Chapter 7

Topological Data Analysis
for the Characterization of Atomic Scale
Morphology from Atom Probe
Tomography Images
Tianmu Zhang, Scott R. Broderick and Krishna Rajan

Abstract Atom probe tomography (APT) represents a revolutionary characterization tool for materials that combine atomic imaging with a time-of-flight
(TOF) mass spectrometer to provide direct space three-dimensional, atomic scale
resolution images of materials with the chemical identities of hundreds of millions
of atoms. It involves the controlled removal of atoms from a specimen’s surface by
ﬁeld evaporation and then sequentially analyzing them with a position sensitive
detector and TOF mass spectrometer. A paradox in APT is that while on the one
hand, it provides an unprecedented level of imaging resolution in three dimensions,
it is very difﬁcult to obtain an accurate perspective of morphology or shape outlined
by atoms of similar chemistry and microstructure. The origins of this problem are
numerous, including incomplete detection of atoms and the complexity of the
evaporation ﬁelds of atoms at or near interfaces. Hence, unlike scattering techniques
such as electron microscopy, interfaces appear diffused, not sharp. This, in turn,
makes it challenging to visualize and quantitatively interpret the microstructure at
the “meso” scale, where one is interested in the shape and form of the interfaces and
their associated chemical gradients. It is here that the application of informatics at
the nanoscale and statistical learning methods plays a critical role in both deﬁning
the level of uncertainty and helping to make quantitative, statistically objective
interpretations where heuristics often dominate. In this chapter, we show how the
tools of Topological Data Analysis provide a new and powerful tool in the ﬁeld of
nanoinformatics for materials characterization.
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Introduction

The modern development of Atom Probe Tomography (APT) has opened new
exciting opportunities for material design due to its ability to experimentally map
atoms with chemistry in a 3D space [1–7]. However, the challenges exist to
accurately reconstruct the 3D atomic structure and to more precisely identify features (for example, precipitates and interfaces) from the 3D data. Because data is in
the format of discrete points in some metric space, i.e., a point cloud, many data
mining algorithms which have been developed are applicable to extract the geometric information embedded in the data. Nevertheless, those geometric-based
methods have certain limitations when being applied to solve the problems in atom
probe data. We summarize below the limitations of geometric-based methods and
present a data-driven approach to address signiﬁcant challenges associated with
massive point cloud data and data uncertainty at sub-nanoscales which can be
generalized to many other applications.

7.1.1

Atom Probe Tomography Data and Analysis

In APT, atoms are removed from a region on a specimen’s surface (the area may be
as large as 200 nm × 200 nm) and are then spatially mapped (see Fig. 7.1). When
combined with depth resolution of one inter-planar atomic layer for depth proﬁling,
APT provides the highest spatial resolution of any microanalysis technique. This
capability provides a unique opportunity to study experimentally with atomic resolution, chemical clustering, and 3D distributions of atoms, and to directly test and
reﬁne atomic and molecular-based modeling studies. While APT has its origins in
FIM, originally developed by Erwin W. Müller in 1955, and the atom probe
microscope dates back to ca. 1968, it is only fairly recently that highly sophisticated
and reliable instruments have become commercially available.
Improvements in data collection rates, ﬁeld-of-view, detection sensitivity
(at least one atomic part per million), and specimen preparation have advanced the
atom probe from a scientiﬁc curiosity to a state-of-the-art research instrument
[9–18]. While APT is a powerful technique with the capacity to gather information
containing hundreds of millions of atoms from a single specimen, the ability to
effectively use this information has signiﬁcant challenges. The main technological
bottleneck lies in handling the extraordinarily large amounts of data in short periods
of time (e.g., giga- and terabytes of data). The key to successful scientiﬁc applications of this technology in the future will require that handling, processing, and
interpreting such data via informatics techniques be an integral part of the equipment and sample preparation aspects of APT.
As applies to APT, two main phases are involved in the data processing and
analysis. The ﬁrst one is the reconstruction of the 3D image, which identiﬁes the 3D
coordinate and chemistry for each collected atom. The second phase is to extract
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Fig. 7.1 In APT, the specimen is inserted into a cryogenically cooled, UHV analysis chamber.
The analysis chamber is cryogenically cooled to freeze out atomic motion. It is at ultrahigh
vacuum (UHV) to allow individual atoms to be identiﬁed without interference from the
environment. A positive voltage is applied to the specimen via a voltage/laser pulse. The positive
voltage attracts electrons and results in the creation of positive ions. These ions are repelled from
the specimen and pulled toward a position sensitive detector. The location of the atom in the
specimen is determined from the ion’s hit position on the detector. This conﬁguration magniﬁes
the specimen by a million times and in due course, atoms from the surface ionize, exposing another
layer of atoms under them. This process of ﬁeld ionization continues until the specimen has been
fully analyzed, and provides a 3D image of the entire specimen. The difference in APT with other
characterization techniques is that the image is mathematically a point cloud, as opposed to a
traditional gray scale voxelized image. Reproduced from Ref. [8] with permission

useful information from the reconstructed image; for example, to identify crystalline structures, clusters, and precipitates. There are two parameters of interest
here which need to be determined during the 3D image reconstruction: the voxel
size [19–21] and the elemental concentration threshold for the voxels. Normally
these two parameters are determined empirically by trial and error—i.e., a value is
set for the parameter and if the expected features are visible then the image is
considered to be correct. Once the parameters are set, they are treated as ﬁxed
values and all the subsequent analyses are done based on these set values. There are
two issues with this approach (1) the determination of the values for the parameters
is largely subjective, and (2) once the values are chosen, the results of the subsequent analyses are biased toward those particular values.
In the following, we use a practical case to elaborate the issues. Because the
number of atoms being imaged is very large, using visual inspection to detect the
existence of crystalline structure is very difﬁcult. This is a particular problem which
we address later on in this chapter for deﬁning interfaces and precipitates. That is,
by identifying where there is a change in crystal structure, we can identify phase
transitions. A popular way to detect the crystalline structure in a set of atoms is to
ﬁnd repetitive patterns formed by local subsets of atoms [21]. The local subset of an
atom is deﬁned as the set of neighboring atoms within the nth coordinate shell
together with the atom itself. The nth coordinate shell of an atom is deﬁned as the
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Fig. 7.2 Example of how the deﬁnition of a cluster or atomic scale feature is largely dependent on
user selection of parameters. In this case, based on a difference in nearest neighbor distances, two
very different clusters are deﬁned. This is a signiﬁcant problem in APT, where this same issue can
result in two totally different microstructural characterizations. For example, multiple boundaries
of a precipitate can be reasonably deﬁned. Through the use of topological methods, we propose to
address this issue and deﬁne a bias-free approach to reconstruction and data analysis in APT and,
therefore, provide believable and sufﬁciently robust results not provided with geometry-based
approaches. Reproduced from Ref. [22] with permission from The Royal Society of Chemistry

distance from the atom to the nth peak of the radial distribution function. Figure 7.2
shows the 1st and 2nd coordinate shells of a point/atom. As a result, every
neighboring point is either in or not in the local subset. Although this is an effective
method, the results of the 1st and 2nd coordinate shells are relatively independent,
and there is no collective way of summarizing the results for all the coordinate
shells. On the other hand, there have been many algorithms developed for the
detection of precipitates and atomic clustering. Almost all of these algorithms
require some parameter inputs, including bin size, chemical threshold, and number
of neighbors. As discussed in terms of deﬁning reconstruction parameters, the end
result is largely user biased. Therefore, in both aspects (reconstruction and data
analysis), a protocol which removes this bias is necessary if we are to trust the
results from an APT experiment. Such a protocol is described in the following
section, with application of the approach demonstrated in the results section.

7.1.2

Characteristics of Geometric-Based Data Analysis
Methods

The modern development of (APT) has opened new exciting opportunities for
material design due to its ability to experimentally map atoms with chemistry in a
3D space. However, the challenges exist to accurately reconstruct the 3D atomic
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structure and to more precisely identify features (for example, precipitates and
interfaces) from the 3D data [23–30]. Because data is in the format of discrete
points in some metric space, i.e., a point cloud, many data mining algorithms,
which have been developed, are applicable to extract the geometric information
embedded in the data [31–34]. Nevertheless, those geometric-based methods have
certain limitations when being applied to solve the problems in atom probe data.
We summarize below the limitations of geometric-based methods.
In the category of supervised learning [35], many methods require prior
knowledge about the data. In the case when the prior knowledge is not available,
assumptions need to be made and a bias could be introduced. For example,
regression usually assumes a mathematical function between the variables, which
means the conclusion we draw from the regression would bias the function that is
chosen. On the other hand, for unsupervised learning methods [34], there is usually
some parameter(s) that needs to be determined for the algorithm. For example,
clustering methods usually require the number of clusters (or some equivalent
parameter) to be manually determined; in the case of dimensionality reduction, a
common assumption is that the data resides on a lower dimensional manifold,
which will sufﬁciently represent the data, although the dimension of the manifold
may not be something that can be determined by the algorithm.
Due to the wide range of applications, there is hardly a universal rule to
determine the values of the parameters required by the geometric-based methods.
For a particular task, the parameters can be determined either empirically based on
the constraints of the situation at hand, or by some algorithm [36]. In these cases,
the hidden assumption is that the number of the parameter is ﬁxed once chosen. In
some scenario, it would be worthwhile to make those ﬁxed parameters variables.
This is not equivalent to giving a set of values to the parameters and collecting all of
the results, since the results are independent from each other. What is needed is a
scheme that can summarize the results as the parameter changes value. The lack of
variability also exists on another level, that is, geometric-based approaches have the
property of being exact, i.e., two points in a space are geometrically distinguishable
as long as they do not share the same coordinates. As a result of this, for example,
classiﬁcation algorithms determine the classes by using a set of hyper boundaries
which are ﬁxed once obtained by training the algorithm.
Topological-based methods have certain properties that are not available for the
geometrical-based methods [37]:
(i) topology focuses on the qualitative geometric features of the object, which
themselves are not sensitive to coordinates, which means that the data can be
studied without having to use some algebraic function, and thus no prior
assumption or parameter needs to be dealt with;
(ii) instead of using a metric for distance, topology uses a less clear metric, i.e.,
“proximity” or “neighborhood”, since “proximity” is less absolute than the
actual metric, topology is capable of dealing with the scenarios where
information is less exact;
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Table 7.1 Comparison of geometric-based and topological-based methods

Geometric
methods

Topological
methods

Requirement for
model/Assumption

Requirement for
coordinate

Parametric flexibility

Based on algebraic
model or assumptions
such as data has
certain algebraic
property
No model required, no
algebraic assumption
on the data

Need to have
coordinate
information since
metric(s) is used

Parameter is ﬁxed once
the value is determined;
result cannot reflect the
impact of different
parameter values
Parameter can be
variable; result is
integrated with the
parameter of different
values

Use neighborhood
(proximity) as metric,
possible for
coordinate-free
applications

(iii) the qualitative geometric features can be associated to some algebraic
structure through homology, so changes in the topology can be tracked by
these algebraic structures, which can be useful when assessing the impact of
a parameter on the result of a given analysis. All these properties make the
topological-based methods good candidates for dealing with APT data.
Table 7.1 summarizes the main differences between the geometric- and
topological-based methods.

7.2

Persistent Homology

Persistent Homology [38–55] is a means of topological data analysis. Now let us use
an example to show how the topological data analysis methods can overcome the
limitations of geometrical methods. Given, as shown in Fig. 7.3, is a set of points

Fig. 7.3 Circle and sampled points. Left: a perfect circle as the object of interest; right: the set of
points obtained by sampling the circle at random intervals with noise
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Table 7.2 Summary of homology classes and their corresponding qualitative geometric features
for the ﬁrst few dimensions
0th homology
class

1st homology
class

2nd homology class

3rd homology class

Connected
components

2D holes
(enclosed area)

3D cavities
(enclosed volume)

4D Hyper-voids (enclosed
hyper-volume)

(a point cloud) obtained by randomly sampling a circle with some added noise. Let us
assume that we are assigned with the task to infer what kind of object the set of points is
sampled from. There are several ways we can approach this, with the most straightforward one being to make a judgment based on how the points visually appear.
Because the points appear to be located close to the rim of a disk, one can intuitively
connect those points along the outskirt of the set, which would give us a zig-zag
version of a circle, and thus one may conclude that the points are sampled from a circle.
However, not only is this visual observation-based intuition very subjective, but also it
is not feasible when the dimension of the data space is higher than three. Alternatively,
because we know the points are sampled from some unknown object, we can assume
that two or more points are from the same portion of the object if they are close. With
this assumption, we can connect two points with a line if they are close. However, this
means we need to choose a distance threshold, and it is obvious that choosing different
thresholds will result in different conclusions.
Persistent Homology provides a concise way to deal with the above question.
First, homology is, generally speaking, a link between topology and algebra, which
associates the qualitative geometric features like connected components and
n-dimensional holes with algebraic objects (homology groups). Table 7.2 shows the
summary of the homology class with the corresponding qualitative geometric
features for the ﬁrst few dimensions. The homology classes of the same dimension
in a topological space form a group and the rank of the group (the Betti number)
equals the number of distinct qualitative geometric features of that dimension. Thus
by using homology, different topological spaces can be distinguished by comparing
the number of distinct homology classes. In the case of a circle versus an annulus,
homology cannot distinguish them because both the circle and the annulus have one
connected component and one hole, i.e., the number of distinct homology classes
for both 0th and 1st dimensions are the same. Thus, in the above case, the ambiguity between the circle and the annulus does not affect the result. Next, as the
points are sampled from some object, adding continuum to the subsets of discrete
points is necessary to recover the shape of the object. Persistent Homology
accomplishes this by associating every point with a disk (or hyper-disk in higher
dimensional cases) and increasing the diameter of the disks from 0 (growing the
size of the disks). During the process, the topology of the space deﬁned by the
union of all of the disks will change. The changes will include two or more isolated
disks merging together and/or hole(s) being formed or covered by a set of disks.
Through homology, these changes will be seen as the change in the number of
distinct homology classes and all this will be recorded by a so-called “barcode”
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representation, which serves as the result of the persistent homology. Because all
the disks have the same size at any given time, and the homology classes are
recorded for a series of continuous disk sizes, the conclusion can be made without
biasing toward a particular value of the disk size.
Figure 7.4 demonstrates the process with the barcode. The left column shows the
points and their associated disks at different sizes, and the right column is the
barcode which is a summary of the qualitative geometric features (different
homology classes) of the space deﬁned by the intersection of the disks. The horizontal axis of the barcode is the diameter of those disks, and the vertical axis is the
ordering of the bars. At the beginning when the diameter of all of the 30 disks is 0,
no disk overlaps with others, so there are 30 connected components in the space.
These 30 connected components are represented by 30 horizontal bars (in orange
color) of length 0, while the left end of the bars line up to the horizontal value 0
since they begin to exist when the diameter is zero. As the disk sizes increase, the
bars also extend horizontally toward the right, as can be seen in the ﬁrst row of
Fig. 7.4. During this process, whenever there are two disks whose union changes
from an empty set to a non-empty set with the two disks originally belonging to two
different connect components, then there are two originally connected components
becoming one connected component. At this point, one of the two bars representing
the two isolated connected components will stop extending, while the other bar will
continue extending and represent the union of both connected components. This
dynamic is shown in the 1st row through the 3rd row of Fig. 7.4 (notice that the
color is lighter for the bars that are still extending). At some large diameter value all
the disks merge together and become one single connected component, so there
remains one bar representing the union of all the disks. Also at a certain diameter
value, an enclosed hole will be formed by the union of the disks, this enclosed hole
represents a 1st homology class, and a new bar (green color) is added to the barcode
as shown in the fourth row of the Fig. 7.4. Notice this bar did not start from the
horizontal value of 0, but it starts from when the diameter value corresponds to
when the enclosed hole is just formed. As the disks size increases, this bar also
extends horizontally to the right, and at the same time the area of the enclosed hole
decreases. When this enclosed hole is totally covered by the disks, it is considered
to be no longer “live” and the corresponding bar stops extending at the value of the
disk diameter such that the hole is just covered by the disks. We call the diameter
value when the enclosed hole is formed the “birth time” of that hole/homology class
and the diameter value when the region is just covered by the disks the “death time”
of the hole/homology class. Correspondingly, all of the 0th homology classes have
a birth time of zero and a death time equal to the diameter when their corresponding
bar is no longer extending. By examining the barcode, we can read off the birth and
death time of every homology class. This provides an idea of all the qualitative
geometric features with their relative birth and death time, and thus how persistent
they are within the range of the diameter values being considered. In general, the
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Fig. 7.4 Demonstration of
Persistent Homology. Each
row of subﬁgures corresponds
to one value of disk diameter.
The left column of subﬁgures
shows the points (blue point)
with their associated disks in
purple color; the right column
is the corresponding barcode.
The 0th homology classes are
represented by the orange bars
and the 1st homology class is
represented by the green bar.
All the bars for the 0th
homology class are sorted in
the order of their death time.
The lighter shaded bars
indicate that the bar is not
terminated at that point
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Fig. 7.5 Process followed in this chapter for deﬁning optimal reconstruction parameters in APT,
and identifying microstructural features free of bias. In Sect. 7.3, we introduce an approach for
deﬁning optimal voxel size, where the optimal size is deﬁned as that which is least sensitive to
atomic positioning with the respective voxels. This makes the data most applicable to topological
analyses. In Sect. 7.4, we then apply a topological analysis to the data after voxelized to identify
the optimal chemical thresholds which reflect microstructural phase transitions. In Sect. 7.5, we
then introduce application of uncertainty into the analysis, reflecting the experimental conditions

long-lived or more persistent features are the ones of greater signiﬁcance than the
short-lived ones. Here, except for one orange bar which keeps extending forever, all
the orange bars have shorter length than the green bar, so our conclusion is that the
2D hole is the main topological feature of the space. It is worth pointing out that the
above example demonstrated the idea of persistent homology in 2D space, but in
practice, the data and the geometric features are not restricted to 2D (see Table 7.2).
In fact, the above process can be thought of as viewing the points through a
telescope with the focus of the telescope changing continuously, and thus we name
the Persistent Homology on a set of points as a “Data Telescope”. When the image
in the telescope is clear and all the points are sharp, it corresponds to the case which
the diameter of the disks is 0. When the focus is detuned and the points in the image
are vague, it indicates that the diameter of the disks is no longer zero. This tuning
ability can be very useful when processing APT data. One point to clarify: in atom
probe data the raw output is a point cloud with information associated with each
individual atom. We then deﬁne the voxels in order to visualize the data and to
make the analyses manageable through data reduction. In APT data analyses, the
counterpoint of the disk diameter in the above example can be the voxel size and/or
the chemical concentration threshold of the voxel. By tuning these parameters, we
can track the topological changes within the raw data space, and based on these
changes we select the critical transition point(s) in reconstruction parameters to
capture the useful information which is otherwise hidden. The exact procedure
developed and applied in this chapter is described schematically in Fig. 7.5,
encompassing the entire “Data Telescope” for APT data by focusing the voxel size
selection and chemical threshold for each voxel (the adjustable reconstruction
parameters) in a bias-free manner, and for which we apply for identifying
microstructural features.
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Voxel Size Determination: Identiﬁcation of Interfaces

In visualizing APT data, the large number of data points can obscure the underlying
structures. Therefore, the reconstructed APT data is ﬁrst sectioned into voxels (i.e.,
3D boxes), which encompass a collection of atoms (Fig. 7.6) and a local density
value is assigned to each voxel based on the chemical composition of the voxel. By
tracking the variation in the local density associated within each voxel across the
sample, one can detect underlying features such as grain boundaries or precipitates.
The following section describes the process we outlined in a previous report [56].
Figure 7.6 graphically denotes the process of voxelization for random points
scattered in 3D, which represent the atoms in a material. The volume encompassing
the data is initially sectioned into voxels of edge length of 0.2 nm (chosen arbitrarily for illustration). The data was then binned into voxels. The voxels were
classiﬁed by the number of data points they contained and a density value was
assigned. The density value of voxels is useful for pinpointing regions of high
chemical density, potentially indicating the presence of precipitates, or capturing
regions of different densities delineating different phases.
The procedure which we have developed and which is described below roughly
follows these steps:
(i) for a given voxel size, apply a Gaussian kernel to each atom at its exact
position;
(ii) sum all of the Gaussian kernels to deﬁne a estimated density across the
voxel;
(iii) deﬁne another Gaussian assuming every atom in the voxel is located within
the center of the voxel;

Fig. 7.6 Voxelization of random data points scattered in 3D, representative of atoms in a material.
a Original data set within a 1 nm3 box. b The atoms are grouped into uniform voxels of edge
length 0.2 nm. The numbers of atoms contained within the different voxels represent the local
density of that voxel volume. Reproduced from Ref. [56] with permission
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(iv) calculate the difference between the estimated density and the central
Gaussian which approximates the true density; and
(v) deﬁne the optimal voxel size as that which has the minimum difference.
The speciﬁcs of each step are expanded below.
Kernel density estimation (KDE) methods can capture the contribution of each
atom toward the voxel and to obtain a smooth overall density function representing
the voxel. Each atom is represented by a kernel, which is a symmetric function which
integrates to one and contributes to a value at the center of the voxel. The center is
considered representative of the region encompassed by the voxel. The contribution
of the atoms within the voxel to the voxel center is a function of the atom’s location
and is determined by a sampling formula [57]. In the simplest case, the contribution
of each atom, located at position “x”, toward a voxel of unit length centered around
the origin can be represented by a Parzen window [58] given by:
1
,
2

j xj ≤ 1

K ð xÞ = 0,

j xj > 1

K ð xÞ =

ð9:1Þ

which indicates that all atoms within the voxel contribute equally, independent of
their location within the voxel. There are several other sampling functions and
merits of each are discussed elsewhere [59, 60]. In this work, we make use of
Gaussian kernels as shown in Fig. 7.7.
If “x” is the atom position and X is the center of the voxel of edge length “h”
where the individual kernel contribution is measured, the contribution of the
Gaussian kernel is deﬁned by the weighting function

Fig. 7.7 KDE using
Gaussian kernels. h is the
edge length of the voxel. xi
denotes the location of atom
“i”. X denotes the center of
the voxel at which the density
is calculated. Reproduced
from Ref. [56] with
permission
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Fig. 7.8 Illustration of density estimation through kernel density function (red lines) representing
atom positions (yellow circles) in different voxels. The blue line is the estimated density of atoms
in each voxel obtained by summing up the contributions of the various kernels within the voxel.
Reproduced from Ref. [56] with permission



− ðx − X Þ2
1
1
x−X
wg ðx − X, hd Þ = pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ e 2σ2 = K
hd
hd
2πσ 2

ð9:2Þ

where the value hd is known as the bandwidth of the kernel and in the case of the
Gaussian kernel: hd = σ where σ is the standard deviation. The standard Gaussian
1 2
e − 2t .
kernel (with zero mean and unit variance) is given by K ðt Þ = p1ﬃﬃﬃﬃ
2π
The estimated density function at any point x within the voxel (Fig. 7.8) is
deﬁned by the average of the different kernel contributions (Eq. 9.2) as
f ð̂ xÞ =



1
x − Xj
∑nj= 1 K
nhd
hd

ð9:3Þ

where hd > 0 is the window width, smoothing parameter or bandwidth.
To automate the voxel size, an error function is deﬁned to compute the difference
between the kernel estimated density of the data f ð̂ xÞ and its true density f(x).
A typical measure of the accuracy over the entire voxel is obtained by integrating
the square of the error computed given by:
 
MISE f ̂ = E

Z

∞
−∞



2
f ð̂ xÞ − f ð xÞ dx


ð9:4Þ

where MISE is the mean integrated square error. Since the distribution of atoms
does not follow any known pattern, especially at the region of interest such as the
interface, the true density f ð xÞ is not known. The approach followed here to
approximate the true density as closely as possible to the estimated density consists
of the following sequence: f ð xÞ is ﬁrst assumed to be a Gaussian distribution,
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assumed to represent the actual distribution of atoms within the voxel, although the
atoms may very well be non-normally distributed. The mean and variance of this
assumed Gaussian spread is calculated for the atoms within and on the boundary of
the voxel of interest. Next, depending on the real distribution of the atoms, the
Gaussian function may peak either at or off center in the voxel and in the latter case
it is translated to the center of the voxel. The difference of this Gaussian distribution
with f ð̂ xÞ is used for computation of MISE. For the cases where the initial
assumption of f(x) is a poor one, it will results in a high MISE. By gradually
varying the voxel size the validity of this assumption reaches a most probable value
corresponding to minimized MISE. The total squared error (Etot) is then computed
for the entire dataset given by the following equation
Etot = ∑Vj= 1 ðMISE Þj

ð9:5Þ

where V is the total number of voxels. Etot is then minimized with respect to varying
voxel size. The kernel density estimation was carried out on the Ni–Al–Cr dataset
comprising ∼8.72 million atoms. For each atom in a voxel, a Gaussian kernel was
ﬁt at the atom location and its amplitude was set at 1 with full width at half
maximum set to the voxel edge length. The kernel contributions of atoms to the
voxel were calculated at the voxel center for all atoms within and on the boundary
of a particular voxel. These values were then added giving the amplitude of density
at the voxel center. The error was then calculated between the actual density and
estimated density using the procedure explained in the previous section. This
procedure is repeated for the voxel size varied from 0.5 to 2.5 nm in steps of
0.1 nm. A minimum error was obtained for 1.6 nm voxel size (Fig. 7.9) providing a
tradeoff between the noise and data averaging. This voxel size of 1.6 nm reduces
the atomic data set into a representation of 83,754 voxels at 1.6 nm3 each.

Fig. 7.9 Dependence of the
normalized mean integrated
square error (MISE) on the
voxel size. The error is
minimum for a voxel edge
length of 1.6 nm. Reproduced
from Ref. [56] with
permission
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Fig. 7.10 Feature topology
for voxel size of 1.6 nm. Only
those voxels where the
Al = Cr concentrations are
imaged, reflecting the γ/γ’
interface. This elucidates the
effect of voxel edge length on
capturing the precise interface
between the γ/γ’ region of the
Ni–Al–Cr sample, with the
approach applicable to all
APT data for deﬁning voxel
size and for any metallic
samples for deﬁning
microstructural features.
Adapted from Ref. [56] with
permission

In the case of 1 nm, the voxel size is too small to accurately estimate the density.
Due to statistical fluctuation in the distribution of atoms, there are many pockets of
1 nm3 throughout the sample where the concentration of Al and Cr are almost
equal. As the voxel size is increased, the increase in volume averages out the noise
and a clear interface starts emerging. At 1.6 nm most of the statistical noise vanishes and a very sharp interface is obtained, with nanometer scale fluctuations
visible on the isosurface representing the interface (Fig. 7.10). As the voxel size is
increased beyond this value, over smoothing of data starts occurring. The interface
starts becoming diffuse and the graininess in the image disappears. At this stage
there is ideally no statistical noise and the residual clusters scattered throughout the
volume could potentially be capturing the presence of nanoclusters.

7.4

Topological Analysis for Deﬁning Morphology
of Precipitates

Interfaces and precipitate regions are typically identiﬁed from APT data by representing them as isoconcentration surfaces at a particular concentration threshold,
thereby making the choice of concentration threshold critical. The popular approach
to selecting the appropriate concentration threshold is to draw a proximity histogram [61], which captures the average concentration gradient across the interface
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and visually identiﬁes a concentration value that is the best representative of an
interface or phase change occurrence. This makes the choice of concentration
gradient user dependent and subjective. In this section, we will showcase how
persistent homology can be applied to better recover the morphology of the
precipitates.
As we have mentioned in Sect. 7.2, metric properties such as the position of a
point, the distance between points, or the curvature of a surface are irrelevant to
topology. Thus, a circle and a square have the same topology although they are
geometrically different. Such qualitative geometric features can be represented by
simplicial complexes, which are combinatorial objects that can represent spaces and
separate the topology of a space from its geometry [62]. Simplicial homology is a
process that provides information about the simplicial complex by the number of
cycles (a type of hole) it contains. One of its informational outcomes are Betti
numbers which record the number of qualitative geometric features such as connected components, holes, tunnels, or cavities. A microstructural features such as a
nanocluster can have only limited topological features depending on its dimension.
For example, in 3D, a structure can be simply connected, or it can be connected
such that a tunnel passes through it, or it can be connected to itself such that it
encloses a cavity, or it can remain unconnected. Thus, we can characterize the
topology of a structure by counting the number of simply connected components,
number of tunnels and number of cavities denoted by Betti numbers β0, β1, and β2.
The relationship between the Betti numbers, the data topology, and the concept of
barcodes as described in the introduction is summarized in Fig. 7.11.
As discussed earlier and expanded upon in our prior work [62], the persistence
of different topological features can be recorded as barcodes, which we now group
according to each Betti number. The horizontal axis represents the parameter ɛ or
the range of connectivity among points in the point cloud while the vertical axis
captures the number of topological components present in the point cloud at each
interval of ɛ. There has to be some knowledge of the appropriate range for ɛ, such
as the interatomic distance when dealing with raw atom probe data or voxel length
if the data has been voxelized. The persistence of features is a measure of whether
these features are actually present in the data or if they are artifacts appearing at
certain intervals.
Having voxelized the APT data following the approach discussed in Sect. 7.3,
each voxel represents a certain value of local concentration. By varying the concentration threshold as our ﬁltration parameter, our underlying dataset provides a
different set of voxels corresponding to each concentration threshold. We vary the
concentration threshold of each element independently in Fig. 7.12 to show how
the process evolves.
The top panel shows the evolution of Betti numbers for varying Sc concentration. At each value of Sc concentration threshold “δ”, those voxels having a concentration of δ ± 0.02 were chosen. Consider β0: at a high concentration threshold,
beyond 0.5, a very small number of simply connected components are observed.
This is because very few voxels have concentration value equal or more than this
threshold. As concentration threshold is decreased, more voxels qualify to be
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Fig. 7.11 Persistent homology and barcodes as described in the introduction, and their
relationship with Betti numbers, as applied in this section. a the original point cloud data
consisting of 2000 points. b Extracting 1% of the original data points as landmark points. c The
barcode using the witness complex [21] achieves the identiﬁcation of (β0, β1, β2) = (1, 0, 1),
representing 1 connected component and 1 cavity. Reproduced from Ref. [62] with permission

included in the group leading to an increase in β0. The value of β0 remains constant
for a certain range indicating that these are real features. A plot of the voxels at
δ = 0.3 shows that it indeed captures real clusters of Sc. With further decrease of
concentration threshold, a decrease in β0 is observed. This is because every voxel
outside the Sc clusters has some minimal content of Sc and the inclusion of all
exterior voxels results in one single connected component. We also observe a peak
in the value of β1 at a low concentration of δ = 0.03. When we plot the isoconcentration surface for those voxels we ﬁnd that these represent cavities. These
voxels with very low Sc concentration sit on the edge of the Sc clusters, and
thereby, enclose Sc clusters within themselves. A similar trend is observed with Mg
where for low concentration we see Mg Isosurface containing cavities that enclose
Sc clusters, whereas for high concentration there are few voxels.
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Fig. 7.12 Filtration of an AlMgSc structure with respect to concentration threshold. The three
panels show the evolution of Betti numbers with changes in the concentration threshold for Sc,
Mg, and Al respectively. The set of (β0, β1, and β2) captures the number of precipitates and the
persistence of β0 denotes appropriate concentration thresholds for the different elements
Isoconcentration Surfaces obtained at different concentration threshold are shown corresponding
to each ﬁgure to denote regions of interest. Adapted from Ref. [62] with permission

7.5

Spatial Uncertainty in Isosurfaces

APT data is a point cloud data and in order to study hidden features like precipitates
or grain boundaries, isosurfaces are often used. These isosurfaces are drawn at a
particular concentration threshold. We calculate the uncertainty in spatial location
of isosurfaces here and use visualization techniques that lead to the incorporation of
uncertainty information in the ﬁnal image (Fig. 7.13). Isosurfaces were drawn by
joining voxels which have the same value of density or concentration, as deﬁned in
Sect. 7.4. For uncertainty calculations in the APT data, we followed the approach
described in Sect. 7.3 for calculating the error and difference from ideal density.
Consider xi as the atom in a voxel with coordinates (xxi , xyi , and xzi ), the mean µx and
standard deviation σx along the x-axis will be given as follows:
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Fig. 7.13 The atoms are distributed throughout a voxel, as discussed in Sect. 7.3. When isosurfaces are drawn, only the net value is included in the representation (a). We have added another
quantity to include spatially scattered data. We model the uncertainty as Gaussian noise (b).
Parameters of Gaussians such as FWHM or variance are calculated based on spatial distribution in
the region. We have net value, as before, but also have another parameter which includes
information about neighborhood. However, this also adds another dimension in visualization. We
represent the uncertainty through selective blurring of the region where blur intensity is mapped to
values at the Gaussian distribution

μx =

∑Ni= 1 xxi
N

rﬃﬃﬃﬃ
2
1 N  x
σx =
∑i = 1 xi − μx
N

ð9:6Þ
ð9:7Þ

With the above information, a full deﬁnition of Gaussian distribution at the voxel
center was obtained, following the logic described in Fig. 7.7. We have added the
concept of uncertainty in isosurfaces. As we have seen, the calculation for voxels and
chemical thresholds involves averaging of data points, while averaging involves
some variability in the ﬁnal result. We may not be able to remove the variability but
we can attempt to quantify it. At present, density values are calculated at the centers
and we get one net value at each point. Further interpolation across voxels provides
uncertain isosurfaces. The above equations were used to study the APT data
described in Sect. 7.4. Voxel data was used to convert the data into a structured grid
format. The data was then visualized. As a ﬁrst step, crisp isosurfaces were drawn. In
a second step, uncertainty information was added by assigning a shaded region
around it. The intensity of the shade was dependent on the uncertainty value. In the
present study, an uncertainty of ±1% was used. Figure 7.14 shows an isosurface
drawn at a concentration threshold of 12%. Here, each voxel was assigned a value
which was assumed to be constant throughout the voxel. Further, all of the voxels
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Fig. 7.14 a Output from APT experiment. b Isoconcentration surface obtained at 12%
concentration threshold, following the approaches described in Sects. 3 and 4 for deﬁning voxel
size and chemical threshold, respectively. Crisp and bias free deﬁnition of precipitate boundaries is
provided. c Isoconcentration surface shown with inclusion of uncertainty

with values equal to the threshold were joined to give crisp isosurfaces. Figure 7.14b
shows the same isosurface with the inclusion of uncertainty. Uncertainty is a
function of spatial distribution of atoms. Distribution of atoms is less at distances
away from the isosurface and thus no effect was observed. Near the surface, the
uncertainty of the isosurface decreases. From the image, it is observed that there is an
increased level of intensity as the surface is approached.

7.6

Summary

Atom probe tomography is a chemical imaging tool that produces data in the form
of mathematical point clouds. Unlike most images which have a continuous gray
scale of voxels, atom probe imaging has voxels associated with discrete points that
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are associated with individual atoms. The informatics challenge is to assess nano
and sub-nanoscale variations in morphology associated with isosurfaces when clear
physical models for image formation do not exist given the uncertainty and
sparseness in noisy data. In this chapter, we have provided an overview of the
application of topological data analysis and computational homology as powerful
new informatics tools that address such data challenges in exploring atom probe
images.
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