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Abstract. We propose a family of attributed graph kernels based on mutual in-
formation measures, i.e., the Jensen-Tsallis (JT) q-differences (for q ∈ [1, 2])
between probability distributions over the graphs. To this end, we first assign a
probability to each vertex of the graph through a continuous-time quantum walk
(CTQW). We then adopt the tree-index approach [1] to strengthen the original
vertex labels, and we show how the CTQW can induce a probability distribution
over these strengthened labels. We show that our JT kernel (for q = 1) over-
comes the shortcoming of discarding non-isomorphic substructures arising in the
R-convolution kernels. Moreover, we prove that the proposed JT kernels gener-
alize the Jensen-Shannon graph kernel [2] (for q = 1) and the classical subtree
kernel [3] (for q = 2), respectively. Experimental evaluations demonstrate the
effectiveness and efficiency of the JT kernels.

Keywords: Graph kernels, tree-index method, continuous-time quantum walk,
Jensen-Tsallis q-differences.

1 Introduction

There has recently been an increasing interest in evolving graph kernels into kernel
machines (e.g., a Support Vector Machine) for graph classification [4, 5]. A graph ker-
nel is usually defined in terms of a similarity measure between graphs. Most of the
recently introduced graph kernels are in fact instances of the generic R-convolution
kernel proposed by Haussler [6]. For a pair of graphsG1(V1, E1) andG2(V2, E2), sup-
pose {S1;1, . . . ,S1;n1 , . . . ,S1;N1} and {S2;1, . . . ,S2;n2 , . . . ,Sq;N2} are the sets of the
substructures of G1 and G2 respectively. An R-convolution kernel kR between G1 and
G2 can be defined as

kR(G1, G2) =

N1∑

n1=1

N2∑

y=1

δ(S1;n1 ,S2;n2), (1)
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(a) Graph G1 (b) Graph G2 (c) Graph G3

Fig. 1. Example Graphs

where we have that

δ(S1;n1 ,S2;n2) =

{
1 if S1;n1 � S2;n2 ,
0 otherwise,

(2)

δ is the Dirac kernel, i.e., it is 1 if the arguments are equal and 0 otherwise, and S1;n1 �
S2;n2 indicates that S1;n1 is isomorphic to S2;n2 . kR is a positive definite kernel.

The existing R-convolution graph kernels can be categorized into three classes,
namely the graph kernels based on comparing all pairs of a) walks (e.g., the random
walk kernel [7]), b) paths (e.g., the shortest path kernel [8]), and c) restricted subgraph
or subtree structures (e.g., the subtree or subgraph kernel [9–11]). Unfortunately, there
are two main problems arising in the R-convolution kernels. First, Eq.(1) indicates that
the R-convolution kernels only enumerate the pairs of isomorphic substructures. As a
result, the substructures which are not isomorphic are discarded. For instance, for the
three graphs shown in Fig.1 (a), (b) and (c), the pair of graphs G1 and G3 and the pair
of graphsG2 andG3 both share three same pairs of isomorphic substructures (i.e., pair-
wise vertices connected by an edge). The R-convolution kernels only count the number
of pairs of isomorphic substructures. As a result, the kernel value for G1 and G3 is
the same as that for G2 and G3, though the graphs G1 and G2 are structurally differ-
ent. Second, Eq.(2) indicates that the R-convolution kernels simply record whether two
substructures are isomorphic. As a result, the kernels do not reflect any other potential
information between these substructures. These drawbacks clearly limit the accuracy of
the similarity measure (i.e., the kernel value) between a pair of graphs.

Recently, Bai and Hancock [2] have developed an alternative kernel, namely the
Jensen-Shannon (JS) graph kernel, by measuring the Jensen-Shannon divergence (JSD)
for a pair of graphs. The JSD is a dissimilarity measure between probability distribu-
tions in terms of the nonextensive entropy difference associated with them. The JSD
between a pair of graphs is defined in terms of the difference between the entropy of a
composite graph and the entropies of the individual graphs. Unlike the R-convolution
kernels, the entropy associated with a probability distribution of an individual graph
can be computed without decomposing the graph. As a result, the computation of the
JS graph kernel avoids the burdensome computation of comparing all the substructure
pairs. Unfortunately, the JS graph kernel only captures the global similarity between a
pair of graphs, and thus lacks information on the interior topology of the graphs. More-
over, the required composite entropy is computed from a composite structure which
does not reflect the correspondence information between the original graphs. Finally,
this kernel is restricted to non-attributed graphs. As a summary of the existing kernels
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(i.e., the R-convolution and JS graph kernels), it is fair to say that developing efficient
and effective graph kernels still remains an open challenge.

To overcome the shortcomings of existing graph kernels, we aim to propose novel
kernels for attributed graphs where we make use of the JT q-differences. In information
theory, the JT q-difference [12] is a nonextensive measure between probability distri-
butions over structure data. Moreover, the JT q-differences generalize the Hadamard-
Schur (element wise) product (for q = 0), the classical Jensen-Shannon divergence
(JSD) (for q = 1), and the inner product (for q = 2). To compute the JT q-differences
between attributed graphs, we commence by performing a CTQW on each graph to
assign each vertex a time-averaged probability. The reasons for using the CTQW are
twofold (see details in Sec. 2.2). First, the CTQW reduces the tottering effect arising
in classical random walks [13]. Second, the CTQW offers us a richer structure than the
classical random walk. We then apply the tree-index (TI) method [1] on each graph
to strengthen the vertex labels. At each iteration h, we compute the probability of a
strengthened label by summing the probabilities of the vertices having the same label,
and then obtain a probability distribution for each graph. With the probability distri-
butions for a pair of attributed graphs to hand, the JT kernels between the graphs are
computed in terms of the JT q-differences. As a result, our kernels reflect the similarity
between the probability distributions over the global graphs, while also capturing the
local correspondence information between the substructures.

Note that, in this paper, we only consider q = 1 or 2 for the JT q-differences. The
reasons for this are twofold. First, we show that our JT kernel (for q = 1) not only
generalizes the JS graph kernel [2], but it also overcomes the shortcomings of the JS
graph kernel. We also show that the JT kernel overcomes the shortcoming of discarding
non-isomorphic substructures that arises in R-convolution kernels. Finally, we show
that our JT kernel (for q = 2) generalizes the R-convolution kernels based on subtrees.
The remainder of this paper is organized as follows: Section 2 reviews the TI method
and the CTQW, Section 3 gives the definition of our new kernels, Section 4 provides
experimental evaluation and Section 5 concludes the work.

2 Preliminary Concepts

In this section, we review some preliminary concepts which will be used in this work.
We commence by introducing a TI method for strengthening the vertex label. Finally,
we show how to assign a probability to a vertex of a graph by performing the CTQW.

2.1 A TI Method for Strengthening Vertex Labels

In this subsection, we introduce the TI method of Dahm et al. [1] for strengthening the
vertex label of a graph. Given an attributed graph G(V,E), let the label of a vertex
v ∈ V be denoted as f(v). Using the TI method, the new strengthened label for v at the
iteration h is defined as

TIh(v) =

{
f(v) if h = 0,

∪u{TIh−1(u)} otherwise,
(3)
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where u ∈ V is adjacent to v. At each iteration h, the TI method takes the union
of neighbouring vertex label lists from the last iteration as a new label list for v (the
initial step is identical to listing). This creates an iteratively deeper list corresponding
to a subtree rooted at v of height h. An example of how the TI method defined in
Eq.(3) strengthens the vertex label is shown in Fig.2. In this example, the initialized
vertex labels for vertices A to E are their corresponding vertex degrees, i.e., 1, 2, 3,
2 and 2 respectively. Using the TI method, the second iteration indicates the strength-
ened labels for vertices A to E as {{1, 3}}, {{2}, {2, 2, 2}}, {{1, 3}, {2, 3}, {2, 3}}
,{{2, 2, 2}, {2, 3}}, and {{2, 2, 2}, {2, 3}} respectively.

Unfortunately, Fig.2 indicates that the above procedure clearly leads to a rapid ex-
plosion of the labels length. Moreover, strengthening a vertex label by only taking the
union of the neighbouring label lists also ignores the original label information of the
vertex. To overcome these problems, at each iteration h we propose to strengthen the
label of a vertex as a new label list by taking the union of both the original vertex label
and its neighbouring vertex labels. We use a Hash function to compress the strength-
ened label list into a new short label. The pseudocode of the re-defined TI algorithm
is shown in Algorithm 1, where the neighbourhood of a vertex v ∈ V is denoted as
N (v) = {u|(v, u) ∈ E}.

Algorithm 1. Vertex labels strengthening procedure

1: Initialization.

– Input an attributed graph G(V,E).
– Set h=0. For a vertex v ∈ V , assign the original label f(v) as the initial label Lh(v).

2: Update the label for each vertex.

– Set h=h+1. For each vertex v ∈ G, assign it a new strengthened label list as

Lh(v) = ∪u∈N (v){Lh−1(u),Lh−1(v)}. (4)

Note that, Lh−1(v) is at the end of the label list Lh(v), and Lh−1(u) is arranged as
ascending order.

3: For each vertex, compress its strengthened label list into a new short label.

– Using the Hash function H : L → Σ, compress the label list Lh(v) into a new short label
for each vertex v as

Lh(v) = H(Lh(v)). (5)

4: Check h.

– Check h. Repeat steps 2, 3 and 4 until the iteration h achieves an expected value.

Note that, in step 4 we use the same function H for any graph. This guarantees that
all the identical labels of different graphs are mapped into the same number.
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Fig. 2. Example of strengthened labels

2.2 Vertex Probabilities from The CTQW

In this subsection, we show how to assign a probability to a vertex of a graph by per-
forming a CTQW. The CTQW is the quantum analogue of the classical continuous-time
random walk (CTRW) [14]. Similarly to the CTRW, the state space of the CTQW is the
vertex set V of a graph G(V,E). However, unlike the CTRW, where the state vector
is real-valued and the evolution is governed by a doubly stochastic matrix, the state
vector of the CTQW is complex-valued and its evolution is governed by a time-varying
unitary matrix. Hence the evolution of the CTQW is reversible, which implies that the
CTQW is non-ergodic and does not possess a limiting distribution. As a result, the
CTQW possesses a number of interesting properties not exhibited in the CTRW. One
notable consequence of this is that the problem of tottering of the CTRW is naturally
reduced [13]. Furthermore, the quantum walk has been shown to successfully capture
the topological information in a graph structure [15–18]. Note also that, contrary to the
CTRW and its non-backtracking counterparts [19–21], the CTQW is not dominated by
the low frequency of the Laplacian spectrum, and thus is potentially able to discriminate
better among different graph structures.

Using the Dirac notation, we define the basis state corresponding to the CTQW being
at a vertex u ∈ V as |u〉, where |.〉 denotes an orthonormal vector in a n-dimensional
complex-valued Hilbert space H. A general state of the CTQW is a complex linear
combination of the basis states |u〉, i.e., an amplitude vector, such that the state of the
CTQW at time t is

|ψt〉 =
∑

u∈V

αu(t) |u〉 , (6)

where the amplitudes αu(t) ∈ C. The probability of the CTQW visiting a vertex u ∈ V
at time t is

Pr(Xt = u) = αu(t)α
∗
u(t), (7)

where α∗
u(t) is the complex conjugate of αu(t). For all u ∈ V , t ∈ R+, we have∑

u∈V αu(t)α
∗
u(t) = 1 and αu(t)α

∗
u(t) ∈ [0, 1]. Note that there is no restriction on the

sign or phase of the amplitudes and this allows destructive and constructive interference
to take place during the evolution of the walk. These interference patterns are responsi-
ble for the faster hitting times [13] and the ability of the CTQW to capture the presence
of particular structural patterns in the graph [16]. Note also that when the quantum
walk backtracks on an edge it does so with opposite phase, thus creating destructive
inter fence which reduces the problem of tottering of classical random walks [13].
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Let A be the adjacency matrix of G, then the degree matrix D is a diagonal ma-
trix whose elements are given by D(u, u) = du =

∑
v∈V A(u, v), where du is the

degree of u. We compute the Laplacian matrix as L = D − A. The spectral decom-
position L = Φ�ΛΦ of the Laplacian matrix L is given by the diagonal matrix Λ =
diag(λ1, λ2, ..., λ|V |) with the ordered eigenvalues as elements (λ1 < λ2 < ... < λ|V |)
and the matrixΦ = (φ1|φ2|...|φ|V |) with the corresponding ordered orthonormal eigen-
vectors as columns.

Given an initial state |ψ0〉, the Schrödinger equation gives us the state of the walk at
time t, i.e.,

|ψt〉 = Φ�e−iΛtΦ |ψ0〉 . (8)

In this work we propose to let the initial amplitude be proportional to D(u, u), i.e.,

αu(0) =
√
D(u, u)/

∑
D(u, u). (9)

Note that, on the other hand, choosing a uniform distribution over the vertices of G
would result in the system remaining stationary, as the initial state vector would be an
eigenvector of the Laplacian and thus a stationary state of the walk.

In quantum mechanics, a state |ψt〉 is called a pure state. In general, however, we deal
with mixed states, i.e., a statistical ensemble of pure states |ψt〉, each with probability
pt. The density matrix associated with such a system is defined as ρ =

∑
t pt |ψt〉 〈ψt|,

where |ψt〉 〈ψt| denotes the outer product between |ψt〉 and its conjugate transpose. Let
|ψt〉 be the state corresponding to the CTQW that has evolved from |ψ0〉 defined as in
Eq.(9) until a time t. Using Eq.(8), we can define the time-averaged density matrix (i.e.,
mixed density matrix) ρTG for G as

ρTG =
1

T

∫ T

0

Φ�e−iΛtΦ |ψ0〉 〈ψ0|Φ�eiΛtΦdt. (10)

Let φra and φcb denote the (ra)-th and (cb)-th elements of the matrix of eigenvectors
Φ of the Laplacian matrix L. When we let T → ∞, Rossi et al. [16] have shown that
the (r, c)-th element of ρ∞G can be computed as

ρ∞G (r, c) =
∑

λ∈Λ̃

∑

a∈Bλ

∑

b∈Bλ

φraφcbψ̄aψ̄b, (11)

where Λ̃ is the set of distinct eigenvalues of the Laplacian matrix L, and Bλ is a basis
of the eigenspace associated with λ. Eq.(11) indicates that the mixed density matrix
ρTG relies on computing the eigendecomposition of G, and thus has time complexity
O(|V |3).

The mixed density matrix ρ∞G is a |V | × |V | matrix. Note that, for a graph G, the
time-averaged probability of the CTQW to visit a vertex v ∈ V at time T → ∞ is

pQ(v) = ρ∞G (v, v). (12)

Interestingly, despite the non-stationary behaviour of the CTQW, we have that as T →
∞ the time-averaged probability converges. Also, Eq.(8) indicates that the evolution of
the CTQW relies on the spectral decomposition of the graph Laplacian, which in turn
encapsulates rich interior graph information. Thus, the probability pQ(v) reflects the
interior topology information of the graph.
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3 Graph Kernels from JT q-differences

In this section, we define a family of novel graph kernels from JT q-differences (for
q = 1 and 2). The JT q-difference is a dissimilarity measure between probability dis-
tributions [12]. Consider the graphs Gy(Vy , Ey) where y ∈ Y = {1, 2} and x ∈ X =
{l1, . . . , l|X|} is the label of a vertex vy ∈ Vy . X is a label set which contains any pos-
sible vertex label. Let Py = {py1, . . . , py|X|}, where pyx = P (X = x|Y = y) is the
probability distribution over vertex labels of Gy . πy ∈ π = {π1, π2} is the weight as-
sociated with Py , such that πy ≥ 0 and

∑
y∈Y πy = 1. P (X |Y ) is the joint probability

distribution for the two variables X and Y . PX and PY are two probability distribu-
tions over x ∈ X and y ∈ Y respectively. We define the JT q-differences (for q={1,2})
between the probability distributions P1 and P2 (i.e., Py=1 and Py=2) as

JT π
q (P1,P2) = Sq(X)−

∫

y∈Y

πq
ySq(X |Y ) = Sq(X)− Sq(X |Y ), (13)

where Sq(.) is the Tsallis entropy [22] and

Sq(X) =
k

q − 1
(1−

∑

x∈X

2PX(x)q), (14)

and

Sq(X |Y ) = Sq(X) + Sq(Y )− (q − 1)Sq(X)Sq(Y ). (15)

By letting k = 1 [12], Eq.(14) can be simplified as

Sq(X) = −
∑

x∈X

PX(x)q lnq PX(x), (16)

where lnq(PX(x)) = (PX(x)(1−q) − 1)/(1− q) is the q-logarithm function introduced
by Tsallis [22]. Let π1 = π2 = 1/2. We define the JT q-difference for the pair of graphs
G1 and G2 by re-writing Eq.(13) as

JTq(G1, G2) = JT 1/2,1/2
q (P1,P2) = Sq(

P1 +P2

2
)− Sq(P1) + Sq(P2)

2q
. (17)

Note that Furuichi [23] has defined the Tsallis MI as Iq(X ;Y ) = Sq(X)−Sq(X |Y )
= Iq(Y ;X), which is a nonextensive measure. Thus, for the graphs G1 and G2, the JT
q-difference JTq(G1, G2) not only reflects the dissimilarity between their probabil-
ity distributions P1 and P2, but also measures the MI (i.e., the mutual dependence)
between the graphs and their probability distributions. In other words, JTq(G1, G2)
reflects the dissimilarity over the global graphs. By contrast, the R-convolution kernels
measure the (dis)similarity in terms of the substructures.

3.1 The JT Graph Kernel

In this subsection, we define a family of JT graph kernels using the JT q-difference (for
q = 1 and 2). For a graphG(V,E), we commence by performing a CTQW (for T = ∞)
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onG, and we associate with each vertex v ∈ V the time-averaged probability pQ(v). At
each iteration h, we strengthen the vertex labels using Algorithm 1. The probability of
the label x ∈ X forG at iteration h is phx =

∑
v∈V pQ(v), where each vertex v satisfies

Lh(v) = x. We thus obtain a probability distribution over the vertex labels of G as
Ph = {ph1 , . . . , ph|X|}. For a pair of graphs G1(V1, E1) and G2(V2, E2), we compute

the probability distributions Ph
1 = {ph11, . . . , ph1|X|} and Ph

2 = {ph21, . . . , ph2|X|} over
the vertex labels through the CTQW. Based on Eq.(17), the JT q-difference for G1 and
G2 at iteration h is defined as

JT h
q (G1, G2) = JT 1/2,1/2

q (Ph
1 ,P

h
2). (18)

Definition (Jensen-Tsallis Graph Kernel). The kernel k(q,H)
JT : G1 ×G2 −→ R+ for

the graphsG1 and G2 is

k
(q,H)
JT (G1, G2) =

H∑

h=0

exp{−λJT h
q (G1, G2)} =

H∑

h=0

exp{−λJT 1/2,1/2
q (Ph

1 ,P
h
2)},

(19)

where H is the largest number of TI iterations, q = 1 or 2, and 0 < λ ≤ 1 is a decay
factor. Here, λ is used to ensure that the large value dose not tend to dominate the kernel
value. Based on our experimental evaluation, the different values of λ do not influence
the performance of our JT kernels. Thus, in this work we decide to set λ to 1. �

Lemma. The JT graph kernel is positive definite (pd).
Proof. This follows the definition in [24]. In fact, if a similarity or dissimilarity measure
sG(G1, G2) between a pair of graphsG1 andG2 is symmetrical, then a diffusion kernel
ks = exp(λsG(G1, G2)) or ks = exp(−λsG(G1, G2)) associated with the similarity

or dissimilarity measure sG(G1, G2) is pd. As a result, the JT kernel k(q,H)
JT is the sum

of several pd kernels in terms of the exponentiated JT q-difference, and is also pd. �

Reisen and Bunke [24] observed that in a diffusion kernel the exponentiation en-
hances the (dis)similarity between the graphs. Thus, the kernel k(q,H)

JT enhances the
similarity measure between the graphs.

3.2 Relation to State of the Art Graph Kernels

Proposition 1. When q = 2, the JT graph kernel generalizes the R-convolution kernels
based on subtrees. �

Proof. We verify this proposition by revealing the relationship between the JT kernel
and the classical subtree kernel [3]. For a graphG(V,E), the strengthened label Lh(v),
which is defined in Eq.(5), corresponds to a subtree of height h rooted at a vertex v ∈ V .
For a pair of graphs G1(V1, E1) and G2(V2, E2), let v1 ∈ V1 and v2 ∈ V2 denote a
pair of vertices. If Lh(v1) = Lh(v2), the subtrees of height h rooted at v1 and v2 are
isomorphic. Thus, a subtree kernel kHst for G1 and G2 can be defined as

kHst (G1, G2) =

H∑

h=0

khst(G1, G2) =

H∑

h=0

∑

v1∈V1

∑

v2∈V2

δ{Lh(v1),Lh(v2)}, (20)
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where H is the largest iteration h for Algorithm 1. δ is a Dirac kernel, that is, it is 1
when its arguments are equal and 0 otherwise. Clearly, the subtree kernel kHst counts
the number of all the pairwise isomorphic subtrees identified by the TI method. khst is a
base subtree kernel counting the number of pairwise isomorphic subtrees of height h.

As a result, the base subtree kernel khst can be defined by an inner product 〈·, ·〉,
i.e., a linear kernel. For the graph G, let nh(x) denote the number of vertices hav-
ing the same label x ∈ X at iteration h. Thus G can be represented by the feature
vector FV h = {nh(l1), . . . , n

h(l|X|)}�. Given FV h
1 = {nh

1(l1), . . . , n
h
1(l|X|)}� and

FV h
2 = {nh

2(l1), . . . , n
h
2(l|X|)}�, the kernel khst between G1 and G2 at iteration h can

be defined as

khst(G1, G2) = 〈FV h
1 , FV

h
2 〉. (21)

Martin et al. [12] have observed that the JT q-difference is related to the inner prod-
uct when q = 2, i.e., JT 1/2,1/2

2 (Ph
1 ,P

h
2) = 1/2 − 1/2〈Ph

1 ,P
h
2〉. Simply, we have

JT
1/2,1/2
2 (Ph

1 ,P
h
2) = −〈Ph

1 ,P
h
2〉. As a result, the JT kernel k(2,H)

JT (λ = 1) can be
re-written as

k
(2,H)
JT (G1, G2) =

H∑

h=0

exp{〈Ph
1 ,P

h
2〉}, (22)

For a graphG, the probability of a label x ∈ X at the iteration h is phx =
∑

v∈V pQ(v),
where each vertex v satisfies Lh(v) = x and pQ(v) is the time-averaged probability of a
CTQW visiting v. GivenG and its associated feature vector FV h with elements nh(x),
if we compute the probability of a label x instead of computing the frequency nh(x) of
x (i.e., we compute the probability for a class of isomorphic subtrees which correspond
to the label x, instead of computing the number of these subtrees), we re-write FV h as
FV h

p = Ph. For the graphsG1 and G2, we thus have

k
(2,H)
JT (G1, G2) =

H∑

h=0

exp{〈FV h
p1, FV

h
p2〉} =

H∑

h=0

exp{khst(G1, G2)}. (23)

As a result, the kernel k(2;H)
JT can be seen as a generalization of the subtree kernel kHst

where we assign a probability to each class of isomorphic subtrees and then exponenti-
ate the base subtree kernel khst at each iteration h. �

Discussions. Prop. 1 and its proof make two interesting observations on the JT kernel
k
(2,H)
JT . First, for each pair of graphs the kernel k(2,H)

JT computes the probability of a
vertex label by summing the probabilities of the vertices having the same label. The
probabilities of these vertices are computed by means of a CTQW, whose propagation
depends on the interior connections of the graph and thus reflects its interior topology
information. For a pair of graphs, the kernel measures the similarity between their pair-
wise probabilities in terms of matching labels, where the labels correspond to classes
of isomorphic subtrees in the graphs. The kernel thus reflects more information among
these subtrees rather than only the isomorphism. Second, the k(2,H)

JT exponentiates the
base subtree kernel khst (i.e., the similarity measure between pairwise subtrees of height
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h). Thus, the kernel k(2,H)
JT enhances the similarity measure between the graphs by ex-

ponentiating the kernel khst.
Unfortunately, the JT kernel k(2,H)

JT also suffers from the drawback of discarding non-
isomorphic subtrees arising in the subtree kernel. This can be observed from Eq.(23).
For a pair of graphs, if a class of isomorphic subtrees are only contained in one graph,
the probability for a label corresponding to these subtrees in the other graph is 0. As a
result, Eq.(23) cannot reflect the similarity between pairwise probabilities of the labels
for the graphs. Below, we will show how the kernel k(1,H)

JT solves this problem.
Proposition 2. When q = 1, the JT graph kernel generalizes the JS graph kernel. �

Proof. We verify the proposition by revealing the relationship between the JT kernel and
the JS graph kernel [2]. For a graph G(V,E) and its degree matrix D, the probability
of a classical steady state random walk (CSSRW) visiting a vertex v ∈ V is

pv =
D(v, v)∑
v D(v, v)

=

∑
u∈V A(u, v)∑

u∈V

∑
v∈V A(u, v)

. (24)

Thus, we can associate to the vertices of G the distribution Pc = {pc1, . . . , pc|V |}. For
a pair of graphs G1(V1, E1) and G2(V2, E2), we compute the probability distributions
Pc

1 = {pc11, . . . , pc1|V |} and Pc = {pc21, . . . , pc2|V |} associated with the CSSRW. The
JS graph kernel for G1 and G2 is defined as

kJS(G1, G2) = log 2−DJS(P
c
1,P

c
2), (25)

where DJS(G1, G2) is the JSD and is defined as

DJS(P
c
1,P

c
2) = HS(P

c
U)− HS(P

c
1) +HS(P

c
2)

2
. (26)

Here,HS(P
c
1) is a Shannon entropy associated with the probability distribution Pc

1 and
is defined as

HS(P
c
1) = −

∑

v∈V

pc1v log p
c
1v. (27)

Moreover, HS(P
c
U) is the Shannon entropy of the probability distribution from an

union graph of G1 and G2 (i.e., the composite graph of G1 and G2). The union graph
can be either a product graph or a disjoint union graph of G1 and G2 [2, 25].

For the JT kernel k(1,H)
JT , Martin et al. [12] have observed that the JT q-difference is

related to the JSD when q = 1, i.e.,JT 1/2,1/2
1 (Ph

1 ,P
h
2) = DJS(P

h
1 ,P

h
2), where

DJS = HS(
Ph

1 +Ph
2

2
)− HS(P

h
1) +HS(P

h
2)

2
. (28)

Thus, the JT kernel k(1,H)
JT (λ = 1) can be re-written as

k
(1,H)
JT (G1, G2) =

H∑

h=0

exp{−DJS(P
h
1 ,P

h
2)}

=
H∑

h=0

exp{HS(P
h
1) +HS(P

h
2)−HS(

Ph
1 +Ph

2

2
)}. (29)
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Here, HS(
Ph

1+Ph
2

2 ) is the Shannon entropy of the composite probability distribution
Ph

1+Ph
2

2 , and is defined as

HS(
Ph

1 +Ph
2

2
) = −

|X|∑

x=1

ph1x + ph2x
2

log
ph1x + ph2x

2
. (30)

As a result, the JT kernel k(1,H)
JT and the JS graph kernel kJS are both related to

the JSD. Through Eq.(25), Eq.(26) and Eq.(29), we observe that the kernel k(1,H)
JT gen-

eralizes the kernel kJS by three computational steps, i.e., a) assigning each vertex a
probability using the CTQW instead of using the CSSRW, b) computing the proba-
bility distribution over the vertex labels at each iteration h instead of computing the
probability distribution associated with the CSSRW, and c) computing the composite

Shannon entropy using the composite probability distribution Ph
1+Ph

2

2 instead of using

the probability distribution Pc
U from the union graph. Moreover, the JT kernel k(1,H)

JT

also exponentiates the JSD measure for graphs at each iteration h. �

Discussions. Compared to the JS graph kernel kJS , Prop. 2 and its proof reveal four ad-
vantages for the JT kernel k(1,H)

JT . First, from Eq.(30) we observe that there is correspon-
dence between pairwise discrete probabilities ph1x and ph2x through the same label x. As
a result, the kernel k(1,H)

JT overcomes the shortcoming of lacking correspondence infor-
mation between pairwise discrete probabilities that arises in the JS graph kernel kJS .
Second, since a pair of identical strengthened labels for a pair of vertices correspond
to a pair of isomorphic subtrees rooted at the vertices. The kernel k(1,H)

JT encapsulates
correspondence information between pairwise isomorphic substructures. By contrast,
the JS graph kernel kJS does not reflect substructure correspondence. Third, the ker-
nel k(1,H)

JT overcomes the restriction on non-attributed graphs for the JS graph kernel

kJS . Fourth, similar to the kernel k(2,H)
JT , the kernel k(1,H)

JT also enhances the similarity
measure for graphs by exponentiating the JSD (i.e.,the dissimilarity measure between
graphs). Furthermore, the evolution of the CTQW relies on the topology information
of graphs. Thus, the kernel k(1,H)

JT also reflects rich interior topology information of
graphs, relying on the CTQW. By contrast, the probability distribution associated with
the CSSRW (i.e., the vertex degree distribution) only reflects limited topology infor-
mation, because the vertex degree of a graph is structurally simple and reflects limited
topology information.

Note finally that, through Eq.(29) and Eq.(30) we also observe that all the probabili-
ties of the different labels are used to compute the entropies. We have known that each
label corresponds to a subtree. All the strengthened labels of a graph will be used to
compute the Shannon entropy. As a result, unlike existing R-convolution kernels which
count the number of pairwise isomorphic substructures, the kernel k(1,H)

JT incorporates

all the identified subtrees into the computation. The kernel k(1,H)
JT thus overcomes the

shortcoming of discarding non-isomorphic substructures. In other words, the JT kernel
k
(1,H)
JT may distinguish different classes of graphs better than the R-convolution kernels.
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3.3 Computational Analysis

For N graphs (each graph has n vertices) and their label set X , computing the N ×N

kernel matrix using the JT kernels k(1,H)
JT and k(2,H)

JT requires time complexityO(HN2

n2 +HN3n+Nn3) and O(HN2n2 +Nn3), respectively. The reasons are explained

as follows. a) For both of the kernels k(1,H)
JT and k(2,H)

JT , computing the compressed
strengthened labels for a graph at each iteration h (0 ≤ h ≤ H) needs to visit all the n2

entries of the adjacency matrix, and thus requires time complexity O(Hn2) for all the

H iterations. b) For both of the kernels k(1,H)
JT and k(2,H)

JT , computing the probabilities
for all the vertices of a graph using the CTQW requires time complexityO(n3), because
the CTQW relies on the eigen-decomposition of the graph Laplacian. Computing the
probability distribution for a graph requires time complexity O(HNn2) (for the worst
case, i.e., each vertex label for the N graphs at all the H iterations are all different
and there thus are NHn different labels in X), because it needs to visit all the HNn
entries in X for the n vertices. c) For the kernel k(1,H)

JT , computing the N × N kernel
matrix requires time complexityO(HN3n), because the Tsallis entropy Sq(.) for each
pair of graphs requires time complexity O(HNn). On the other hand, for the kernel

k
(2,H)
JT , computing the N × N kernel matrix only requires time complexity O(HN2),

because Eqs.(22) and (23) indicate that k(2,H)
JT can directly compute the kernel value

for a pair of graphs by computing the inner product of their probability distributions.
In other words, k(2,H)

JT does not need to compute the Tsallis entropy for each pair of

graphs. As a result, the complete time complexities for the JT kernels k(1,H)
JT and k(2,H)

JT

are O(HN2n2 +HN3n+Nn3) and O(HN2n2 +Nn3), respectively.

4 Experimental Results

In this section, we empirically evaluate the performance of our JT kernels on standard
attributed graphs from bioinformatics. Furthermore, we also compare our new kernels
with several state of the art graph kernels.

Table 1. Information of the Graph-based Datasets

Datasets MUTAG NCI1 NCI109 ENZYMES PPIs PTC(MR)

Max # vertices 28 111 111 126 238 109

Min # vertices 10 3 4 2 3 2

Mean # vertices 17.93 29.87 29.68 32.63 109.63 25.60

# graphs 188 4110 4127 600 219 344

# classes 2 2 2 6 5 2

4.1 Graph Datasets

We evaluate our kernels on standard graph datasets. These datasets include: MUTAG,
NCI1, NCI109, ENZYMES, PPIs and PTC(MR). More details are shown in Table.1.
MUTAG: The MUTAG dataset consists of graphs representing 188 chemical com-
pounds, and aims to predict whether each compound possesses mutagenicity.
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NCI1 and NCI109: The NCI1 and NCI109 datasets consist of graphs representing two
balanced subsets of datasets of chemical compounds screened for activity against non-
small cell lung cancer and ovarian cancer cell lines respectively. There are 4110 and
4127 graphs in NCI1 and NCI109 respectively.
ENZYMES: The ENZYMES dataset consists of graphs representing protein tertiary
structures consisting of 600 enzymes from the BRENDA enzyme. The task is to cor-
rectly assign each enzyme to one of the 6 EC top-level.
PPIs: The PPIs dataset consists of protein-protein interaction networks (PPIs). The
graphs describe the interaction relationships between histidine kinase in different
species of bacteria. Histidine kinase is a key protein in the development of signal trans-
duction. If two proteins have direct (physical) or indirect (functional) association, they
are connected by an edge. There are 219 PPIs in this dataset and they are collected
from 5 different kinds of bacteria (i.e., a) Aquifex4 and thermotoga4 PPIs from Aquifex
aelicus and Thermotoga maritima, b) Gram-Positive52 PPIs from Staphylococcus au-
reus, c) Cyanobacteria73 PPIs from Anabaena variabilis, d) Proteobacteria40 PPIs
from Acidovorax avenae, and e) Acidobacteria46 PPIs). Note that, unlike the experi-
ment in [26] that only uses the Proteobacteria40 and the Acidobacteria46 PPIs as the
testing graphs, we use all the PPIs as the testing graphs in this paper. As a result, the
experimental results for some kernels are different on the PPIs dataset.
PTC: The PTC (The Predictive Toxicology Challenge) dataset records the carcino-
genicity of several hundred chemical compounds for Male Rats (MR), Female Rats
(FR), Male Mice (MM) and Female Mice (FM). These graphs are very small (i.e.,20−
30 vertices, and 25− 40 edges) and sparse. We select the graphs of MR for evaluation.

4.2 Experiments on Graph Classification

We evaluate the performance of our JT kernels k(q,H)
JT for q = 1 (JT1) and q = 2 (JT2).

Moreover, we also compare our kernels with several alternative state of the art graph
kernels. These graph kernels for comparison include: 1) the Jensen-Shannon graph ker-
nel (JSGK) associated with the CSSRW [2], 2) the unaligned and aligned quantum
Jensen-Shannon kernels (QJSK and QJSKA) [26], 3) the Weisfeiler-Lehman subtree
kernel (WLSK) [9], 4) the shortest path graph kernel (SPGK) [8], 5) the graphlet count
graph kernel with graphlet of size 3 (GCGK3) [11], 6) the backtrackeless random walk
kernel using the Ihara zeta function based cycles (BRWK) [19], 7) the random walk
graph kernel (RWGK) [3].

For each kernel, we compute the kernel matrix on each graph dataset. We perform
10-fold cross-validation using the C-Support Vector Machine (C-SVM) Classification
to compute the classification accuracies, using LIBSVM. We use nine samples for train-
ing and one for testing. All the C-SVMs were performed along with their parameters
optimized on each dataset. We report the average classification accuracies (± standard
error) and the runtime for each kernel in Table 2. The runtime is measured under Mat-
lab R2011a running on a 2.5GHz Intel 2-Core processor (i.e. i5-3210m). Note that, both
our JT kernel and the WLSK kernel are related to a TI method. In this work, we set the
parameter H (i.e., the maximum number of TI iteration) to 10, i.e., we vary h from 1
to 10 for both our kernel and the WLSK kernel. The reasons of setting H = 10 are
twofold. First, for most of the datasets, the strengthened vertex labels of the graphs tend
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to be all different after h = 10. In other words, after h = 10, there are nearly no isomor-
phic subtrees, i.e., we achieve maximum discrimination. Second, in our experiments we
observe that the classification performance tends to be more stable after h = 10. As a
result, for each dataset we compute 10 different kernel matrices for both our kernel and
the WLSK kernel. The classification accuracy is then the average accuracy over the 10
kernel matrices. Note that, the experimental results (for the WLSK kernel) on some
datasets are different from those in [27], since the authors of [27] set H = 3. Finally,
recall that our JT kernel, and the WLSK and SPGK kernels are all able to handle at-
tributed graphs. However, the graphs in the PPIs dataset are unattributed graphs, thus
we decided to use the vertex degree as a vertex label.

Table 2. Classification Accuracy (In % ± Standard Error) and Runtime for Various Kernels

Datasets MUTAG NCI1 NCI109 ENZYMES PPIs PTC(MR)

JT1 85.10 ± 0.64 86.35 ± 0.12 87.00 ± 0.15 57.41 ± 0.53 87.28 ± 0.61 60.16 ± 0.50
JT2 85.50 ± 0.55 85.32 ± 0.14 85.79 ± 0.13 56.41 ± 0.42 88.47 ± 0.47 58.50 ± 0.39

JSGK 83.11 ± 0.80 62.50 ± 0.33 63.00 ± 0.35 20.81 ± 0.29 34.57 ± 0.54 57.29 ± 0.41
QJSK 82.72 ± 0.44 69.09 ± 0.20 70.17 ± 0.23 36.58 ± 0.46 65.61 ± 0.77 56.70 ± 0.49

QJSKA 82.83 ± 0.50 − − 24.31 ± 0.27 61.09 ± 0.98 57.39 ± 0.46
WLSK 82.88 ± 0.57 84.77 ± 0.13 84.49 ± 0.13 52.75 ± 0.44 88.09 ± 0.41 58.26 ± 0.47
SPGK 83.38 ± 0.81 74.21 ± 0.30 73.89 ± 0.28 41.30 ± 0.68 59.04 ± 0.44 55.52 ± 0.46

GCGK3 82.04 ± 0.39 63.72 ± 0.12 62.33 ± 0.13 24.87 ± 0.22 46.61 ± 0.47 55.41 ± 0.59
BRWK 77.50 ± 0.75 60.34 ± 0.17 59.89 ± 0.15 20.56 ± 0.35 − 53.97 ± 0.31
RWGK 80.77 ± 0.72 − − 22.37 ± 0.35 41.29 ± 0.89 55.91 ± 0.37

Datasets MUTAG NCI1 NCI109 ENZYMES PPIs PTC(MR)

JT1 14” 7h21′ 7h24′ 11′30” 3′20” 1′10”
JT2 3” 10′50” 10′55” 30” 1′43” 8”

JSGK 1” 1” 1” 1” 1” 1”
QJSK 20” 2h55′ 2h55′ 4′23” 3′24” 1′46”

QJSKA 1′30” > 1 day > 1 day 1h10′ 1h54′ 16′40”
WLSK 3” 2′31” 2′37” 20” 20” 9”
SPGK 1” 16” 16” 4” 22” 1”

GCGK3 1” 5” 5” 2” 4” 1”
BRWK 11” 6′49” 6′49” 3′5” > 1 day 29”
RWGK 14” > 1 day > 1 day 9′52” 4′26” 2′35”

Results and Discussions. In terms of classification accuracy, our JT kernels overcome
the alternative kernels on most of the datasets. Only the accuracy of the WLSK kernel
on the PPIs dataset is a little higher than our kernel k(2,H)

JT . The reasons of the effective-
ness of our kernels are explained as follows. a) Compared to the JSGK kernel, our JT
kernels overcome the restriction on non-attributed graphs. Moreover, our JT kernels also
overcome the shortcoming of lacking correspondence information. Finally, since each
strengthened label of the JT kernels correspondences to a subtree, the JT kernels reflect
richer interior topology information than the JSGK kernel. By contrast, the JSGK kernel
only reflects limited information in terms of the vertex degree distribution. b) Compared
to the QJSK and QJSKA kernels, our JT kernels also overcome the restriction on non-
attributed graphs arising in the two quantum kernels. Moreover, Bai et al. [26] show
that the QJSK kernel requires the computation of an additional mixed state where the
system has equal probability of being in each of the two original quantum states. Un-
less this quantum kernel takes into account the correspondences between the vertices
of the two graphs, it can be shown that this kernel is not permutation invariant. While
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our JT kernels are not only permutation invariant but also reflect the correspondence
information between pairwise probabilities computed from the CTQW. c) Compared
to the BRWK, RWGK and GCGK3 kernels, our JT kernels reflect richer topology in-
formation in terms of the subtrees identified by the TI method (i.e.,the strengthened
labels). The reason for this is that the subtree based strategy can overcomes the short-
coming of structurally simple problem arising in the path and walk based strategies.
Moreover, the CTQW required for our kernels also possess more interesting properties
than the BRWK and RWGK based on the classical random walk. d) Compared to the
WLSK kernel, our JT kernel k(2,H)

JT generalizes the subtree based kernel and reflects

richer information. Moreover, our JT kernel k(1,H)
JT overcomes the shortcoming of dis-

carding non-isomorphic subtrees arising in the WLSK kernel. Finally, the performance
of the kernel k(1,H)

JT is a little better than that of the kernel k(2,H)
JT . The reason for this

is that the kernel k(2,H)
JT also suffers from the problem of discarding non-isomorphic

substructures, while the kernel k(1,H)
JT can overcome this shortcoming. e) In terms of

the runtime, our JT kernel k(2,H)
JT is fast and is competitive to the fast subtree kernel

WLSK. Furthermore, the computational efficiency of our JT kernel k(1,H)
JT is obviously

slower, but it can still finish the computation in a polynomial time on any dataset. By
contrast, some kernels cannot finish the computation on some datasets in one day.

5 Conclusions

In this paper, we develop a family of JT kernels for attributed graphs. For a graph, we
use a TI method to strengthen the vertex labels and then compute the probability dis-
tribution over the vertex labels through the CTQW. For a pair of graphs, the JT kernels
are computed by measuring the JT q-difference between their probability distributions.
We show that the JT kernels not only generalize some state of the art kernels but also
overcome the shortcomings arising in these kernels. The experiments demonstrate the
effectiveness and efficiency of the JT kernels. Our future work is to investigate the re-
lationship between state of the art kernels and our JT kernel with other q values (e.g.,
q = 0). Furthermore, we are also interested in extending this work on financial analysis.

Acknowledgments. We thank Dr. Chaoyan Wang for the insights of future extension
in financial analysis.
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