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Abstract. The propositional modal logic is obtained by adding the ne-
cessity operator � to the propositional logic. Each formula in the propo-
sitional logic is equivalent to a formula in the disjunctive normal form.
In order to obtain the correspondence between the propositional modal
logic and the propositional logic, we add the axiom �ϕ ↔ ♦ϕ to K and
get a new system K+. Each formula in such a logic is equivalent to a for-
mula in the disjunctive normal form, where �k(k ≥ 0) only occurs before
an atomic formula p, and ¬ only occurs before a pseudo-atomic formula
of form �kp. Maximally consistent sets of K+ have a property holding in
the propositional logic: a set of pseudo-atom-complete formulas uniquely
determines a maximally consistent set. When a pseudo-atomic formula
�kpi(k, i ≥ 0) is corresponding to a propositional variable qki, each for-
mula in K+ then can be corresponding to a formula in the propositional
logic P+. We can also get the correspondence of models between K+

and P+. Then we get correspondences of theorems and valid formulas
between them. So, the soundness theorem and the completeness theorem
of K+ follow directly from those of P+.

Keywords: propositional modal logic, propositional logic, disjunctive
normal form, pseudo-atomic formula, pseudo-atom-complete, complete-
ness.

1 Introduction

Van Benthem gave the standard translation[1, 2] from the propositional modal
logic into the first-order logic. The necessity operator � corresponds to the uni-
versial quantifier ∀ via the standard translation and every modal formula corre-
sponds to a first-order formula. Benthem discussed connections between modal
axioms and first-order properties of the accessibility relation among worlds in
the paper[3]. For example, the formula �p → p is valid on all reflexive frames. In
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order to solve the classical problems arising from the interplay between propo-
sitional attitudes, quantifiers and the notion of identity, Aloni proposed the
conceptual covers semantics of the first-order modal logic[4, 5].

There are a number of systems of propositional modal logic, like K, D, T, S5,
Triv and Ver. Trivially, K is a subsystem of all the others, and every normal
modal system1 is contained either in Triv or in Ver. We also have that every
consistent system which contains D is contained in Triv[7]. Each formula in S5
can be equivalent to a formula in the modal conjunctive normal form[7], and
each conjunct is the disjunction of ϕ or �ϕ or ♦ϕ, where ϕ is a formula of
the propositional logic. This makes the proof of the completeness of S5 much
easier and provides an effective procedure for determining whether or not a
formula is a theorem of S5 and S5-valid[7]. Similarly, Triv can collapse into
the propositional logic and Ver provides a different form of collapsing into the
propositional logic[7].

In the propositional logic, any formula is equivalent to a formula in the dis-
junctive normal form and each disjunct is the conjunction of atomic formula or
its negation[8]. If there is a modal system S such that each formula can also
be equivalent to a formula in the disjunctive normal form, then we can easily
get a correspendence between S and the propositional logic. In K necessity can
only be distributed over conjunction and possibility can only be distributed over
disjunction. In order to distribute necessity over disjunction, we add the axiom
�ϕ ↔ ♦ϕ to K and construct a new normal modal system K+.

In K+ necessity can be distributed over conjunction and disjunction. And it
is easy to prove that the formula �¬ϕ ↔ ¬�ϕ is a theorem of K+. Therefore
the system K+ has a remarkable property that any formula can be equivalent to
a formula in the disjunctive normal form and each disjunct is the conjunction of
pseudo-atomic formulas �kp(k ≥ 0) or the negation of a pseudo-atomic formula.
Then discussions of logical properties of K+ reduce to discussions of logical
properties of the propositional logic.

We have the concept of atom-completeness in the propositional logic, and in
K+ we correspondingly give the definition of pseudo-atom-completeness. In K+

for any pseudo-atom-complete set A of formulas, if we delete one � from each ϕ
in A then the new set �−A is also pseudo-atom-complete. Each atom-complete
set of formulas in the propositional logic determines a maximally consistent set
in a unique way. Similarly, each pseudo-atom-complete set of formulas in K+

uniquely determines a maximally consistent set. So the accessibility relation in
the canonical model[7] of K+ can be simply given by eliminating one � from
each pseudo-atomic formula in a possible world.

Assume that P+ = {qki : k, i ≥ 0} is a language of the propositional logic.
When a pseudo-atomic formula �kpi(k, i ≥ 0) is corresponding to a propositional
variable qki, each formula in K+ then can be corresponding to a formula in P+.
Then we can prove that any theorem of K+ can be corresponding to a theorem of
P+, and vice versa. The semantics of K+ is the possible world semantics, which

1 A normal modal system is a consistent extension of the system K which retains the
rules MP and N. And the definition can be found in [6, 7].
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is a set of models of P+. For any model M of K+ and any possible world w in M
we can construct an assignement vw of P+ such that for any formula ϕ of K+,
M,w |= ϕ if and only if vw |= ϕ′, where ϕ′ is the corresponding formula of ϕ.
Then we can prove that any valid formula of K+ can be corresponding to a valid
formula of P+, and vice versa. So, the soundness theorem and the completeness
theorem of K+ follow directly from those of P+.

This paper is organized as follows: the next section gives the basic definition
of the propositional modal logic K; the third section defines the propositional
modal logic K+ and gives the disjunctive normal form of formulas in K+; the
fourth section defines pseudo-atom-complete, and proves that each maximally
consistent set of formulas is uniquely generated by a pseudo-atom-complete set
of formulas; the fifth section gives correspondences between K+ and the propo-
sitional logic P+, and get the soundness and completeness of K+; and the last
section concludes the whole paper.

2 The Propositional Modal Logic K

This section gives the basic definitions of the propositional modal logic K, in-
cluding the language, the syntax and the semantics, where the syntax gives the
definitions of formulas, axioms and inference rules; and the semantics defines the
models, satisfaction and validity. K is sound and complete, and proofs can be
found in [7, 9].

Let the logical language L of the propositional modal logic contain the fol-
lowing symbols:

• propositional variables: p0, p1, ...;
• logical connectives: ¬,→;
• the necessary modality: �;
• auxiliary symbols: (, ).
A formula of the propositional modal logic is defined as follows2:

ϕ ::= p|¬ϕ1|ϕ1 → ϕ2|�ϕ1.

The possible modality ♦ and the necessary modality � are dual. For any
formula ϕ,

♦ϕ =df ¬�¬ϕ.
Definition 1. A frame F of the propositional modal logic is an ordered pair
〈W,R〉, where W is a non-empty set of possible worlds, and R ⊆ W 2 is a dyadic
relation defined over the members of W .

For any possible worlds w,w′ ∈ W , (w,w′) ∈ R is usually denoted by wRw′.
Frames can be classified by the relation R, and details of the classification can
be found in [7, 9].

Definition 2. A model M is an ordered triple 〈W,R, I〉, where 〈W,R〉 is a frame;
and I is an interpretation such that for any propositional variable p, I(p) ⊆ W.

2 The logical connectives ∧,∨ and ↔ can be defined by ¬ and →. For example, ϕ ∧
ψ =df ¬(ϕ → ¬ψ), where=df is read as “be defined as”.
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A model 〈W,R, I〉 is said to be based on the frame 〈W,R〉.
A model we define here is called a standard model, which is different from

a Kripke model [10]. You can see the difference between them in [6] and any
standard model can be transformed into a Kripke model[6].

Definition 3. Given a model M , for any possible world w,

M,w |= ϕ if and only if

⎧
⎪⎪⎨

⎪⎪⎩

w ∈ I(p) if ϕ = p,
M,w 
|= ϕ1 if ϕ = ¬ϕ1,
M,w |= ϕ1 ⇒ M,w |= ϕ2 if ϕ = ϕ1 → ϕ2,
Aw′((w,w′) ∈ R ⇒ M,w′ |= ϕ1) if ϕ = �ϕ1,

where Aw′ means “for any possible world w′”. We will give definitions of validity
of formulas in a model, a frame and a class of frames.

Definition 4. A formula ϕ is valid in a model M, denoted by M |= ϕ, if ϕ is
true at every world in M . A formula ϕ is valid on a frame F, denoted by F |= ϕ,
if ϕ is valid in every model based on F . Given a class of frames C, a formula ϕ
is valid with respect to C, if ϕ is valid on every frame in C.

Given a set Γ of formulas and a formula ϕ, and C is a class of frames, ϕ is a
logical consequence of Γ in C, denoted by

Γ |=C ϕ,

if for any frame F ∈ C and model M based on F , M |= Γ implies M |= ϕ. In
this section we mainly talk about the system K, which is characterized by all
frames. So we will use Γ |= ϕ to denote Γ |=C ϕ.

In the following we will give the axiom system of the propositional modal logic
K.

Axioms:

ϕ1 → (ϕ2 → ϕ1),
(ϕ1 → (ϕ2 → ϕ3)) → ((ϕ1 → ϕ2) → (ϕ1 → ϕ3)),
(ϕ1 → ϕ2) → (¬ϕ2 → ¬ϕ1),
�(ϕ1 → ϕ2) → (�ϕ1 → �ϕ2).
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Inference rules:

(MP)
ϕ1, ϕ1 → ϕ2

ϕ2
,

(N)
ϕ1

�ϕ1
.

The last axiom is called the axiom K. The system we given above is called
the system K of the propositional modal logic. It is sound and complete. We will
only give the soundness theorem and the completeness theorem here, and the
details of their proofs can be found in [7] and [9].

Theorem 1. (Soundness theorem of K) For any formula ϕ, if � ϕ then |= ϕ.

Theorem 2. (Completeness theorem of K) For any formula ϕ, if |= ϕ then � ϕ.

3 The New System K+ and the Disjunctive Normal Form

Let K+ be the propositional modal system obtained by adding to K the following
axiom:

K+ �ϕ ↔ ♦ϕ.
Then the necessary modality � is equivalent to the possible modality ♦. In K
we have the theorems about the distributivity of � over ∧ and the distributivity
of ♦ over ∨[7]. So in K+ we can easily get the following theorems about the
distributivity of � over ∧ and ∨.
Proposition 1.

(i) � �(ϕ ∧ ψ) ↔ (�ϕ ∧�ψ);
(ii) � �(ϕ ∨ ψ) ↔ (�ϕ ∨�ψ).

�
Each formula in the propositional logic is equivalent to a formula in the dis-

junctive normal form[8]. Similarly, each formula in the system K+ can also be
equivalent to a formula in the disjunctive normal form, where �i(i ≥ 0) only
occurs before an atomic formula, and ¬ only occurs before a pseudo-atomic for-
mula of form �ip, where p is an atomic formula. In the following we will first give
the definitions of pseudo-atomic formula and the disjunctive normal form, and
then prove that each formula in K+ is equivalent to a formula in the disjunctive
normal form.

Definition 5. A formula ϕ is pseudo-atomic if ϕ = �kp, where k ≥ 0 and p is
a propositional variable.

Definition 6. A formula ϕ is in the disjunctive normal form if

ϕ = ϕ1 ∨ ϕ2 ∨ · · · ∨ ϕn,

where for each 1 ≤ i ≤ n,

ϕi = ψi1 ∧ · · · ∧ ψimi ,
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where for each 1 ≤ j ≤ mi,

ψij =∼lij �kijpij ,

where �kij =

kij-many �s
︷ ︸︸ ︷
� · · ·� ;

∼lij=

{¬ if lij = 1,
λ if lij = 0,

and pij is a propositional variable, where λ is the empty string.
Similarly, we can define the conjunctive normal form. In this paper we will

use the disjunctive normal form only. For simplicity, we call it the normal form.
Since the propositional modal logic is obtained by adding � to the propositional
logic, and � can be distributed over ∧ and ∨ in K+, we can get the conclusion
that for any formula ψ of K+, we have a formula ϕ in the normal form which is
equivalent to ψ.

Proposition 2. For any formula ψ, there is a formula ϕ in the normal form
such that

� ψ ↔ ϕ.

Proof. By induction on the construction of the formula ψ. �

4 Pseudo-Atom-Complete Set of Formulas

In this section we give the definition of pseudo-atom-complete. In the propo-
sitional logic an atom-complete set determines a maximally consistent set in a
unique way. Similarly, in K+ a pseudo-atom-complete set determines a maxi-
mally consistent set in a unique way. In K+ for any pseudo-atom-complete set
A of formulas, if we delete one � from each ϕ in A then the new set �−A is also
pseudo-atom-complete. And the accessibility relation in the canonical model of
K+ can be simply given by eliminating one � from each pseudo-atomic formula
in a possible world.

Let A be a maximally consistent set of formulas in the propositional logic.
For any propositional variable p, exactly one member of {p,¬p} is in A.

Definition 7. A set A of atomic formulas or the negation of atomic formulas is
atom-complete if for any atomic formula p, exactly one member of {p,¬p} is in
A.

Proposition 3. An atom-complete set A determines a maximally consistent set
in a unique way.

Let B be a maximally consistent set of formulas of K+. For any pseudo-atomic
formula �kp, exactly one member of {�kp,¬�kp} is in B.

Definition 8. A set A of pseudo-atomic formulas or the negation of pseudo-
atomic formulas is pseudo-atom-complete if for any pseudo-atomic formula �kp,
exactly one member of {�kp,¬�kp} is in A.
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For any maximally consistent set B of formulas, let

σ(B) = {∼l �kp :∼l �kp ∈ B}.
Then, σ(B) is pseudo-atom-complete.

Proposition 4. For any pseudo-atom-complete set B of formulas, there is a
unique maximally consistent set C of formulas such that

σ(C) = B.

Proof. It is easy to see that B is consistent. So by the theorem of Lindenbaum
we can extend B to a maximally consistent set C of formulas and it satisfies the
condition that σ(C) = B. Then we can prove that C is unique by contraposition.
�
Theorem 3. For any pseudo-atom-complete set A,�−A = {∼l �n−1p :∼l

�np ∈ A and n ≥ 1} is pseudo-atom-complete.

Proof. By the definition of pseudo-atom-complete. �
For any set B of formulas, let

�−(B) = {ϕ : �ϕ ∈ B}.
Let W be the set of all maximally consistent sets, and R� be the binary

relation on W. For any possible worlds w,w′ ∈ W, (w,w′) ∈ R� if and only if
�−(w) ⊆ w′.

Corollary 1. Given a pseudo-atom-complete set A, let τ(A) be the unique
maximally consistent set such that σ(τ(A)) = A. Then,

{τ(A), τ(�−A), ..., τ(�−nA), ...}
is a set of possible worlds such that

(i) (τ(A), τ(�−A)) ∈ R�, and
(ii) for any n ≥ 1, (τ(�−n+1A), τ(�−nA)) ∈ R�.
Proof. We can prove (i) by contraposition. From the theorem 3 and the propo-

sition 4 we can also prove (ii) with the same method of (i). �

5 Correspondences between K+ and the Propositional
Logic

In this section we build correspondences between K+ and the propositional logic
P+. When a pseudo-atomic formula �kpi(k, i ≥ 0) is corresponding to a propo-
sitional variable qki, each formula in K+ then can be corresponding to a formula
in the propositional logic P+. We also get the correspondence of models between
K+ and P+. Then we get correspondences of theorems and valid formulas be-
tween them. So, the soundness theorem and the completeness theorem of K+

follow directly from those of P+.
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Suppose that P+ = {qki : k, i ≥ 0} is a language of the propositional logic.
In order to give the correspondence between K+ and P+, we firstly redefine a
formula ϕ in the normal form of K+.

θ ::= �kpi|¬�kpi;
ψ ::= θ|ψ1 ∧ ψ2;
ϕ ::= ψ|ϕ1 ∨ ϕ2.

where k, i ≥ 0 and pi is a propositional variable of K+.
Then we define a mapping σ of formulas from K+ to P+. And σ is defined as

follows:

σ(θ) =

{
qki if θ = �kpi
¬qki if θ = ¬�kpi

σ(ψ) =

{
σ(θ) if ψ = θ
σ(ψ1) ∧ σ(ψ2) if ψ = ψ1 ∧ ψ2

σ(ϕ) =

{
σ(ψ) if ϕ = ψ
σ(ϕ1) ∨ σ(ϕ2) if ϕ = ϕ1 ∨ ϕ2

It is easy to see that each formula ϕ in the normal form in K+ can be corre-
sponding to a formula σ(ϕ) in the normal form in P+. Since each formula ϕ in
K+ can be equivalent to a formula in the normal form in K+, each formula ϕ in
K+ can be corresponding to a formula in the normal form in P+. For simplicity,
we will only consider formulas in the normal form in K+ and formulas in the
normal form in P+. Then it is easy to prove that σ is a bijective function. And
we can also get that for any formula ϕ of K+, σ(¬ϕ) = ¬σ(ϕ).

By induction on the number of formulas in the sequence forming the deduc-
tion of ϕ from K+, we can get that if ϕ is a theorem of K+ then σ(ϕ) is a
theorem of P+. For example, if ϕ is a theorem of K+ and we get it by an ap-
plication of the N rule from the theorem ϕ1(p0, p1, ..., pn), then σ(ϕ) is also a
theorem of the propositional logic. Since we can distribute � over ∧ and ∨, we get
that ϕ = ϕ1(�p0,�p1, ...,�pn). By induction hypothesis we know that σ(ϕ1) =
ϕ′
1(qk00, qk11, ..., qknn)(0 ≤ i ≤ n, ki ≥ 0) is a theorem of P+, when we use q(ki+1)i

to substitute for qkii we get a formula ϕ′
1(q(k0+1)0, q(k1+1)1, ..., q(kn+1)n)(0 ≤ i ≤

n, ki ≥ 0) of P+, which is σ(ϕ) and also a theorem of P+. We know that each
axiom of the propositional logic is an axiom of K+, by using the rule MP each
theorem of P+ we get is also a theorem of K+. So we get the following proposi-
tion.
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Proposition 5. For any formula ϕ of K+, ϕ is a theorem of K+ if and only if
σ(ϕ) is a theorem of P+. �

Suppose that A is a set of formulas in K+, and A′ = {σ(ϕ) : ϕ ∈ A} is a set
of formulas of P+. Then we have the following propositions.

Proposition 6. A is consistent if and only if A′ is consistent. �
Proposition 7. A is maximally consistent if and only if A′ is maximally con-
sistent. �

For any model M = 〈W,R, I〉 of K+ and any possible world w ∈ W , there is
an assignment vw of P+ such that for any pseudo-atomic formula �kpi,

M,w |= �kpi if and only if vw |= qki.

Then we have the following proposition.

Proposition 8. For any formula ϕ of K+, M,w |= ϕ if and only if vw |= σ(ϕ).
Proof. Suppose that ϕ is in the normal form, and

ϕ = ϕ1 ∨ · · · ∨ ϕn

= (ψ11 ∧ · · · ∧ ψ1m1) ∨ · · · ∨ (ψn1 ∧ · · · ∧ ψnmn),

where ψij =∼lij �kijpij , 1 ≤ i ≤ n, 1 ≤ j ≤ mi and kij ≥ 0. Then

σ(ϕ) = σ(ϕ1) ∨ · · · ∨ σ(ϕn)
= (σ(ψ11) ∧ · · · ∧ σ(ψ1m1)) ∨ · · · ∨ (σ(ψn1) ∧ · · · ∧ σ(ψnmn)).

Obviously, M,w |= ψij if and only if vw |= σ(ψij).
vw |= σ(ϕ) if and only if there is an i such that vw |= σ(ϕi); if and only if

there is an i and for any j, vw |= σ(ψij); if and only if there is an i and for any
j, M,w |= ψij ; if and only if there is an i such that M,w |= ϕi; if and only if
M,w |= ϕ. �

For any assignment v of P+ we can construct a model of K+.
Let W = {v0, v1, v2, ...} be a set of assignments such that for any propositional

variable pi(i ≥ 0) of K+,

v0(pi) = 1 if and only if v(q0i) = 1;
v1(pi) = 1 if and only if v(q1i) = 1;
· · ·
vk(pi) = 1 if and only if v(qki) = 1;
· · ·

Let M = 〈W,R, I〉, where R = {(vn, vn+1) : n ≥ 0}; for any propositional
variable pi(i ≥ 0) and any k ≥ 0, vk ∈ I(pi) if and only if vk(pi) = 1. Then we
have the following proposition.

Proposition 9. For any formula ϕ of K+, M, v0 |= ϕ if and only if
v |= σ(ϕ). �

It is easy to get the following proposition.

Proposition 10. For any formula ϕ of K+, |= ϕ if and only if |= σ(ϕ).

Proof. The proof is by contraposition. �
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Let C be the class of frames in which each world can only see one world, itself
or another. We should prove that K+ is sound and complete with respect to C.
And theorems of K+ are also theorems of P+, and vice versa; valid formulas
of K+ are also valid formulas of P+, and vice versa. So we can easily get the
following theorems from the soundness and completeness of P+.

Theorem 4.(Soundness of K+) For any formula ϕ of K+, if � ϕ then |=C ϕ.

Theorem 5.(Completeness of K+) For any formula ϕ of K+, if |=C ϕ then � ϕ.

6 Conclusions

In this paper we construct a new propositional modal system K+, in which
maximally consistent sets have a property holding in the propositional logic:
a maximally consistent set is uniquely determined by a set of pseudo-atom-
complete formulas. Each formula in such a logic is equivalent to a formula in the
disjunctive normal form, where each disjunct is the conjunction of pseudo-atomic
formula or the negation of pseudo-atomic formula. The accessibility relation in
the canonical model of K+ can be simply given by eliminating one � from
each pseudo-atomic formula or its negation in a possible world. We also build
correspondences of formulas, theorems and valid formulas between K+ and the
propositional logic P+. So, the soundness theorem and the completeness theorem
of K+ follow directly from those of P+.
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