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Models of family and small community spread (1) 

L. R. Elveback 

ABSTRACT 
A discrete-time stochastic model for influenza immunization 

studies is summarized A simulated population of 1,000 was divided into 
four age groups. with subgroup mixing in families. neighborhoods, pre
school play-groups, and school as well as total community mixing. The 
infective process involves the probabilities of infection fol/owing contact 
(relative susceptibility), of illness fol/owing infection, and of withdrawal 
fol/owing iI/ness, and the response pattern fol/owing vaccination. Latent 
and infectivity periods (2-4 days and 3-6 days, respectivelyJ- and the 
relative infectiousness to others, are random variables. Output is in terms 
of the distribution of epidemic size and age-specific attack rates. 

I shall review briefly the stochastic simulation model (Elveback et 
aI., 1976). This study was a team effort involving Dr John Fox, virologist 
and immunologist. Dr Eugene Ackerman, mathematical biologist and 
computer scientist. and myself. 

We simulated a small suburban community with a highly
structured population of 1,000 people, in four age groups: pre-school, 
school, young adults, and older adults. Each person belonged to one of 
254 families, and to one of 50 clusters representing neighborhoods and 
other mixing groups. The pre-school children each belonged to one of 30 
play-groups, and the school-age children attended a single school. In 
addition, all individuals mixed in the total community. In each of these 
336 mixing groups, an age-specific contact rate could be selected. We 
used a discrete time-interval of one day. 

Characteristics of individuals 

Each of the 1,000 individuals was characterized in terms of age, 
family, other mixing groups, relative susceptibility (probability of 
infection if contact occurred), and response pattern if immunized. 
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INFLUENZA MODELS 

Random variables 

There are a number of random variables, each with assignable 
distribution functions. The latent period is 1,2, or 3 days (mean 1.9) and 
the infectivity period is 3 to 6 days (mean 4.1). 

The pathogenicity, or probability of illness if infection occurred, was 
taken as 0.67 for all ages. The probability of withdrawal to the home if 
illness occurred was age-specific, being highest in pre-school children 
and lowest in adults. The number of days of circulation in mixing groups 
prior to withdrawal to the home was 0, 1, or 2 days, with probabilities 
depending on age. Relative infectiousness, or the probability of 
transmitting infection if contact with a susceptible occurred, was taken as 
unityforthose who become ill, and as 0.5 for those who are infectious but 
not ill. The relative infectiousness was given several different distribution 
functions in the "superspreader" studies. 

Each day, the computer cycles through the remaining susceptibles 
to determine their infection fate for that day. For each susceptible 
individual, it determines the number of cases in each of his mixing groups, 
the relative infectiousness of each case, and the contact rate of the 
susceptible individual in each mixing group. 

The probability that individual i becomes infected on a given day 
is computed as 1 - e-Zi 

where 

where, 
Si = relative susceptibility of individual i 
G = the number of his mixing group 

Pig = his contact rate in mixing group g 
ec = relative infectiousness of infectious case c 
Cg = the number of cases in mixing group g. 

The outcome is determined by generation of a random number. The 
model is sufficiently general to serve for any agent which spreads from 
person to person. 

The contact rates were determined by trial and error to fit several 
published results (Carey et aI., 1958; Chin et aI., 1960; Davis et aI., 1970; 
Dunn et aI., 1959; Jordan et aI., 1958) for both Asian and Hong Kong 
epidemics. The published results in each case consisted of age-specific 
illness attack rates, and age--specific secondary illness attack rates in 
families with schoolchildren. These attack rates differed in different 
reports. We selected an appropriate range for each, and feel that the 
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FAMILY/SMALL COMMUNITY SPREAD (Elveback) 

FIGURE 1 

Influenza model: possible course of infection for each susceptible individual 

compute Risk of Contact and Infection 

Discrete Random Variables 
with Assignable Frequency 
Functions 

L = Latent period 
= 1, 2, or 3 days 

I = Infectious period 
= 3, 4, 5, or 6 days 

e = Relative infectiousness 
(Note different frequency 
functions for ill and not ill) 

K = Period of circulation 
before withdrawal 

= 0, 1, or 2 days 
(Note that K is le's8 than I) 

values we selected are adequate to serve as background against which to 
measure the effectiveness of various vaccine strategies, 

The results can be described in several ways, which are illustrated in 
Figures 2-6, 

The table shows age-specific attack rates for illness and for 
infection, Similar tables can be constructed for age-specific secondary 
attack rates (SAR), Although our results gave an adequate fit to the 
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Baseline attack rates (percentage) in Asian influenza epidemics 

Age group 

Pre-school 
children 

School
children 

Young adults 
Older adults 

Families 
with 
school-
children 

Illness 

40 

64 
26 
15 

Families 
without Total population 
school-
children 

Illness Illness Infection 

29 35 54 

64 91 
17 23 35 
10 13 20 

FIGURE 2 

Epidemic curves, as shown by the number of new infections each day. The 
Asian curve reflects an explosive outbreak in the schools, as compared with 

the slower progress of the Hong Kong epidemics. 
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FAMILY/SMALL COMMUNITY SPREAD (Elveback) 

FIGURE 3 

The distribution of epidemic size 
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The curve for the Asian virus is based on 500 epidemics. That for the Hong Kong 
virus is based on 200 epidemics, since the computer time required was longer. 

published reports, wedo not consider these SAR resu Its particularly useful 
in this epidemic situation . I n the case of the Asian virus we found that, if we 
set the fa mi Iy contact rates to zero, the resu Iti ng SAR s were approxi mately 
one- half of those found when infections occurred within the family. This 
points up the difficulty of distinguishing between cases acquired through 
family or non-family contacts. 

The cost of running this program, together with all the sub-routines 
to store family data and compute SARs, was about $120 per set of 100 
epidemics. If the SARs are eliminated, as I feel they should be when we 
are modelling an epidemic, the cost is halved. If the random variables are 
all eliminated and means are used, the cost is halved again, to$30 per set 
of 100 epidemics. 
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INFLUENZA MODELS 

FIGURE 4 

The epidemic curves for the Asian virus in schoolchildren. others. and the 
total population. as shown by the percentage of infectious persons each 

day 
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A graduate student is now engaged in re-working the model so that 
it will run at greatly reduced cost on a minicomputer. This will give us new 
potential for sensitivity studies. 
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FAMILY/SMALL COMMUNITY SPREAD (Elveback) 

FIGURE 5 

Differences in epidemic size resulting from the vaccination of various 
percentages of schoolchildren at 28 days or more before the virus invades 
the community (allowing time for maximum immunity to develop in those 

vaccinated) 
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B = baseline (no vaccination). 

Longini et a!. (1978) have mapped our model onto a deterministic 
model which eliminates the population structuring and maintains only 
age, relative susceptibility, and relative infectiousness by age, and in 
which the latent and infectious periods are constant. Using the results of 
the simulation studies, they found contact rates which adequately 
reproduced our earlier results. The program runs very rapidly on a 
minicomputer, and solves the cost problem. For a new virus, for which 
simulation results are not available, this program would be dependent, as 
we were in our earlier work, on published results. Longini is currently 
working on Fox's family surveillance results, which cover non-epidemic 
periods and are based on illness, virus isolation, and serology. 
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FIGURE 6 

Differences in epidemic size resulting from the vaccination of 70% of 
schoolchildren at 28, 10, and 3 days before the epidemic begins 
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Models of family and small community spread (2) 
N. T.J. Bailey 

ABSTRACT 
If data are available from small groups like households, it may be 

possible to fit and test models in detail and to estimate parameters of 
epidemiological importance. The incorporation of stochastic elements is 
essential, and may be important even in studying such phenomena as 
fade-out in populations as large as 250,000. 

The so-called 'chain-binomial' type of model can be successfully 
fitted to measles data, provided that allowance is made for variation 
between households in the chance of infection. More elaborate models 
can also be adequately fitted to measles data, involving a variable latent 
period after infection followed by an extended infectious period Some 
applications have also been made to household data on influenza. On the 
whole it seems as though such micro-models are appropriate, but some 
of the studies are not entirely convincing. 

In principle, micro-modelling can be used to estimate some of the 
consequences of public health interventions, such as immunization. 
showing the specific effects on the chance of infection, the recovery rate, 
etc. Family studies also need to be more closely linked with broader 
community studies. Progress has been made in specific applications of 
stochastic simulation modelling to influenza, and this has considerable 
bearing on the effects of flexible immunization routines and variable 
vaccine response patterns. 

Further work is urgently needed in developing models that can take 
account of the special characteristics of influenza, notably antigenic drifts 
and shifts, 

1. General considerations 

The study of small community groups, such as school classes and 
individual households, permits a more detailed examination to be made 
of a variety of epidemiological hypotheses. If models can be successfully 
fitted to data at this relatively disaggregated level, then a degree of 
confidence in them can be built up. This has implications both for the 
epidemiological understanding of mechanisms of disease transfer 
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INFLUENZA MODELS 

between individuals, and for broad population phenomena of direct 
relevance to possible public health interventions, which we shall be 
looking at in other sessions. 

Because of the small numbers in family-sized groups, it is essential 
to take probability variations into account. i.e. so-called "stochastic" 
models must be used. When an infection is introduced into a family it 
might lead to one of many different patterns of spread, varying from no 
further cases after the initial one to infection of the whole group at risk. 
Careful statistical analysis of data on a sufficiently large number of 
families allows one to estimate the basic parameters, e.g. infection rates 
or recovery rates, calculate standard errors, and test goodness-of-fit 
between the assumptions made and the data observed. 

In large community groups, and particularly in towns or cities, we 
might expect deterministic approaches to be adequate, at least as a first 
approximation. However, in some types of analysis probability 
considerations appear to be important even in quite large populations. 
Thus in population studies by Bartlett (1957, 1960) of disease fade-out 
for measles in cities of different sizes, certain stochastic aspects had 
important effects even in populations of about 250,000. 

It follows that a good understanding of the spread of disease in 
small groups may have important repercussions for the population 
dynamics of larger groups. In particular, there may be consequences for 
the choice of control strategies, such as vaccination, isolation, or specific 
treatments. 

2. Specific models for household groups 

As early as 1928, Reed and Frost in the USA were using a very 
simplified kind of model in which there was a fixed incubation period 
followed by a very short period of infectiousness, supposed for simplicity 
to be contracted to a single point. A slightly different variant was put 
forward in the UK by Greenwood, in 1931. It could easily be shown that 
these models led to the occurrence of distinct generations of cases, each 
having a certain binomial distribution. Hence the term 'chain-binomial' 
models. The models worked moderately well for family data on measles, 
but significant chi-squares were obtained in detailed analyses. To begin 
with, satisfactory fits could be obtained only when the distribution of the 
total number of cases per family was examined. I later showed that 
acceptable goodness-of-fit tests could be achieved with a heterogeneity 
assumption, in which the probability of infection under specified 
conditions varied between households in a way that could be estimated 
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FAMILY/SMALL COMMUNITY SPREAD (Bailey) 

from the data. A detailed review of this whole subject is given by Bailey 
(1975). 

More detailed analyses of the actual observed time-intervals 
between successive cases in a large number of very small families, e.g. 
two or three susceptibles, enabled finer distinctions to be made. It could 
be assumed that following infection there was a variable latent period, 
after which a n extended infectious period occurred. This involved at least 
four parameters. Applications were made to appropriate measles data and 
the relevant parameters estimated. Satisfactory agreement between 
theory and data was obtained for families of both two and three 
susceptibles. Satisfactory results were also obtained for limited data on 
infective hepatitis in families of three individuals. For larger groups, the 
analysis becomes progressively more difficult and there are many 
unsolved problems. 

3. Applications to influenza 

Most of the work on chain-binomial approaches and their various 
extensions has been carried out on measles data. But a number of authors 
have made limited applications to chicken-pox, mumps, the common 
cold, infectious hepatitis, etc. 

A small amount of work on the use of chain-binomial models for 
household data on influenza has already been undertaken by Hope 
Simpson and Sutherland (1954), Yamamoto (1959), Sugiyama (1960, 
1961), Owaka et al. (1971), etc. Not all of these studies were entirely 
convincing. But on the whole it is clear that an appropriate stochastic 
model is essential for analyzing family data, and more efforts are required 
in developing methods to take account of the special characteristics of 
influenza, including the occurrence of antigenic drifts and shifts. 

As already mentioned, the analysis of micro-epidemics in small 
family groups offers possibilities of estimating parameters of epide
miological importance. It also permits an assessment of the con
sequences, at this level, of public health interventions like immunization: 
e.g. what are the effects on the chance of infection or the recovery rate? 

It is also desirable to link such family studies with broader 
community-level models, in order that better use can be made of the 
available knowledge. Some progress in building such bridges has already 
been achieved with the stochastic simulation modelling of Elveback et al. 
(1976), which is specifically geared to influenza. In particular, this 
modelling takes into account flexible immunization routines and variable 
vaccine response patterns. But further work is required on estimating 
parameters from individual communities, and on investigating the 
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sensitivity of conclusions to uncertainties in the assumptions. Dr 
Elveback, together with her co-workers, has already embarked on a 
number of investigations of this kind, and she will supply appropriate 
details in her own presentation. 
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Session III: Discussion of presentations by Elveback and 
Bailey 

Rapporteur: Choi 

Tyrrell asked what factors and what community sizes should be 
considered in modelling. 

Bailey replied that three factors should be considered: virus properties 
affecting transmission, environmental qualities affecting transmission, 
and host determinants of immunity. He added that, in Bruce Hammond's 
model for a community of 200 people, affinity subgrouping by social 
group did not improve the accuracy of the model. Bartlett has shown that 
stochastic models are valid for populations up to a quarter of a million. In 
smaller populations an epidemic starts but soon dies out, whereas in a 
larger population it is sustained. These "threshold" population sizes may 
be insensitive to spatial distributions. 

Spicer added that stochastic elements enter into models when the 
community is only just large enough to maintain the virus in non
epidemic periods. In larger communities, the virus will always be present. 
In smaller ones, it will always die out and only be reintroduced by 
immigration of new cases. 

It would be interesting to analyze influenza data as Bartlett did for 
measles data, since the basic parameters are about the same for the two 
diseases. 

Fine pointed out that there are deterministic models (e.g. Yorke et aI., 
1979) which explain why measles eventually dies out in a small 
community. Thus it is not clear that stochastic models are any "better" 
than deterministic ones as far as the extinction issue is concerned. 

L. Smith observed that, in modelling, a fit which is based on a logical set 
of assumptions is more important that a simple curve fit. 

Choi argued that stochastic models are not necessarily better than 
deterministic ones, but are often more realistic. 

Griffiths pointed out that a model should only be as realistic as is 
necessary for its intended use. 

Tyrrell noted that deterministic and stochastic models are com
plementary, rather than mutually exclusive. 

J. Smith and Tyrrell both felt that it might be easier to model epidemics of 
influenza B, because only people under a certain age are susceptible and 
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less antigenic drift occurs than among A strains. They suggested it might 
be worthwhile to study influenza B epidemics in residential schools, 
where serological data and virus isolations can easily be obtained. 
Hammond's model fits well for the Tristan da Cu nha data, but does not fit 
John Kendall's Epsom college data, possibly because the college was not 
a closed community. 

Bailey and Spicer pointed out that a school epidemic is a complex 
phenomenon. There are many interactions among the students, as well as 
contacts with staff and delivery men, etc. from outside, a nd there is no 
averaging effect such as occurs in a large community. 

J. Smith suggested that, since kindergartens have attack rates often 
greater than 50%, they might be good for modelling. 

Stuart-Harris observed that there are few good laboratory data for 
children under five years of age, and that modelling of schools is a 
challenge. 

Tyrrell asked what statisticians could do about modelling for those rare 
individuals who are superspreaders. A few superspreaders among a large 
number of children can cause epidemics to take off rapidly. 

Elveback replied that a wide variability of infectivity is known to exist 
among infectives, but it is not known how to measure it. 

Spicer pointed out that we do not need to postulate superspreaders in 
order to explain the explosiveness of school epidemics. It could be 
explained as a consequence of a large group size (threshold theorem) in 
the Kermack- McKendrick model. 

Tyrrell stated that a family might not be a good place to model for 
superspreaders, and they could perhaps be better studied among 
passengers travelling by air. 

Elveback asked what kinds of observations were needed in order to 
incorporate superspreaders in models. 

L. Smith asked whether anyone had measured the virus content of air, 
and what weather conditions were conducive to increased viral activity. 

Tyrrell replied that the rate of inactivation of influenza virus is lowest in 
cool. dry air. Air has been sampled in the vicinity of cases of respiratory 
disease, but the concentration was clearly very low and the results have 
not been related to the temperature and humidity of the air. However, no 
work has been done to link stability of the airborne virus with the 
transmission parameter (A). 
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FAMILY/SMALL COMMUNITY SPREAD (discussion) 

Fine suggested that, in modelling, we should relate Ie in a large population 
model to parameters in a family model. He commented that the secondary 
attack rate is still a useful measure of infectiousness. Identification of 
primary, secondary, and tertiary cases of influenza is difficult because of 
the short and variable incubation period. However, family studies could 
be valuable using a large number offamilies, and superspreaders might be 
revealed by a bimodality of secondary attack rates or within-family 
"probabilities of effective contact". 

J. Smith said he was still intrigued with the idea of modelling epidemics 
in school communities having high clinical attack rates. He asked why 
such modelling was difficult. Was it because the ratio of clinical to 
subclinical infection in schools is higher than in the population as a 
whole? Does the virus change its properties in such situations? If so, a 
simple model might not fit the data for school epidemics. 

Tyrrell replied that a change in the virus is possible, on the grounds that 
strains which change in different situations would be expected to survive 
better. 

Fine pointed out another difficulty in modelling school epidemics: the 
schools studied may not represent a random sample, since the ones 
selected are often those with higher attack rates. 

Elveback added that some schools have an illness attack rate of 20-30%, 
whereas in others it may be as high as 80-90%. Moreover, even in the 
same school the attack rate varies from time to time. An illness attack rate 
of 80% implies that the pathogenicity (percentage of infections resulting 
in illness) is not less than 80%, which is much higher than the 50% 
quoted as average by Stuart-Harris. A higher pathogenicity in children 
seems reasonable, considering their more limited experience with 
previous influenza viruses. 

Fine and Spicer both pointed out that high attack rates could be 
explained by a Reed-Frost type hypothesis. If the number of initial 
susceptibles were larger tha n a critical size, then epidemics would take off 
rapidly and the resulting attack rates would be high. 

Fine pointed out that there are important similarities between the two 
major influenza models, of Elveback and Fox on the one hand, and of 
Rvachev and 8aroyan on the other. Each considers the population as 
being divided into subunits (in the Elveback model these are called social 
groups, whereas in the Rvachev model they are called cities), and virus 
transmission occurs both within and between these subunits at specified 
rates. A superficial difference occurs because the Rvachev model is based 
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upon the simple mass-action equation: Ct '1 = Ct· St· r, whereas the 
Elveback model uses a derivative of the Reed- Frost equation: 
Ct"1 =St(1 -(1 -p)C').Butthesetwoformulationscanbeshowntobe 
virtually identical (see background paper). Indeed, these two models 
might actually be considered as two expressions of the same underlying 
structure, and it is possible that Longini's condensed version could apply 
to the Rvachev model as well as to that of Elveback. 

Abstract of discussion 

1. Models of the spread of influenza should take into consideration 
virus properties and environmental qualities affecting transmission, host 
determinants of immunity, and population size. 

2. Stochastic models are needed to complement deterministic 
ones. 

3. Modelling epidemics in schools, which often have a high attack 
rate, is a worthwhile challenge. 

4. Models which include superspreaders should be constructed. 

5. The transmission parameter A in a large population model should 
be related to parameters in a family model, such as the secondary attack 
rate. 
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