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Abstract. Uncertainty is pervasive within software engineering, nega-
tively affecting software quality as well as development time. In previous
work, we have developed a language-independent partial modeling tech-
nique called MAVO that allows a software modeler to explicitly express
and reason about model uncertainty. The cost of such a broadly applica-
ble technique was to focus exclusively on the syntactic aspects of models.
In addition, we have found that while MAVO expresses uncertainty at
the model level, it is often more natural to do so for the entire submodels.

In this paper, we introduce a new language-independent formal frame-
work for partial modeling called GMAVO that generalizes MAVO by
providing the means for addressing model semantics and allowing uncer-
tainty to be specified at the granularity of a submodel. We then show
that GMAVO is sufficiently general to express Modal Transition Systems
(MTSs) – an established “semantics-aware” partial behavioral modeling
formalism.

1 Introduction

Uncertainty is pervasive in software modeling. It can be introduced in various
ways including inconsistencies [2], competing design alternatives [21], problem-
domain uncertainties [22], conflicting stakeholder opinions [16], etc.

Partial behavioral modeling [9,6] has been extensively investigated. For exam-
ple, Modal Transition Systems [9] extend Labelled Transition Systems (LTSs)
by allowing the designer to annotate some transitions to indicate that they are
possible but not required to be present in the resulting system. In our previ-
ous work [18], we presented a partial modeling technique called MAVO that
generalizes this approach in two ways. First, it expands the types of partiality
annotations to express richer kinds of uncertainty, and second, it allows these
annotations to be used with an arbitrary modeling language whose syntax is
defined using metamodels.

For example, the top model P1 in Fig. 1 is a UML class diagram that uses
MAVO annotations. The “maybe” annotation m is used with Hovercraft to
express that the modeler is uncertain whether or not to include it and which class
should be its superclass. The uncertainty about which class attribute numOfDoors
belongs in is expressed by putting it in a “variable” class C1 marked with the
annotation v. The “set” annotation s is used to represent uncertainty about how
many securityRelated attributes there will be. Annotations s and v are used
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Fig. 1. An example MAVO model, a concretization of it and the refinement relation
connecting them. To avoid visual clutter, only non-identity mappings are shown.

with Types1 to represent a set of classes that can include new or existing classes.
Annotations m and s are used with OtherVehicles and super(OtherVehicles,
Vehicle) to indicate that the modeler thinks that there may be other, not yet
known, vehicle classes. Finally, the “incomplete” annotation inc is used for all
of P1 (top right)to indicate uncertainty about whether more elements may still
need to be added to the model.

We have investigated many aspects of MAVO including refinement [17], rea-
soning [18], change propagation [19] and pragmatic issues with its usage [5].
While MAVO is broadly applicable, it has some limitations that have led us
to seek a more general treatment of partial modeling. First of all, to achieve
language-independence, we had to focus purely on language syntax and ignore
semantics. Thus, formalisms like MTSs which do take semantics into account
(MTSs encode sets of possible and required traces that the system can take and
allow reasoning over such traces) cannot be expressed by MAVO . The second,
more pragmatic, limitation is that MAVO allows expression of uncertainty on
the level of individual model elements, whereas our experience indicates that it
is often expressed more naturally on the submodel level. For example, if we are
uncertain about a design alternative, then this typically includes many model
elements. Finally, often more precise expressions of uncertainty than MAVO can
express are required, and it has not been clear how to incorporate such richer
constraints. For example, in P1 of Fig. 1, we may want to say that Hovercraft

must be a subclass of exactly one of the three classes indicated but MAVO does
not allow this type of detail – the m annotations allow it to be a subclass of
multiple classes.

The investigation of these limitations motivated a search for a more gen-
eral partial modeling framework; however, rather than attempting to general-
ize MAVO directly, we have developed an entirely new framework from “first
principles”, using Category Theory, calling it Generalized MAVO , or GMAVO .
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x:Property c:Class ownedAttribute(c,x)
x:Property ( c:Class type(x,c)) ¬( d:Datatype type(x,d))
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x:Property, c1,c2:Class ownedAttribute(c1,x) ownedAttribute(c2,x) c1=c2

Fig. 2. An adapted and simplified metamodel of the UML class diagram language
shown as a type graph and a set of well-formedness constraints in first order logic

Category theory has been shown to be useful for expressing general formal pat-
terns, particularly having to do with modeling, e.g., graph grammars and trans-
formation systems [3], model merging [15] and model synchronization [1]. Our
objective in this paper is to provide similar foundations for partial modeling.

In this paper, we describe GMAVO and show that it is a generalization of
MAVO and is sufficiently general to encode semantics-aware partial behavioral
modeling formalisms such as MTSs. Specifically, the paper makes the following
contributions: (a) We define the general GMAVO framework for partial modeling
that addresses both syntactic and semantic partiality and that can be used with
any modeling language satisfying certain properties; (b) We show that the MTS
formalism can be derived within GMAVO and can be soundly generalized to
express richer kinds of partiality for LTSs; (c) We show that MAVO and a related
partial modeling language called May models, can be derived within GMAVO
and that these can be extended to address the expressive limitations discussed
above. Note that this paper focuses on the theoretical aspects of GMAVO and
we leave pragmatic issues such as usability for future work.

The rest of this paper is organized as follows: In Sec. 2, we give the required
background about MAVO. In Sec. 3, we introduce GMAVO without Category
Theory for the simple case when a model consists of a set of untyped elements.
In Sec. 4 we give the more general case of GMAVO using Category Theory. In
Sec. 5, we apply GMAVO to derive and generalize the MAVO, May model and
MTS formalisms. In Sec. 6, we discuss related work and finally, in Sec. 7, we give
conclusions and suggest future work.

2 Background

In this section, we briefly review the concepts of MAVO and its current formal-
ization introduced in [18].

Models and Metamodels. In this paper, a model is a typed graph [3] – a
graph with a graph homomorphism to a type graph that defines the types of the
nodes and edges. The term atom denotes either a node or edge of a graph. A
type graph with a set of well-formedness constraints is called a metamodel. The
metamodel of the class diagrams in Fig. 1 is given in Fig. 2. (Note that the class
diagrams in Fig. 1 are expressed using their concrete syntax rather than their
abstract syntax as a typed graph.)

Partial Models. A model with partiality information is called a partial model.
Partiality information often takes the form of model annotations. Semantically,
a partial model represents the set of different possible concrete (i.e., non-partial)
models that would resolve the uncertainty represented by the partiality:
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Definition 1 (Partial Model). A partial model P over a metamodel T con-
sists of a base model, denoted bs(P ), and a set of annotations. [P ] denotes the
set of models conforming to T , called the concretizations of P . A partial model
is refined by reducing its set of concretizations.

The base model is the underlying model in which the annotations are stripped
away. As uncertainty is incrementally resolved, the partial model is refined, re-
ducing the set of concretizations until only one concretization remains. Note that
we can treat a concretization as the equivalent ground partial model – i.e., one
that has exactly one concretization, itself. Model M1 in Fig. 1 is a concretization
of MAVO partial model P1 and the lines connecting them define the relation
showing how M1 refines P1.

MAVO Partial Models.The MAVO partial modeling language uses four types
of partiality annotations, each adding support for a different type of uncertainty
in a model, summarized in Table 1(a):

May partiality allows a modeler to express uncertainty about the presence of
a particular atom in a model by annotating it with either m, to indicate that
it “may exist” or e, to indicate that it “exists”. A May annotation is refined by
changing an m to e or removing the atom altogether. For example, in Fig. 1,
m-annotated class Hovercraft is refined by removing it. The ground annotation
e is the default if an annotation is omitted.

Abs partiality allows a modeler to express uncertainty about the number of
atoms in the model by letting her annotate atoms as p, representing a “partic-
ular”, or s, representing a “set”. A refinement of an Abs annotation elaborates
the content of s atoms by replacing them with a set of s and p atoms. For
example, in Fig. 1, the s-annotated class OtherVehicles is refined by splitting
it into classes Truck and Motorcycle. The ground annotation p is the default
if an annotation is omitted.

Var partiality allows a modeler to express uncertainty about distinctness of
individual atoms in the model by annotating an atom to indicate whether it is
a “constant” (c) or a “variable” (v). A refinement of a Var annotation involves
reducing the set of variables by merging them with constants or other variables.
For example, in Fig. 1, the v-annotated class C1 is refined by merging it with
class Car. The ground annotation c is the default if an annotation is omitted.

OW partiality allows a modeler to explicitly state whether her model is incom-
plete (i.e., can be extended) (inc) or complete (comp). In contrast to the other
types of partiality, here the annotation is at the level of the entire model. An
inc-annotated model is refined by adding zero or more atoms and to optionally
change the annotation to comp. For example, in Fig. 1, model inc-annotated
model P1 is refined by making it complete. The ground annotation comp is the
default if an annotation is omitted.

MAVO Semantics. For a given MAVO model, the semantics defines the set
of concretizations it represents. In [18], we defined it formally by translating a
MAVO model to an equivalent first-order theory whose set of models, in the
model-theoretic sense, defines the set of concretizations of the MAVO model.
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Table 1. (a) Summary of MAVO annotations. May, Abs and Var annotations apply to
each atom while OW annotations apply to the entire model. (b) Summary of constraints
used to define MAVO semantics.

(a)

Partiality Target Non-ground Ground
Type annotation annotation (default)
May atom m (may exist) e (exists)
Abs atom s (set) p (particular)
Var atom v (variable) c (constant)
OW model inc (incomplete) comp (complete)

(b)

Partiality MAVO constraint
Type
May (e)a ⇒ ∃x ∈ M · 〈a, x〉 ∈ R

Abs (p)a ⇒ ∀x, x′ ∈ M · 〈a, x〉 ∈ R ∧ 〈a, x′〉 ∈ R ⇒ x = x′

Var (c)a ⇒ ∀x ∈ M · 〈a, x〉 ∈ R ⇒ ¬∃a′ ∈ P · a′ 	= a ∧ (c)a′ ∧ 〈a′, x〉 ∈ R

OW (Comp)P ⇒ ∀x ∈ M,∃a ∈ P · 〈a, x〉 ∈ R

We summarize the essence of this formalization in Table 1(b) in terms of a
relation R mapping a MAVO model P to one of its concretizations M such
as is illustrated in Fig. 1. Each atom that has an e, p or c annotation adds a
constraint on the concretization. If an atom has multiple annotations, it adds
all the corresponding constraints. In addition, if the comp annotation for P is
present, then this also adds a constraint. The e annotation on an atom a in P
adds the constraint that there must exist at least one atom in M mapping to a.
The p annotation adds the constraint that there must be at most one atom in
M mapping to a. The c annotation on an atom a adds the constraint that any
atom of M mapping to a must not also map to another atom of P annotated
with c. Finally, the comp annotation on P adds the constraint that every atom
of M must map to some atom of P .

The concretizations of P are all models M that simultaneously satisfy all
of the constraints added by the annotations. For example, model M1 in Fig. 1
satisfies the constraints added by the MAVO class diagram P1 and thus is a
concretization of P1.

3 A Formal Partial Modeling Framework for Sets

Our objective with partial modeling can be expressed as follows: given a model
type T , use a T -model plus additional information (e.g., annotations), to repre-
sent a set of T -models (i.e., its set of concretizations). In this section, we consider
the simplest model type – a set of untyped elements, and develop a rich partial
modeling language over it. In Sec. 4, we use Category Theory to generalize this
language to arbitrary model types.

To consider a set M as a partial model, we require a way to interpret M as
a “set of sets”. A general way to do this is to take M to represent the set of
sets that are on the other end of every possible relation with M . Fig. 3 shows
an example of a relation R between M and a concretization K. The figure also
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Fig. 3. A concretization K of M related by R and the equivalent expression as a span
of two functions

shows an alternate way to represent R as a span of two functions (hb and hf),
which is the representation used in this paper.

By itself, this kind of partial model is not very interesting – each M can only
be used to represent one set of sets. We thus give a more general form:

Definition 2. Given a set M , let sp(M) denote the set of spans with M on
one end. A partial model P is a pair 〈M,Φ〉, where the set M is its base model
and Φ is a constraint that is satisfied by a subset of sp(M).

The possible sets of concretizations of P representable by this definition depends
on the expressiveness of the language over which Φ is defined.

First note that the span in Fig. 3 consists of the two functions hb and hf .
Injectivity and surjectivity are two fundamental properties a function can have,
and we can define a language for Φ in terms of these constraints on hb and hf ;
however, such a language admits only 16 possible constraints.

To get a more fine-grained control over expressing uncertainty, we use another
generic idea, that of a “subset”. Fig. 4 shows how a subset can be used with
injectivity and surjectivity to define more constraints for Φ. S is a subset of set
M where α is the injective function giving the embedding of S into M (shown
by the red rectangle). The subset S induces a corresponding span 〈gb, gf 〉:
• Set RS is the subset of R that is mapped by hb to the (the embedding of) S.

Injective function αS gives the embedding of RS into R (shown by the red
rectangle).

• Function gb is hb restricted to RS .
• Function gf is defined as hf ◦ αS , where ◦ is function composition.

We can use this setup to express more fine-grained partiality on spans 〈hb, hf〉
by applying injectivity/surjectivity constraints to gb and gf instead of directly
to hb and hf . This is the core strategy of GMAVO .

Connection to MAVO . A remarkable thing is that the four possible applica-
tions of injectivity/surjectivity constraints to gb and gf behave the same way as
the four types of partiality in MAVO discussed in Sec. 2. Specifically, (1) con-
straining gb to be surjective forces the span 〈hb, hf 〉 to map every element of S
in M to at least one element in K. Thus, it is equivalent to the May partiality
where each element of S within M is annotated with e, and it is annotated
with m everywhere else in M . (2) Constraining gb to be injective forces the span
〈hb, hf 〉 to map every element of S in M to at most one element in K. Thus, it is
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(a) (b)

Fig. 4. Using injectivity and surjectivity constraints with subsets: (a) a commutative
diagram describing the general case; (b) an illustration

equivalent to the Abs partiality where each element of S within M is annotated
with p, and it is annotated with s everywhere else in M . (3) Constraining gf to
be injective forces the span 〈hb, hf 〉 to map every element of K to at most one
element in S. Thus, it is equivalent to the Var partiality where each element of
S within M is annotated with c, and it is annotated with v everywhere else in
M . (4) Constraining gf to be surjective forces the span 〈hb, hf 〉 to map every
element of K to at least one element in S. Thus, it is equivalent to the OW
partiality when S = M , and M is annotated with comp.

This final case seems to suggest why OW partiality is not applied at the
element level like the other MAVO annotations but it also shows how to gener-
alize it to apply at the element level. This constraint implies that all elements
in a concretization must map to some element of S - i.e., that S is complete.
While this captures the idea of complete/incomplete scope when applied to the
entire set M (i.e., when S = M), the meaning is less clear when applied to some
S ⊂ M . Thus we conclude, at least temporarily, that OW partiality only “makes
sense” at whole model level. We revisit this conclusion and discuss related future
work in Sec. 7.

Additional Generalizations. The discussion above justifies our description of
GMAVO as “generalized MAVO ”. However, two additional generalizations are
also possible. First, we note that Fig. 4(a) suggests two more general constraints:
RS = ∅ forces the span 〈hb, hf 〉 to map no elements of S in M to an element of
K, while RS = R forces the span 〈hb, hf 〉 to map no elements outside of S in
M to an element of K. Thus, these are both ways of forcing some elements of
M to always be absent in a concretization. Clearly, asserting RS = R for subset
S is equivalent to asserting that RS = ∅ for subset M \ S; thus, we only need
one of these two constraints. (As we will see in Sec. 5, these are not necessarily
equivalent when we generalize beyond sets and the constraint RS = R is the
more expressive one to use.)

Another evident generalization over MAVO is to consider multiple differ-
ent constrained subsets of M simultaneously. That is, we can identify subsets
S1, . . . , Sn, compute the span 〈gb, gf〉 for each, and constrain it using a combi-
nation of the five constraints discussed above. As a final generalization, we allow
boolean expressions of these constraints to be specified.

The resulting Generalized MAVO partial modeling language over sets, which
we call GMAVOSet, incorporates all of these features.
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Definition 3 (GMAVOSet). A GMAVOSet partial model P is a pair 〈M,Φ〉,
where M is a set, Φ = 〈Σ, φ〉, Σ is a set of subsets of M , φ is an expression
in propositional logic using atomic propositions of the form x(S), where x ∈
{E, P, C, Comp, A}, and S ∈ Σ. The semantics of P is given by 〈hb, hf 〉 ∈ [P ] iff
φ is true where ∀S ∈ Σ, when the span 〈gb, gf 〉 is induced as in Fig. 4(a), the
following conditions hold:

E(S) ⇐⇒ gb is surjective;
P(S) ⇐⇒ gb is injective;
C(S) ⇐⇒ gf is injective;
Comp(S) ⇐⇒ gf is surjective;
A(S) ⇐⇒ RS = R.

As an illustration, the example span in Fig. 4(b) satisfies the constraints
E(S), C(S) and Comp(S) because gb is surjective and gf is both injective and
surjective. Thus, it would be a concretization of 〈M, 〈{S}, C(S)∨ P(S)〉〉 but not a
concretization of 〈M, 〈{S}, E(S)∧ P(S)〉〉.

4 The Generalized Framework

In this section, we generalize GMAVOSet to arbitrary model types using Cate-
gory Theory.

The property of a function being injective/surjective is generalized to arbitrary
categories as the property of a morphism being a monomorphism/epimorphism.
Instead of subsets, we use subobjects S. Furthermore, the commutative dia-
gram in Fig. 4(a) can be interpreted in any category that has pullbacks along
monomorphisms: the span 〈gb, gf〉 is induced by taking the pullback along the
monomorphism α and morphism hb into M to produce the span 〈αS , gb〉 and
then computing gf as hf ◦ αS . We summarize this in the following definition.

Definition 4 (GMAVOC). Given a category C that has all pullbacks of
monomorphisms, a GMAVOC partial model P is a pair 〈M,Φ〉, where M is a C
object, Φ = 〈Σ, φ〉,Σ is a set of subobjects of M , φ is an expression in propositional
logic using atomic propositions of the form x(S), where x ∈ {E, P, C, Comp, A} and
S ∈ Σ. The semantics of P is given by 〈hb, hf 〉 ∈ [P ] iff φ is true, where ∀S ∈ Σ,
when the span 〈gb, gf 〉 is induced as in Fig. 4(a), the following conditions hold:

E(S) ⇐⇒ gb is an epimorphism;
P(S) ⇐⇒ gb is a monomorphism;
C(S) ⇐⇒ gf is a monomorphism;
Comp(S) ⇐⇒ gf is an epimorphism;
A(S) ⇐⇒ RS = R.

Thus, GMAVO can be applied to any modeling language whose correspond-
ing category has the property of having all pullbacks of monomorphisms. Fur-
thermore, the choice of category C is central to determining the nature of the
partiality that GMAVOC exhibits. For example, when we work in the category
Set, the five constraints are independent - i.e., for a given set S it is possible
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for any subset of the five constraints to hold. This is not true for all categories.
The ability for GMAVO to move beyond the syntactic limits of MAVO is also
due to the choice of category used. For example, if C is chosen to be a category
where the morphisms between models are purely structural, the partiality will be
syntactic. However, by choosing a category in which the morphism corresponds
to a semantic notion of refinement for the language (e.g., simulation for LTS’s),
we get partiality over language semantics. This is illustrated in the next section.

5 Application

In this section, we show how MAVO , MTSs and a third partial modeling lan-
guage called May models can be expressed as special cases of GMAVO . For each
partial modeling language, we define a translation to GMAVOC for an appro-
priate choice of C and then show that this translation produces semantically
equivalent partial models.

5.1 Deriving MAVO from GMAVO

Given a metamodel T for a modeling language, we can define the natural “syn-
tactic category” T for the modeling language where the objects are typed graphs
and the morphisms are typed graph homomorphisms. Further, let Twf be the
subcategory of T containing only well-formed typed graphs according the well-
formedness constraints of T . A typed graph homomorphism is a graph homo-
morphism that preserves atom types. For example, the syntactic category CD
for Class Diagrams has class diagrams as objects (i.e., typed graphs based on
metamodel in Fig. 2) and class diagram morphisms as morphisms. Thus, a class
diagram morphism maps Class nodes to Class nodes, super edges to super

edges, etc.
The category CD is suitable for GMAVO because it has all pullbacks – in

fact, every syntactic category T defined as above has all pullbacks since the
category of typed graphs has pullbacks [3]. However, we have a difficulty: we
need to restrict K in the GMAVO diagram of Fig. 4(a) to be an object of CDwf

since MAVO only allows concretizations that are well-formed class diagrams.
Furthermore, it is too restrictive to just use the category CDwf for the entire
diagram because MAVO allows base models (i.e., model M in the diagram) to
be not well-formed. For example, if we want to express that a class attribute is
maybe an Int or maybe a String, the resulting MAVO base model is not well
formed because the attribute has two types. For the current paper, we just use
CD and leave addressing the two-category situation within GMAVO for future
work.

We now define a translation ΥMAV O from MAVO models to GMAVO models:

Definition 5 (ΥMAV O). Given a metamodel T , let P be a MAVO model over
T and let M = bs(P ), i.e., M is the base model of P . Let SE, SP and SC be
the smallest submodels of M containing all e, p, and c-annotated elements of
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M , respectively. We define the model ΥMAV O(P ) to be GMAVOT model 〈M,Φ〉,
where Φ = 〈Σ, φ〉, Σ = {SE, SP, SC} and φ is an expression of form E(SE) ∧
P(SP)∧C(SC)∧x where x = true, if P has the inc annotation and x = Comp(M),
otherwise.

Proposition 1. Given a metamodel T , and MAVO T model P , the GMAVO
model ΥMAV O(P ), defined as in Def. 5, has the same set of concretizations as
P .

For the MAVO model P1 in Fig. 1, all atoms are found in at least one of SE,
SP or SC and some, such as class Vehicle, are in all three. We can interpret
the concretization relation depicted in Fig. 1 as a span 〈hb, hf 〉 of class diagram
homomorphisms – note that if an atom mapping is not shown, it is the identity
mapping. It is possible then to verify that when we restrict 〈hb, hf 〉 to each of
SE, SP and SC to get span 〈gb, gf 〉, gb is surjective for SE, injective for SP and gf
is injective for SC. Note that since P1 is inc-annotated, there is no requirement
for Comp(P1) to hold, and so hf does not need to be surjective (although, for the
concretization M1, it happens to be surjective).

Discussion.The encoding of MAVO within GMAVO directly shows why MAVO
is limited. First, it is only defined for the syntactic category of a modeling lan-
guage and so it can’t deal with semantic information. Second, it is limited to
constraints on three submodels rather than allowing constraints on arbitrary sub-
models. Finally, the form of the propositional formula restricts its expressiveness.
Thus GMAVO represents a natural evolution and generalization of MAVO .

It is important to note, however, that the restrictions on MAVO also make it
easier to use with model editing tools. For example, in order to constrain arbi-
trary submodels with GMAVO , a way of identifying these submodels is required
and this may lead to visually cluttered model. We discuss this further in Sec. 7.

5.2 Deriving May Models from GMAVO

A May model [4] is equivalent to a MAVO model restricted to only using m
annotations and with the addition of a propositional formula, called the May
formula, expressed over the m-annotated atoms. The May formula gives May
models an additional expressive power because it can exclude undesirable con-
cretizations. For example, the class diagram in Fig. 1 has m annotations on
the class Hovercraft and the three possible superclass relations it could have.
With MAVO semantics, the concretizations include the cases where Hovercraft

could have multiple superclasses; however, what if the system implementation
language chosen does not support multiple inheritance? If the example was ex-
pressed using a May model instead of MAVO , the restriction to single inheritance
could be expressed with the May formula φhover

May = (super(H, B)∧¬super(H, V)∧
¬super(H, C)) ∨ (¬super(H, B) ∧ super(H, V) ∧ ¬super(H, C)) ∨ (¬super(H, B) ∧
¬super(H, V) ∧ super(H, C)) where we used the abbreviations H, B, V, and C to
denote Hovercraft, Boat, Vehicle and Car, respectively.

We give the translation of May models to GMAVO as follows:
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Definition 6 (ΥMay). Let P be a May model over T , with φP being the May
formula of P and model M being the base model of P . Let S0 be the largest
submodel of M containing no m-annotated elements in P . For each m-annotated
atom a, let Sa be the smallest submodel of M containing a. We define the model
ΥMay(P ) to be GMAVOT model 〈M,Φ〉, where Φ = 〈Σ, φ〉 and
• Σ = {S0} ∪ {Sa|a is an m-annotated atom of M} and,
• φ = P(M)∧ C(M)∧ Comp(M)∧ E(S0)∧φm, where φm is obtained by replacing
each propositional variable a in φP with the formula (E(Sa) � A(M \ Sa)).

Here, M \ Sa is the complement of subgraph Sa in M .
As an illustration of the construction, consider the May model P1′ we get from

P1 in Fig. 1, if we ignore all annotations except m annotations and use φhover
May

(defined above) as the May formula. Let N1′ be the base model of P1′. Thus
for P1′ (and using the abbreviations from above), we have that S0 contains all
atoms except classes H and OtherVehicles and their super class relations. SH

contains only class H, Ssuper(H,V) contains relation super(H, V) and classes H and
V, etc. We then substitute (E(Ssuper(H,V))�A(N1′ \Ssuper(H,V))) for each occurrence
of super(H, V) in φhover

May , etc.
The following proposition shows the correctness of ΥMay .

Proposition 2. Given a May model P over metamodel T , the GMAVO model
ΥMay(P ) obtained via Def. 6, has the same set of concretizations as P .

5.3 Deriving the MTS Formalism from GMAVO

In this section, we show that the MTS partial modeling formalism [9] that has
been proposed for expressing uncertainty within LTSs is an instance of GMAVO .
In contrast to the cases of MAVO and May models, the category we use is not
syntactic. We begin with basic definitions.

Definition 7 (Labelled Transition System). [8] An LTS over action al-
phabet A is a tuple 〈S,Δ, s0〉, where S is the set of states, Δ ⊆ S × A × S
is the transition relation and s0 ∈ S is the initial state. We write s →a s′ when
〈s, a, s′〉 ∈ Δ.

An LTS is represented by a directed graph with edges labelled with actions
representing transitions. The standard approach to defining an MTS is to identify
a subset of the transition relation that represents required transitions.

Definition 8 (Modal Transition System). [9] An MTSM is a tuple 〈S, Γ,Δ,
s0〉, where 〈S,Δ, s0〉 is an LTS andΓ ⊆ Δ.We refer toΔ as the set of possible tran-
sitions and Γ as the set of required transitions. We refer to the LTSs 〈S,Δ, s0〉 and
〈S, Γ, s0〉 as the underlying possible and requiredLTSs ofM , respectively. Wewrite
s →a s′ when 〈s, a, s′〉 ∈ Γ , and s ���a s′ when 〈s, a, s′〉 ∈ Δ.

Like an LTS, an MTS represents behaviours but it allows some transitions to
be uncertain. Specifically, if a transition is possible but not required, then it is
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L2

M:MTS

L1

0 1 2

0 1 2

3

0 1 2

:LTS

0 1 2

: LTS

0 1 2

Fig. 5. An example MTS and two of its implementations

considered to be “maybe”. Thus, the behaviours of the underlying possible and
required LTSs are the possible and the required behaviors, respectively.

We can also view an MTS as the set of LTSs that “implement” it, i.e., as a
partial LTS. Intuitively, an implementation of an MTS is an LTS that includes
all required behaviours and excludes behaviours that are not possible. This can
be expressed formally in terms of the simulation relation [11].

Definition 9 (Implementation). [9] Given an MTS M = 〈S, Γ,Δ, s0〉 where
Lp and Lr are the underlying possible and required LTSs of M , respectively, an
LTS L = 〈S′, Δ′, s′0〉, a relation R ⊆ S×S′ and its opposite Rop ⊆ S′×S defined
as Rop = {〈s′, s〉|〈s, s′〉 ∈ R}, we say that L is an implementation of M iff the
following conditions hold: (1) Lp simulates L via R and (2) L simulates Lr via
Rop.

Fig. 5 shows an example MTS and two LTSs, L1 and L2, that are its im-
plementations. The underlying possible (Lp) and required (Lr) LTSs are also
shown.

L3: LTS

M3: MAVO(LTS)M2:MAVO(LTS)

0 1 2
(M)

(M)
0 1 2

(MS)

(MS)(S)
(S) (S)

(S)

0 1 2

3

(S)

mono
epi

epi

(a) (b)

Fig. 6. (a) Two attempts at expressing an MTS as a MAVO model; (b) GMAVO
encoding of an MTS expressed as a diagram in category LTS(A)

We now express MTSs as a GMAVO model. First note that the application
of MAVO (i.e., over the syntactic category of LTSs), does not work for express-
ing MTSs. Fig. 6(a) illustrates the problem. The MAVO LTS model M2 on the
left of the figure has implementation L1 from Fig. 5 as one of its concretiza-
tions but not implementation L2. Thus, M2 under-approximates M. On the other
hand, the MAVO model M3 in Fig. 6(a) has both implementations as its con-
cretizations but it also has L3 which is not an implementation of M. Thus, M3 over-
approximates M. Clearly, no combination of MAVO annotations will eliminate L3
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while preserving L2. Thus, there is no MAVO LTS that can exactly capture the
set of implementations of M as concretizations.

The reason for the failure of MAVO is that the concept of MTS implemen-
tation is a semantic notion relying on the simulation relation whereas MAVO
uses the syntactic category of LTSs with homomorphism as the morphism. Since
GMAVO is applicable to any category, we address this problem by switching to
a category of LTSs in which the morphism is based on the simulation relation.
We define simulation morphisms as follows:

Definition 10 (Simulation Morphism). Given LTSs L = 〈S,Δ, s0〉 and
L′ = 〈S′, Δ′, s′0〉, a simulation morphism f : L′ → L is a pair of relations
〈R ⊆ S′ × S,RΔ ⊆ Δ′ ×Δ〉, where L simulates L′ via Rop and Rop

Δ contains all
pairs of transitions 〈s →a t, s′ →a t′〉 that witness the simulation.

Thus, a simulation morphism is a simulation relation between states aug-
mented with the corresponding relation between the transitions that define the
simulation. Based on this morphism, we define the required category.

Definition 11 (LTS(A)). Let LTS(A) be the category with LTSs over action
set A as objects and simulation morphisms as the morphisms.

Note that LTS(A) has pullbacks along monomorphisms. Various categories
have been used in other work on LTSs [20]. We define a translation ΥMTS from
MTS models to GMAVO models:

Definition 12 (ΥMTS). Given MTS M = 〈S, Γ,Δ, s0〉 where Lp and Lr are the
underlying possible and required LTSs of M , respectively. We define the model
ΥMTS(M) to be the GMAVOLTS(A) model 〈Lp, Φ〉, where Φ = 〈Σ, φ〉, Σ =
{Lp, Lr} and φ = {E(Lr) ∧ C(Lp) ∧ Comp(Lp)}.
The constraints defined in the above definition are shown diagrammatically in
Fig 6(b). The next proposition shows the correctness of ΥMTS .

Proposition 3. Given MTS M , the set of implementations of M is the same
as the set of concretizations of GMAVO model ΥMTS(M).

Discussion. Standard extensions of the MTS formalism are also possible to
express using GMAVO . For example, a Disjunctive MTS (DMTS) [10] extends
the MTS formalism by generalizing a required transition into a set of alternative
transitions from a common state, exactly one of which must be used in an imple-
mentation. We can express this kind of constraint by using a separate submodel
for each alternative transition and expressing the corresponding propositional
formula over the existence of these transitions. This kind of fine-grained control
was illustrated with the GMAVO encoding for May models.

Additionally, the GMAVO encoding creates the possibility of giving sound
semantics to other kinds of extensions to the MTS formalism. For example,
MTSs only allow transitions to be annotated as “maybe” but GMAVO can allow
this uncertainty for states too. This is accomplished by removing these states
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from Lr. Another possibility is to allow for “variable” states and transitions by
replacing the constraint C(Lp) with C(Lc) for some submodel Lc of Lp. Whether
these kinds of extensions are of practical use for MTS applications is outside the
scope of this paper and is left for future work.

6 Related Work
In this section, we discuss work related to partial modeling.

Modeling with Uncertainty. Uncertainty in software systems has been stud-
ied from the perspective of the inherent uncertainty in the environment. For
example, research in self-adaptive systems (e.g., [14]) regards uncertainty in the
context of changing environmental parameters. In contrast, we are examining
the epistemic uncertainty of the modeler herself regarding the information in
the model. This kind of uncertainty is reducible rather than being fixed, and
possibilistic (i.e., producing sets of alternatives) rather than being probabilistic.
Techniques for managing epistemic and reducible uncertainty have been stud-
ied in the past (e.g., [7]); however, the aim of these approaches is typically to
understand and mitigate its consequences or to manage its associated risks. On
the other hand, we aim to support the expression of uncertainty and reasoning
about it.

Modeling Sets of Models. Partial models are a formalism for encoding a
set of models into a single modeling artifact. Other formalisms that use the
same abstraction pattern to capture sets of related and/or similar models in-
clude metamodels (e.g., [12]) and software product lines [13]. Although such
formalisms implement the same abstraction pattern and may have similar ex-
pressive powers, they have a different intent. Metamodels are used to charac-
terize a modeling language while product lines define a set of desired product
variants. Unlike metamodels, the focus of partial models is to express what is
still unknown. Unlike product lines, only one of the possibilities a partial model
expresses is desirable while the others are eliminated as uncertainty is resolved.
Partial models are inherently transient in the development process – the objec-
tive is to make them “go away” by resolving the uncertainty. On the other hand,
metamodels and product lines are both long-lived artifacts that are carefully
engineered and used many times.

7 Conclusion

Partial modeling provides a means for addressing uncertainty in software engi-
neering. Although several partial modeling languages have been proposed and
studied, there has been no unifying treatment of these languages. In this paper,
we have addressed this gap by proposing a general formal framework for partial
modeling languages using Category Theory, called GMAVO . We showed how ex-
isting partial modeling languages can be instantiated within GMAVO and how
this can suggest sound ways to increase their expressiveness.
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As part of future work, we intend to examine several issues. First, our analysis
of OW partiality suggested that it is pragmatically useful only when applied to
the entire model. Another intuitively meaningful interpretation of a complete
submodel is “this submodel should be the same in all concretizations”. We are
exploring refinements of GMAVO that capture this interpretation. Second, the
fact that syntactic partiality on MAVO and May models requires us to work with
two categories needs further study on how best to incorporate this situation
within GMAVO . Third, although GMAVO provides greater expressive power
than MAVO , the usability implications must be considered. Some early work has
already been done in the context of alternative notations for MAVO [5]. Finally,
since GMAVO can be defined over an arbitrary category, we are exploring the
meaning of partiality for other semantic categories of models or even entities
other than models.
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