convex hull of C c~ S'  contains the 
center c o f  C. So we can choose a subset T of  C c~ S' with t TJ -< 3 such that the 
convex hull of  T contains c. Hence, by Lemma 1.1, every point in S is connected 
to some point in T. So T contains a point of  degree more than 6k 2, and hence 
by its choice, q has degree greater than 6k 2. Now among the neighbors of  q, 
there are more than 2k 2 which are connected to the same point t e T. 

But note that these points must tie on k concentrical circles about q as well 
as on k concentrical circles about t. These two families of  circles have at most 
2k 2 intersection points, a contradiction. []  

Now we give a construction which shows that this upper  bound for the 
chromatic number  is sharp. 
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Take a regular 11-gon with vertices t~ (i = 0 , . . . ,  10) on a circle with radius 1 
and center O. Take the point p on the half-line toO for which d(O,p) = d(t3,p) 
holds (see Fig. 1). Draw a very short arc around p going through O and place 
the remaining points of  S on this arc. Let us consider in this setting the 10 largest 
distances. These will be the six different distances d(p, t~) between p and the rest 
o f  the points, and the four largest chords in the regular 11-gon. One can easily 
check that the t :s  need six colors and p needs a seventh color. 

The threshold n2(k) in the theorem is sharp as far as the order of magnitude 
goes. In fact, let us modify the previous construction as follows. We construct 
the l l -gon  and the point p as before, but now we also add a further point p'  
obtained by rotating p about O by 90 °. Let us draw k - 2 3  concentrical circles 
about p as well as about p '  with radii very close to d(O,p), and let us add the 
( k - 2 3 )  2 intersection points of  these circles inside the 11-gon. This way we get 
a set S with ~ k  2 points such that the chromatic number  of  G(S, k) is 8. 

It would be interesting to determine the threshold for [S[(as a function of k) 
where the chromatic number  of  G(S, k) becomes bounded. This is related to the 
following question: given t -> 3, what is the largest s such that G(S, k) can contain 
a complete bipartite graph K , : ?  A recent construction of  Elekes [10] shows that, 
for each fixed t, s can be as large as c,k 2. 

2. The "Convex" Case 

In this section we deal with the case when S is a set of  vertices of  a convex n-gon 
P (briefly, the "convex"  case). The convexity of  S gives a natural cyclic ordering 
o f  the points, so throughout the proofs we refer to this ordering. Before stating 
the main results of  this section we make some simple observations. 

Lemma 2.1. Suppose that xl, x2, x3, x4 ~ S (in this counterclockwise order) and 

d(x~, x2) -> dk, d(x2, x3) >- dk, d(xa, x,) >- dk. 

Then for each y ~ S between x4 and x~, at least one of the distances d(x~, y) is 
greater than dk. 
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Proof. Since the angle xlyx4 is less than 180 ° (because S is a convex set), at 
least one of the angles x~vx~+~ (for i = 1, 2, 3) is less than 60 °. Hence (x~, xi+~) 
cannot be the largest side of  the triangle x~x~+~, from which the lemma 
follows. [] 

Lemma 2.2. Suppose that xl ,  x2, x3, Ym, and Y2 are five vertices of  S in this 
counterclockwise order, and assume that d(xl ,x2)>-dk,  d(x2,x3)>-dk, and 
d(xl ,  Yl) <- d(xl  , Y2). Then d(y2, x2) >- dk. 

Proof. I f  the semiline x2x3 does not intersect the semiline Y2Yl then the assertion 
is obvious. So assume that these similines intersect in a point z as in Fig. 2. Also 
assume, by way of contradiction, that d(y2, x2)< dk. NOW the angle xly2x2 = ct 
is greater than the angle y2x~x2 =/3, because the lengths of  the opposite sides of  
the triangle y2xtx2 are in this order. Similarly, in the triangle y2x2 Z, the angle 
x2yEz = 2/ is larger than the angle x2gy 2 = iS. On the other hand, since the angle 
X~XEZ is less than 180 °, the sum of the other angles in the convex quadrangle 
y2zx2x~ must be more than 180 °, which means that 1 8 0 ° < / 3 + ( a + y ) + 8 <  
2(a + 2/). But then the angle xlyEy~ = a + y is obtuse and, hence, it is the largest 
angle in the triangle x~y2y~. This contradicts our assumption that d(x~,y~)<- 
d(x t ,  Y2). [] 

Lemma 2.3. Suppose that x~, x2, x3, x4~ S (in this counterclockwise order) and 

d (x l ,  x2) >- dk, d(x2, x3) >= dk, d(x3, x,) >- dk. 

Then the number of verticles of  S between x4 and x~ is at most 12k2+4k. 

Proof. By Lemma 2.1, each vertex between x4 and x~ is connected in G(S, k) 
to at least one of the xi's. By Lemma 2.2, there are at most k vertices between 
x4 and x~ which are connected in G(S, k) to a given xi but no other xj. On the 
other hand, all points which are connected to both x~ and x) (1 - i < j - < 4 )  lie on 
k circles about x~ as well as on k circles about xj, so their number  is at most 2k 2. 
This gives the bound in the lemma. [] 
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E m m a  2.4. I f  n > 12k2+ 8k then G( S, k) contains no convex quadrilateral. 

Proof. Almost  the same as the p roof  o f  2.3. [] 

Theorem 2.5. l f  k is fixed and n> n~( k ) = 25 000k 2 then x( G( S, k)<-3.  

Proof. Let p = [n /720J .  Then p>24k2+8k+2  (except  in the trivial case when 
k = 1). We can choose  2p + 1 consecut ive vertices ao , . . . ,  a2p such that  the angle 
be tween the vectors  aoa~ and a2p-~a2p is less than  1 °. Now we do the coloring 
the greedy way. We start  at the point  t~ = ap. We give the color  1 to the points 
in S going counterc lockwise  as long as possible,  i.e., until we encounter  a vertex 
t2 which is connected in G(S, k) to a vertex t~ a l ready colored with color I. Now 
starting at t2 go on using color  2 until it is impossible ,  i.e., until we encounter  a 
vertex t 3 connected  to a vertex t[ a l ready colored with color 2. Going  on with 
color  3, we either comple te  a 3-coloring of  G, or  else we find, similarly as before,  
vertices t4 and t~ connected  in G(S, k). Now we show that  we can choose  x~ = t'l, 
X2E {t2, t~}, x3~ {t3, t~}, and x4 = t 4 so that  d(xl ,  x2) >-- dk, d(x2, x3) ~ dk, and 
d(x3, x4) -> dk. I f  t2 = t~ and t3 = t~ then this is obvious.  

Assume that  t2~ t~. NOW in the convex quadrangle  t'ltt2t2t3 the sum of  the 
lengths o f  the oppos i te  edges (t~, t~) and  (t2, t3) is at least 2dk, so at least one 
d iagonal  must  be of  length at least dk. We choose  x2 accordingly,  and similarly 
we choose  xa. 

So we have the same kind of  configurat ion as in L e m m a  2.3. Thus by 
L e m m a  2.3 there are at  most  12kZ+4k  vertices be tween xt and x4. This in 
par t icular  implies that  xl = a~ and  x4 = a~ where 

p-12k2-4k<_i<_p<j<_p+12k2+4k + l. 

One o f  the pairs  (x~, xa) and  (x2, x4), say the former ,  is also connected  in G(S, k). 
Now the angle x2xla~+~ cannot  be larger than 91 °, or  else the segments  x2a~+~, 

x2a~+2,...,x2ai÷k are m o n o t o n e  increasing and  all greater  than  dk, which is 
impossible .  Similarly, the  angle a~_lxlx 3 is less than  91 ° and hence the angle 
x2x~x3 is less than  2 °. Let, e.g., d(x~, x 2 ) >  d(x~, x3). Hence  it is easy to deduce 
using the cosine theorem that  d(x~, x2) -> 1.9dk. Hence  

d( a2p, x2) >- sin(x2xla2p)d(xl , x2) >- (sin 88°)(1.9dk) >-- 1.8dk. 

But then relabeling a2t, by x~ we get a contradic t ion at L e m m a  2.3. E3 

Again,  one  can ask if  the threshold  cons t ,  k 2 is best  possible.  The  source of  
this value is L e m m a  2.3, where  we use that  two families o f  k concentr ic  circles 
cannot  have  more  that  O ( k  2) points  o f  intersection. It m a y  seem that  the addi t ional  
in format ion  that  the points  considered are vertices o f  a convex po lygon  would 
exclude mos t  o f  the intersect ion points. But this is not the case; we can construct  
a set S, consist ing of  the vertices of  a convex polygon,  such that  ISl > const ,  k: 
and G(S, k) contains  a K4 (and hence its chromat ic  number  is larger than  3). In 
par t icular ,  two families o f  k concentr ic  circles will have const ,  k 2 points  of  
intersect ion a m o n g  the vertices of  the convex polygon.  
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Let us sketch this construction. Let a = (0, 0), b = (1, 0), c = (3, 0), and d = 
( - 1 ,  0). Let Co he the circle with radius 2 about  b, and let Po be a point  on Co 
very close to c. Then the angle dpoc is 90 °, hence the angle apoc is acute. Hence 
we can choose an interior point  p, on the arc o f  Co between Po and c such that 
the angle apop, is acute. We define the points P2,. • •, Pk-~ on the circle Co similarly 
so that all the angles apipi+~ are acute. Let Di be the circle with center a through 
p~. It follows from the construct ion that the circle Di does not contain p~+~ in its 
interior but the line tangent to Di at p~ does not separate P~+I from a. 

Let e be a very small positive number  and let C~ (i = 0 , . . . ,  k - 1) be the circle 
about  b with radius 2 - i e .  Let po be the intersection point  o f  Ci and D r in the 
upper  half-plane. Then the points pi~, a, and b form the vertices o f  a convex 
polygon and a, b, Po,o, and Pk-~.k-, form a complete quadrilateral in G(S, 2k + 2). 

Next we derive a bound  on the chromatic  number  of  G(S, k) without  the 
hypothesis  that  [S I is large. First, let us define the following. Let xy be an edge 
of  G(S, k). Let xl be the clockwise neighbor  o f  x and y~ be the counterclockwise 
neighbor  o f  y. I f  d(x l ,  y) > d(x,  y) we say that the edge x~y covers the edge xy. 
Similarly, if d(x,  y~) > d(x,  y) we say that the edge xy~ covers the edge xy. Starting 
from any edge xy, let us select an edge x'y '  covering it, then an edge x"y" covering 
x'y', etc. In at most  k -  1 steps we must get stuck (by the definition o f  G(S, k)). 
Let XoYo be the edge for which we could not find any edge covering it. We call 
Xoyo a majorant of  xy. Note that in this case the angles formed by XoYo and the 
two edges o f  the polygon entering Xo and Yo from the side opposi te  to xy must 
be acute. It is also clear that  the arcs XoX and YYo contain at most  k -  1 sides o f  
P together. 

The fol lowing proposi t ion will not be used directly, hut  it seems worth formu- 
lating. 

Proposition 2.6. Let x l ,  x2, x3, and x4 be four vertices of  P (in this cyclic order) 
and assume that ( xl , x2) and (x3, x4) are two edges of  G( S, k ). Then either between 
x2 and x3 or between x4 and xl are no more than 2 k - 2  sides of  P (see Fig. 3). 
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Proof. Assume that the conclusion does not hold, and let YtY2 be a majorant  o f  
xlx2 and Y3Y4 be a majorant  of  x3x,,. Then these majorants  are also noncrossing 
and Yl, Y2, Y3, and )'4 appear  in this cyclic order  on the polygon.  Moreover ,  from 
the above remarks it follows that all angles o f  the convex quadrangle  y~Y2y3y4 
are acute. This is clearly impossible. [ ]  

Theorem 2.7. I f  S is the set o f  vertices of  a convex polygon then the graph G( S, k) 
has a point o f  degree at most 3k - 1. 

Proof. Choose  x ~ S and let y and z be the first vertices o f  S in the counterclock- 
wise and  clockwise directions, respectively, that are connected to x. Choose  x so 
that the number  o f  points  between x and y is maximal (see Fig. 4). 

Let sv be a majorant  o f  zx. (It is possible that v = x or s = z). Suppose there 
are a points between x and v and b points between s and z, then a + b-< k - 1 .  
Let t be the kth point  f rom x in the counterclockwise direction, and let u be the 
first vertex in the counterclockwise direction connected to t in G(S, k). Then 
because o f  the choice o f  x, there are not more sides of  P between t and u than 
between x and y. Hence there are not more  sides o f  P between y and u than 
between x and t, i.e., not  more than a + k. 

Let v's' be a majorant  o f  tu. Obviously,  v' lies on the arc yr. Just like in the 
p roo f  o f  Proposi t ion 2.6, the edges sv and v's' cannot  be avoiding. Hence s must 
be on the arc us' and so the number  of  sides o f  P on the arc us is at most  k -  1. 
Hence the number  o f  sides of  P on the arc yz is at most  (a + k) + ( k -  1) + b <- 
3 k - 2 .  Hence the degree o f  x is at most 3 k - 1 .  []  

We obtain by induct ion:  

Corollary 2.8. I f  S is the set o f  vertices o f  a convex polygon, then the number of 
edges in G(S,  k) is at most (3k - 1)n. []  
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M o r e o v e r ,  we  o b t a i n  f r o m  T h e o r e m  2.7 b y  d e l e t i n g  a v e r t e x  w i t h  m i n i m u m  

d e g r e e  a n d  u s i n g  i n d u c t i o n :  

C o r o l l a r y  2,9, I f  S is the set o f  vertices o f  a convex polygon then the chromatic 

number o f  G(S,  k)  is at most 3k. [] 
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