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Abstract. Kernel principal component analysis (kPCA) has been proposed as
a dimensionality-reduction technique that achieves nonlinear, low-dimensional
representations of data via the mapping to kernel feature space. Conventionally,
kPCA relies on Euclidean statistics in kernel feature space. However, Euclidean
analysis can make kPCA inefficient or incorrect for many popular kernels that
map input points to a hypersphere in kernel feature space. To address this prob-
lem, this paper proposes a novel adaptation of kPCA, namely kernel principal
geodesic analysis (kPGA), for hyperspherical statistical analysis in kernel fea-
ture space. This paper proposes tools for statistical analyses on the Riemannian
manifold of the Hilbert sphere in the reproducing kernel Hilbert space, including
algorithms for computing the sample weighted Karcher mean and eigen anal-
ysis of the sample weighted Karcher covariance. It then applies these tools to
propose novel methods for (i) dimensionality reduction and (ii) clustering using
mixture-model fitting. The results, on simulated and real-world data, show that
kPGA-based methods perform favorably relative to their kPCA-based analogs.

1 Introduction

Kernel principal component analysis (kPCA) [47] maps points in input space to a (high-
dimensional) kernel feature space where it estimates a best-fitting linear subspace via
PCA. This mapping to the kernel feature space is typically denoted by Φ(·). For many of
the most useful and widely used kernels (e.g., Gaussian, exponential, Matern, spherical,
circular, wave, power, log, rational quadratic), the input data x gets mapped to a hyper-
sphere, or a Hilbert sphere, in the kernel feature space. Such a mapping also occurs
when using (i) kernel normalization, which is common, e.g., in pyramid match ker-
nel [28], and (ii) polynomial and sigmoid kernels when the input points have constant
l2 norm, which is common in digit image analysis [46]. This special structure arises
because for these kernels k(·, ·), the self similarity of any data point x equals unity (or
some constant), i.e., k(x, x) = 1. The kernel defines the inner product in the kernel
feature space F , and thus, 〈Φ(x), Φ(x)〉F = 1, which, in turn, equals the distance of
the mapped point Φ(x) from the origin in F . Thus, all of the mapped points Φ(x) lie on
a Hilbert sphere in kernel feature space. Figure 1(a) illustrates this behavior.

The literature shows that for many high-dimensional real-world datasets, where the
data representation uses a large number of dimensions, the intrinsic dimension is often
quite small, e.g., between 5–20 in [18,43,24,29,42]. The utility of kPCA lies in captur-
ing the intrinsic dimension of the data through the few principal (linear) modes of vari-
ation in kernel feature space. This paper proposes a novel extension of kPCA to model
� We thank NIH support via NCRR CIBC P41-RR12553 and NCBC NAMIC U54-EB005149.

T. Calders et al. (Eds.): ECML PKDD 2014, Part I, LNCS 8724, pp. 82–98, 2014.
c© Springer-Verlag Berlin Heidelberg 2014



Kernel Principal Geodesic Analysis 83

distributions on the Hilbert sphere manifold in kernel feature space. Manifold-based
statistical analysis explicitly models data to reside in a lower dimensional subspace of
the ambient space, representing variability in the data more efficiently (fewer degrees
of freedom). In this way, the proposed method extends kPCA to (i) define more mean-
ingful modes of variation in kernel feature space by explicitly modeling the data on the
Hilbert sphere in kernel feature space, (ii) represent variability using fewer modes, and
(iii) reduce curvature of distributions by modeling them explicitly on the Hilbert sphere,
instead of modeling them in the ambient space, to avoid artificially large measurements
of variability observed in the ambient space. Figure 1(b) illustrates this idea.

Typically, Euclidean PCA of spherical data introduces one additional (unnecessary)
component, aligned orthogonally to the sphere and proportional to the sectional curva-
ture. In practice, however, PCA in high-dimensional spaces (e.g., kernel feature space)
is known to be unstable and prone to error [4], which interacts with the curvature of the
Hilbert sphere on which the data resides. Thus, our empirical results demonstrate that
the actual gains in our hyperspherical analysis in kernel feature space surpass what we
would expect for the low-dimensional case.

While several works in the literature [3,21,23,27,46] address the properties and uses
of kernel feature spaces, these works do not systematically explore this special structure
of kernel feature space and its implications for PCA in kernel feature space; that is the
focus of this paper. Recently, [21] have, in an independent development, examined the
use of the Karcher mean in kernel feature spaces, but they propose a different estima-
tion strategy and they do not formulate, estimate, or demonstrate the use of principle
components on the sphere, which is the main purpose of this work.

This paper makes several contributions. It proposes new formulations and algorithms
for computing the sample Karcher mean on a Hilbert sphere in reproducing kernel
Hilbert space (RKHS). To analyze sample Karcher covariance, this paper proposes a
kernel-based PCA on the Hilbert sphere in RKHS, namely, kernel principal geodesic
analysis (kPGA). It shows that just as kPCA leads to a standard eigen-analysis problem,
kPGA leads to a generalized eigen-analysis problem. This paper evaluates the utility of
kPGA for (i) nonlinear dimensionality reduction and (ii) clustering with a Gaussian
mixture model (GMM) and an associated expectation maximization (EM) algorithm
on the Hilbert sphere in RKHS. Results on simulated and real-world data show that
kPGA-based methods perform favorably with their kPCA-based analogs.

2 Related Work

There are several areas of related work that inform the results in this paper. The Karcher
mean and associated covariance have recently become important tools for statistical
analysis [39]. The algorithm for the Karcher mean proposed in [17] is restricted to
analyzing the intrinsic mean and does not address how to capture covariance for data
lying on spheres, even in finite-dimensional spaces. Other algorithms for the Karcher
mean exist and may be more efficient numerically [34]. To capture covariance structure
on Riemannian manifolds, Fletcher et al. [25] propose PGA and an associated set of
algorithms. Likewise, a small body of work relies on the local geometric structure of
Riemannian spaces of covariance matrices for subsequent statistical analysis [7,20,50].
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Because many RKHSs are infinite dimensional, we must acknowledge the problem
of modeling distributions in such spaces [30] and the corresponding theoretical prob-
lems [16]. Of course, these same theoretical concerns arise in kPCA, and other well-
known kernel methods, and thus the justification for this work is similar. First, we may
assume or assert that the covariance operator of the mapped data is of trace class or, even
more strongly, restricted to a finite-dimensional manifold defined by the cardinality of
the input data. Second, the proposed methods are intended primarily for data analy-
sis rather than statistical estimation, and, thus, we intentionally work in the subspace
defined by the data (which is limited by the data sample size).

In addition to the dimensionality structure, the Hilbert sphere imposes its own struc-
ture and has an associated geometry with underlying theoretical implications. The pro-
posed approach in this paper extends PGA [25] to the Hilbert sphere in RKHS. The im-
portant geometrical properties of the sphere for the proposed extension concern (i) the
geodesic distance between two points, which depends on the arc cosine of their dot
product, and (ii) the existence and formulation of tangent spaces [11,15,31].

The work in [21] is more directly related to the proposed method, because it uses
logarithmic and exponential maps on the Hilbert sphere in RKHS for data analysis.
However, [21] does not define a mean or a covariance on the Hilbert sphere in RKHS;
it also requires the solution of the ill-posed preimage problem. Unlike [21], we define
covariance and its low-dimensional approximations on the Hilbert sphere, represented
in terms of the Gram matrix of the data, and incorporate this formulation directly into
novel algorithms for dimensionality reduction and clustering via EM [22], including
geodesic Mahalanobis distance on the Hilbert sphere in RKHS.

We apply the proposed method for (i) dimensionality reduction for machine-learning
applications and (ii) mixture modeling. This builds on the work in kPCA [47], and
therefore represents an alternative to other nonlinear mapping methods, such as Sam-
mon’s nonlinear mapping [45], Isomap [51] and other kernel-based methods [35,52].
For applications to clustering, the proposed approach generalizes kernel k-means [47]
and kernel GMMs [53], where we use formulations of means and/or covariances that
respect the hyperspherical geometry of the mapped points in RKHS.

3 Geometry of the Hilbert Sphere in Kernel Feature Space

Many popular kernels are associated with a RKHS that is infinite dimensional. Thus,
the analysis in this paper focuses on such spaces. Nevertheless, analogous theory holds
for other important kernels (e.g., normalized polynomial) where the RKHS is finite
dimensional.

Let X be a random variable taking values x in input space X . Let {xn}Nn=1 be a
set of observations in input space. Let k(·, ·) be a real-valued Mercer kernel with an
associated map Φ(·) that maps x to Φ(x) := k(·, x) in a RKHS F [6,46]. Consider two
points in RKHS: f :=

∑I
i=1 αiΦ(xi) and f ′ :=

∑J
j=1 βjΦ(xj). The inner product

〈f, f ′〉F :=
∑I

i=1

∑J
j=1 αiβjk(xi, xj). The norm ‖f‖F :=

√〈f, f〉F . When f, f ′ ∈
F\{0}, let f ⊗ f ′ be the rank-one operator defined as f ⊗ f ′(h) := 〈f ′, h〉Ff . Let
Y := Φ(X) be the random variable taking values y in RKHS.



Kernel Principal Geodesic Analysis 85

(a) (b)
Fig. 1. Kernel Principal Geodesic Analysis (kPGA). (a) Points in input space get mapped,
via several popular Mercer kernels, to a hypersphere or a Hilbert sphere in kernel feature space.
(b) Principal geodesic analysis on the Hilbert sphere in kernel feature space.

Assuming Y is bounded and assuming the expectation and covariance operators of
Y exist and are well defined, kPCA uses observations {yn := Φ(xn)}Nn=1 to estimate
the eigenvalues, and associated eigenfunctions, of the covariance operator of Y [14,47].
The analysis in this paper applies to kernels that map points in input space to a Hilbert
sphere in RKHS, i.e., ∀x : k(x, x) = κ, a constant (without loss of generality, we
assume κ = 1). For such kernels, the proposed kPGA modifies kPCA using statistical
modeling on the Riemannian manifold of the unit Hilbert sphere [5,10] in RKHS.

Consider a and b on the unit Hilbert sphere in RKHS represented, in general, as
a :=

∑
n γnΦ(xn) and b :=

∑
n δnΦ(xn). The logarithmic map, or Log map, of a

with respect to b is the vector

Logb(a) =
a− 〈a, b〉Fb

‖a− 〈a, b〉Fb‖F arccos(〈a, b〉F ) =
∑

n

ζnΦ(xn), where ∀n : ζn ∈ R.

(1)

Clearly, Logb(a) can always be written as a weighted sum of the vectors {Φ(xn)}Nn=1.
The tangent vector Logb(a) lies in the tangent space, at b, of the unit Hilbert sphere. The
tangent space to the Hilbert sphere in RKHS inherits the same structure (inner product)
as the ambient space and, thus, is also a RKHS. The geodesic distance between a and b
is dg(a, b) = ‖Logb(a)‖F = ‖Loga(b)‖F .

Now, consider a tangent vector t :=
∑

n βnΦ(xn) lying in the tangent space at b.
The exponential map, or Exp map, of t with respect to b is

Expb(t) = cos(‖t‖F)b + sin(‖t‖F) t

‖t‖F =
∑

n

ωnΦ(xn), where ∀n : ωn ∈ R. (2)

Clearly, Expb(t) can always be written as a weighted sum of the vectors {Φ(xn)}Nn=1.
Expb(t) maps a tangent vector t to the unit Hilbert sphere, i.e., ‖Expb(t)‖F = 1.

4 PCA on the Hilbert Sphere in Kernel Feature Space

This section proposes the kPGA algorithm for PCA on the unit Hilbert sphere in RKHS.
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4.1 Sample Karcher Mean

The sample Karcher mean on Riemannian manifolds is a consistent estimator of the the-
oretical Karcher mean of the underlying random variable [12,13]. The sample weighted
Karcher mean of set of observations {ym}Mm=1, on the unit Hilbert sphere in RKHS,
with associated weights {pm ∈ R

+}Mm=1 is defined as

μ := argmin
ν

∑

m

pmd2g(ν, ym). (3)

The existence and uniqueness properties of the Karcher mean on the Riemannian man-
ifold of the unit Hilbert sphere are well studied [1,32,33]; a study on finite-dimensional
Hilbert spheres appears in [17]. The sample Karcher mean on a Hilbert sphere exists
and is unique if the pointset is contained within (i) an open convex Riemannian ball
of radius π/2 [33], i.e., an open hemisphere, or (ii) a similar closed ball if one of the
points lies in its interior [17]. Thus, the sample Karcher mean exists and is unique for
all kernels that map points within a single orthant of the Hilbert sphere in RKHS; this
is true for all positive-valued kernels, e.g., the Gaussian kernel.

Clearly, a Karcher mean μ must lie within the space spanned by {ym}Mm=1; if not,
we could project the assumed “mean” ν′ onto the span of {ym}Mm=1 and reduce all
distances dg(ym, ν′) on the Hilbert sphere because of the spherical Pythagoras theorem,
thereby resulting in a more-optimal mean ν′′ with dg(ym, ν′′) < dg(ym, ν′), ∀m and a
contradiction to the initial assumption. Therefore, if the points ym are represented using
another set of points {Φ(xn)}Nn=1, i.e., ∀m, ym :=

∑
n wmnΦ(xn), then the mean μ

can be represented as μ =
∑

n ξnΦ(xn), where ∀n : ξn ∈ R.
We propose the following gradient-descent algorithm to compute the mean μ.

1. Input: A set of points {ym}Mm=1 on the unit Hilbert sphere in RKHS. Weights
{pm}Mm=1. As described previously, we assume that, in general, each ym is repre-
sented using another set of points {Φ(xn)}Nn=1 and weights wmn on the unit Hilbert
sphere in RKHS, i.e., ym :=

∑
n wmnΦ(xn).

2. Initialize iteration count: i = 0. Initialize the mean estimate to

μ0 =

∑
m pmym

‖∑m pmym‖F =
∑

n

ξnΦ(xn),where ξn =

∑
m pmwmn

‖∑m pmym‖F . (4)

3. Iteratively update the mean estimate, until convergence, by (i) taking the Log maps
of all points with respect to the current mean estimate, (ii) performing a weighted
average of the resulting tangent vectors, and (iii) taking the Exp map of the weighted
average scaled by a step size τ i, i.e.,

μi+1 = Expμi

(
τ i

M

∑

m

pmLogμi(ym)

)

, where τ i ∈ (0, 1). (5)

4. Output: Mean μ lying on the unit Hilbert sphere in RKHS.

In practice, we use a gradient-descent algorithm with an adaptive step size τ i such that
the algorithm (i) guarantees that the objective-function value is non increasing every it-
eration and (ii) increases/decreases the step size each iteration to aid faster convergence.
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We detect convergence as the point when the objective function cannot be reduced using
any non-zero step size. Typically, in practice, a few iterations suffice for convergence.

The convergence of gradient descent for finding Karcher means has been studied
[2,17]. In certain conditions, such as those described earlier when the sample Karcher
mean on a Hilbert sphere is unique, the objective function becomes convex [19], which
leads the gradient descent to the global minimum.

4.2 Sample Karcher Covariance and Eigen Analysis

Given the sample weighted Karcher mean μ, consider a random variableZ := Logμ(Y )
taking values in the tangent space at μ. Assuming that both the expectation and covari-
ance operators of Z exist and are well defined (this follows from the similar assumption
on Y ), the sample weighted Karcher covariance operator, in the tangent space at μ, is

C := (1/M)
∑

m

pmzm ⊗ zm, where zm := Logμ(ym). (6)

Because the tangent space is a RKHS, the theoretical analysis of covariance in RKHS in
standard kPCA [14,48] applies to C as well (note that the set {zm}Mm=1 is empirically
centered by construction; i.e.,

∑
m zm = 0). Thus, as the sample size M → ∞, the

partial sums of the empirically-computed eigenvalues converge to the partial sums of
the eigenvalues of the theoretical covariance operator of Z .

Using the Log map representation in Section 3, zm =
∑

n′ βn′mΦ(xn′ ) leading to

C =
∑

n′

∑

n′′
En′n′′Φ(xn′ )⊗ Φ(xn′′ ), where En′n′′ =

1

M

∑

m

pmβn′mβn′′m. (7)

If λ is a positive eigenvalue of C and v is the corresponding eigenfunction, then

v =
Cv

λ
=

1

λ

∑

n′

∑

n′′
En′n′′Φ(xn′)⊗ Φ(xn′′ )v =

∑

n′
αn′Φ(xn′ ),

where αn′ =
∑

n′′

En′n′′

λ
〈Φ(xn′′ ), v〉F . (8)

Thus, any eigenfunction v of C lies within the span of the set of points {Φ(xn)}Nn=1

used to represent {ym}Mm=1. For any Φ(xη) ∈ {Φ(xn)}Nn=1 and the eigenfunction v,

〈Φ(xη), Cv〉F = λ〈Φ(xη), v〉F . (9)

Thus, 〈Φ(xη),
∑

n′

∑

n′′
En′n′′Φ(xn′)⊗Φ(xn′′ )

∑

n′′′
αn′′′Φ(xn′′′ )〉F =

λ〈Φ(xη),
∑

n′′′
αn′′′Φ(xn′′′ )〉F . (10)

Thus,
∑

n′′′

(
∑

n′
Kηn′

∑

n′′
En′n′′Kn′′n′′′

)

αn′′′ = λ
∑

n′′′
Kηn′′′αn′′′ , (11)

where Kij := 〈Φ(xi), Φ(xj)〉F
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is the element in row i and column j of the Gram matrix K . Considering E and K as
N ×N real matrices and defining F := EK and G := KF leads to

∑

n′′
En′n′′Kn′′n′′′ = Fn′n′′′ and

∑

n′
Kηn′

∑

n′′
En′n′′Kn′′n′′′ = Gηn′′′ . (12)

Therefore, the left hand side of Equation 9 equals Gη•α, where (i) Gη• is the ηth row of
the N ×N matrix G and (ii) α is the N × 1 column vector with the nth component as
αn. Similarly, the right hand side of Equation 9 equals Kη•α, where Kη• is the ηth row
of the N ×N matrix K . Using Equation 9 to form one equation for all η = 1, · · · , N ,
gives the following generalized eigen-analysis problem

Gα = λKα. (13)

If k(·, ·) is a symmetric positive-definite (SPD) Mercer kernel and the points {Φ(xn)}Nn=1

are distinct, thenK is SPD (hence, invertible) and the generalized eigen-analysis problem
reduces to the standard eigen-analysis problem

EKα = λα. (14)

Thus, (i) the eigenvalues {λn}Nn=1 are same as the eigenvalues of the sample covariance
operatorC and (ii) each eigenvectorα gives one eigenfunction ofC through Equation 8.
Note that standard kPCA requires eigen decomposition of the (centralized) matrix K .

The definition of the sample covariance operator C implies that the rank of C is
upper bounded by the sample size M . Because the eigenvalues of C are the same as
those for EK or for the pair (G,K), if M < N , then the rank of the N × N matrices
EK and G are also upper bounded by M . While K is an N × N symmetric positive
(semi) definite matrix of rank at-most N , E is an N × N symmetric positive (semi)
definite matrix of rank at-most M because E = BPBT where (i) B is a N×M matrix
where Bnm = βnm and (ii) P is an M ×M diagonal matrix where Pmm = pm/M .

4.3 Kernel Principal Geodesic Analysis (kPGA) Algorithm

We summarize the proposed kPGA algorithm below.

1. Input: (i) A set of points {ym}Mm=1 on the unit Hilbert sphere in RKHS. (ii) Weights
{pm}Mm=1. As described previously, we assume that, in general, each ym is repre-
sented using another set of points {Φ(xn)}Nn=1 and weights wmn on the unit Hilbert
sphere in RKHS, i.e., ym :=

∑
n wmnΦ(xn).

2. Compute the Gram matrix K .
3. Compute the Karcher mean μ using the algorithm in Section 4.1.
4. Compute the matrix E or G = KEK as described in Section 4.2.
5. To analyze the Karcher covariance, perform eigen analysis for the linear system

Gα = λKα or EKα = λα to give eigenvalues {λη}Nη=1 (sorted in non-increasing
order) and eigenvectors {αη}Nη=1.

6. Output: (i) Mean μ lying on the unit Hilbert sphere in RKHS. (ii) Principal com-
ponents or eigenfunctions {vn =

∑
n′ αηn′Φ(xn′ )}Nn=1 in the tangent space at μ.

(iii) Eigenvalues {λn = λη}Nn=1 capturing variance along principal components.
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5 Applications

This section proposes kPGA-based algorithms for (i) nonlinear dimensionality reduc-
tion and (ii) clustering using a mixture model fitted using EM.

5.1 Nonlinear Dimensionality Reduction

First, we propose the following algorithm for dimensionality reduction using kPGA.

1. Input: A set of points {xn}Nn=1 along with their maps {Φ(xn)}Nn=1 on the unit
Hilbert sphere in RKHS. Weights {pn = 1}Nn=1.

2. Apply the kPGA algorithm in Section 4.2 to the observed sample {Φ(xn)}Nn=1 to
compute mean μ, eigenvalues {λn}Nn=1 (sorted in non-increasing order), and corre-
sponding eigenfunctions {vn}Nn=1.

3. Select the largest Q < N eigenvalues {λq}Qq=1 that capture a certain fraction of en-
ergy in the eigenspectrum. Select the corresponding subspaceGQ =< v1, · · · , vQ >.

4. Project the Log map of each point Φ(xn) on the subspace GQ to give the embed-
ding coordinates enq := 〈LogμΦ(xn), vq〉F and projected tangent vectors tn =∑

q enqvq in the tangent space at the mean μ.

5. Take the Exp map of projections {tn}Nn=1 to produce {yn = Expμ(tn)}Nn=1 lying
within a Q-dimensional subsphere on the unit Hilbert sphere in RKHS.

6. Output: Embedding subspace (lower dimensional) GQ, embedding coordinates
{(en1, · · · , enQ)}Nn=1, and (re)mapped points on the Hilbert subsphere {yn}Nn=1.

5.2 Clustering Using Mixture Modeling and Expectation Maximization

We now propose an algorithm for clustering a set of points {xn}Nn=1, into a fixed num-
ber of clusters, by fitting a mixture model on the unit Hilbert sphere in RKHS.

The proposed approach entails mixture modeling in a finite-dimensional subsphere
of the unit Hilbert sphere in RKHS, after the dimensionality reduction of the points
{Φ(xn)} to a new set of points {yn} (as in Section 5.1). Modeling PDFs on Hilbert
spheres entails fundamental trade-offs between model generality and the viability of
the underlying parameter estimation. For instance, although Fisher-Bingham PDFs on
S
d are able to model generic anisotropic distributions (anisotropy around the mean)

using O(d2) parameters, their parameter estimation may be intractable [9,37,40]. On
the other hand, parameter estimation for the O(d)-parameter von Mises-Fisher PDF
is tractable [9], but that PDF can only model isotropic distributions. We take another
approach that uses a tractable approximation of a normal law on a Riemannian mani-
fold [41], allowing modeling of anisotropic distributions through its covariance param-
eter in the tangent space at the mean. Thus, the proposed PDF evaluated at Φ(x) is
P (Φ(x)|μ,C)

.
= exp

(−0.5d2g(μ, Φ(x);C)
)
/((2π)Q/2|C|1/2), where |C| = ΠQ

q=1λq

and dg(μ, ν;C) is the geodesic Mahalanobis distance between the point Φ(x) and mean
μ, given covariance C.

The geodesic Mahalanobis distance relies on a regularized sample inverse-covariance
operator [38] C−1 :=

∑Q
q=1(1/λq)vq ⊗ vq , where λq is the qth sorted eigenvalue of
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C, vq is the corresponding eigenfunction, and Q ≤ min(M,N) is a regularization pa-
rameter. Then, the corresponding square-root inverse-covariance operator is C−1/2 :=∑

q(1/
√
λq)vq ⊗ vq and the geodesic Mahalanobis distance of the point ν from mean

μ is dg(ν, μ;C) := (〈C−1/2t, C−1/2t〉F )0.5 where t := Logμ(ν).
Let Y be a random variable that generates the N independent and identically-

distributed data points {yn}Nn=1 as follows. For each n, we first draw a cluster num-
ber l ∈ {1, 2, · · · , L} with probability wl (where ∀l : wl > 0 and

∑
l wl = 1) and

then draw yn from P (Y |μl, Cl). Thus, the probability of observing yn is P (yn) =∑
l wlP (yn|μl, Cl).
The parameters for P (Y ) are θ = {wl, μl, Cl}Ll=1. We solve for the maximum-

likelihood estimate of θ via EM. Let {Sn}Nn=1 be hidden random variables that give, for
each n, the cluster number sn ∈ {1, · · · , L} that generated data point yn.

EM performs iterative optimization. Each EM iteration involves an E step and an
M step. At iteration i, given parameter estimates θi, the E step defines a function
Q(θ|θi) := EP ({Sn}N

n=1|{yn}N
n=1,θ

i)[logP ({Sn, yn}Nn=1|θ)]. For our mixture model,

Q(θ|θi) =
∑

n

∑

l

P (sn = l|yn, θi)
(
logwl − 0.5 log |Cl| − 0.5d2g(μl, yn;Cl)

)

+ constant, where (15)

P (sn = l|yn, θi) = P (sn = l|θi)P (yn|sn = l, θi)

P (yn|θi) =
wi

lP (yn|μi
l , C

i
l )∑

l w
i
lP (yn|μi

l, C
i
l )
. (16)

We denote P (sn = l|yn, θi) in shorthand by the class membership P i
nl. We denote∑

n P
i
nl in shorthand by P i

l . Simplifying gives

Q(θ|θi) =
∑

l

P i
l (logwl − 0.5 log |Cl|)− 0.5

∑

n

∑

l

P i
nld

2
g(μl, yn;Cl) + constant.

(17)

The M step maximizes Q(θ), under the constraints on wl, using the method of Lagrange
multipliers, to give the optimal values and, hence, the updates, for parameters θ.

Thus, the proposed clustering algorithm is as follows.

1. Input: A set of points {Φ(xn)}Nn=1 on the unit Hilbert sphere in RKHS with all
associated weights pn set to unity.

2. Reduce the dimensionality of the input using the algorithm in Section 5.1 to give
points {yn}Nn=1 on a lower-dimensional subsphere of the Hilbert sphere in RKHS.

3. Initialize iteration count i := 0. Initialize parameters θ0 = {w0
l , μ

0
l , C

0
l }Ll=1 as fol-

lows: run farthest-point clustering [26] (with kernel-based distances; with randomly-
selected first point) to initialize kernel k means [47] that, in turn, initializes μ0

l and
C0

l to be the mean and covariances of cluster l, respectively, and w0
l equal to the

number of points in cluster l divided by N .
4. Iteratively update the parameter estimates, until convergence, as follows.
5. Evaluate probabilities {P i

nl} using current parameter estimates θi.
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6. Update means μi+1
l = argminμ

∑
n P

i
nld

2
g(μl, yn;Cl) using a gradient-descent

algorithm similar to that used in Section 4.1 for the sample weighted Karcher mean.
7. Update covariances Ci+1

l =
∑

n(P
i
nl/P

i
l )Logμi+1

l
(yn)⊗ Logμi+1

l
(yn).

8. Update probabilities wi+1
l = P i

l /(
∑

l P
i
l ).

9. Output: Parameters: θ = {wl, μl, Cl}Ll=1. Labeling: Assign Φ(xn) to the cluster l
that maximizes P (yn|μl, Cl).

6 Results and Discussion

This section shows results on simulated data, real-world face images from the Olivetti
Research Laboratory (ORL) [44], and real-world data from the University of California
Irvine (UCI) machine learning repository [8].

6.1 Nonlinear Dimensionality Reduction

We employ kPCA and the proposed kPGA for nonlinear dimensionality reduction on
simulated and real-world databases. To evaluate the quality of dimensionality reduction,
we use the co-ranking matrix [36] to compare rankings of pairwise distances between
(i) data points in the original high-dimensional space (i.e., without any dimensionality
reduction) and (ii) the projected data points in the lower-dimensional embedding found
by the algorithm. Based on this motivation, a standard measure to evaluate the quality
of dimensionality-reduction algorithms is to average, over all data points, the fraction
of other data points that remain inside a κ neighborhood defined based on the original
distances [36]. For a fixed number of reduced dimensions, an ideal dimensionality-
reduction algorithm would lead to this quality measure being 1 for every value of κ ∈
{1, 2, · · · , N − 1}, where N is the total number of points in the dataset.

Simulated Data – Points on a High-Dimensional Unit Hilbert Sphere. We generate
N = 200 data points lying on the unit Hilbert sphere in R

100. We ensure the intrinsic

Reduced Dimension Q = 1 Reduced Dimension Q = 2

Fig. 2. Nonlinear Dimensionality Reduction on Simulated Data. The performance for the
proposed kPGA is in blue and that for the standard kPCA is in red. The horizontal axis shows
values of κ in the κ neighborhood [36]. The quality measure on the vertical axis indicates the
preservation of κ-sized neighborhoods based on distances in the original space (see text). For a
fixed number of reduced dimensions Q, the ideal performance is a quality measure of 1 for all κ.
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Dimension Q=2, Degree d=4 Dimension Q=2, Degree d=5 Dimension Q=2, Degree d=6

Dimension Q=4, Degree d=4 Dimension Q=4, Degree d=5 Dimension Q=4, Degree d=6

Dimension Q=8, Degree d=4 Dimension Q=8, Degree d=5 Dimension Q=8, Degree d=6

Dimension Q=16, Degree d=4 Dimension Q=16, Degree d=5 Dimension Q=16, Degree d=6

Fig. 3. Nonlinear Dimensionality Reduction on ORL Face Images. The blue curves represent
the proposed kPGA and the red curves represent standard kPCA. Each subfigure plots quality
measures (on vertical axis) for reduced-dimension values Q = 2, 4, 8, 16 and polynomial-kernel-
parameter values d = 4, 5, 6. Within each subfigure (on horizontal axis), κ = 1, · · · , 399. See
Figure 4 for additional results with reduced-dimension values Q = 32, 64, 128, 256.

dimensionality of the dataset to be 2 by considering a subsphere S2 of dimension 2 and
sampling points from a von Mises-Fisher distribution on S

2 [37]. We set the kernel as
k(x, y) := 〈x, y〉 that reduces the map Φ(·) to identity (i.e., Φ(x) := x) and, thereby,
performs the analysis on the original data that lies on a Hilbert sphere in input space.
Figure 2 shows the results of the dimensionality reduction using kPCA and kPGA.
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Dimension Q=32, Degree d=4 Dimension Q=32, Degree d=5 Dimension Q=32, Degree d=6

Dimension Q=64, Degree d=4 Dimension Q=64, Degree d=5 Dimension Q=64, Degree d=6

Dimension=128, Degree d=4 Dimension Q=128, Degree d=5 Dimension Q=128, Degree d=6

Dimension=256, Degree d=4 Dimension Q=256, Degree d=5 Dimension Q=256, Degree d=6

Fig. 4. Nonlinear Dimensionality Reduction on ORL Face Images. Continued from Figure 3.

When the reduced dimensionality is forced to be 1, which we know is suboptimal,
both kPCA and kPGA perform comparably. However, when the reduced dimensionality
is forced to 2 (which equals the intrinsic dimension of the data), then kPGA clearly
outperforms kPCA; kPGA preserves the distance-based κ neighborhoods for almost
every value of κ ∈ {1, · · · , 199}. The result in Figure 2 is also consistent with the
covariance eigenspectra produced by kPCA and kPGA. Standard kPCA, undesirably,
gives 3 non-zero eigenvalues (0.106, 0.0961, 0.0113) that reflect the dimensionality of
the data representation for points on S

2. On the other hand, the proposed kPGA gives
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 5. Clustering on UCI Datasets. Box plots of error rates from clustering random subsets of
the dataset. We use a Gaussian kernel. (a)–(h) show results on Wine, Haberman, Iris, Vote, Heart,
Ecoli, Blood, and Liver datasets, respectively.
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only 2 non-zero eigenvalues (0.1246, 0.1211) that reflect the intrinsic dimension of the
data. Thus, kPGA needs fewer components/dimensions to represent the data.

Real-World Data – ORL Face Image Database. The ORL database [44] comprises
N = 400 face images of size 112 × 92 pixels. To measure image similarity, a justi-
fiable kernel is the polynomial kernel k(x, y) := (〈x, y〉)d after normalizing the in-
tensities in each image x (i.e., subtract mean and divide by standard deviation) so that
〈x, x〉 = 1 = k(x, x) [46]. Figure 3 and Figure 4 show the results of nonlinear dimen-
sionality reduction using standard kPCA and the proposed kPGA. For a range of values
of the reduced dimension (i.e., 2, 4, 8, 16, 32, 64, 128, 256) and a range of values of the
polynomial kernel degree d (i.e., d = 4, 5, 6), the proposed kPGA outperforms standard
kPCA with respect to the κ-neighborhood based quality measure.

6.2 Clustering Using Mixture Modeling and Expectation Maximization

We use the UCI repository to evaluate clustering in RKHS. Interestingly, for all but 2 of
the UCI datasets used in this paper, the number of modes in kPCA (using the Gaussian
kernel) capturing 90% of the spectrum energy ranges from 3–15 (mean 8.5, standard
deviation 4.5). For only 2 datasets is the corresponding number of modes more than 20.
This number is usually close to the intrinsic dimension of the data.

Real-World Data – UCI Machine Learning Repository. We evaluate clustering al-
gorithms by measuring the error rate in the assignments of data points to clusters; we
define error rate as the fraction of the total number of points in the dataset assigned to
the incorrect cluster. We evaluate clustering error rates on a wide range of subspace di-
mensions Q ∈ {1, · · · , 30}. For each Q, we repeat the following process 50 times: we
randomly select 70% points from each cluster, run the clustering algorithm, and com-
pute the error rate. We use the Gaussian kernel k(xi, xj) = exp(−0.5‖xi − xj‖22/σ2)
and set σ2, as per convention, to the average squared distance between all pairs (xi, xj).

Figures 5 compares the performance of spectral clustering [49], standard kPCA, and
the proposed kPGA. In Figures 5(a)–(f), kPGA gives the lowest error rates (over all
Q) and outperforms spectral clustering. In Figures 5(a)–(d), kPGA performs better or
as well for almost all choices of Q. In Figure 5(g), kPGA performs as well as spectral
clustering (over all Q). In Figure 5(h), kPGA performs slightly worse than kPCA (over
all Q), but kPGA performs the best whenever Q > 2.

7 Conclusion

This paper addresses the hyperspherical geometry of points in kernel feature space, which
naturally arises from many popular kernels and kernel normalization. This paper
proposes kPGA to perform PGA on the Hilbert sphere manifold in RKHS, through al-
gorithms for computing the sample weighted Karcher mean and the eigenvalues and
eigenfunctions of the sample weighted Karcher covariance. It leverages kPGA to pro-
pose methods for (i) nonlinear dimensionality reduction and (ii) clustering using mixture-
model fitting on the Hilbert sphere in RKHS. The results, on simulated and real-world
data, show that kPGA-based methods perform favorably with their kPCA-based analogs.
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R., Jantke, K.P., Takimoto, E. (eds.) ALT 2003. LNCS (LNAI), vol. 2842, pp. 159–174.
Springer, Heidelberg (2003)


	Kernel Principal Geodesic Analysis
	1 Introduction
	2 Related Work
	3 Geometry of the Hilbert Sphere in Kernel Feature Space
	4 PCA on the Hilbert Sphere in Kernel Feature Space
	4.1 Sample KarcherMean
	4.2 Sample Karcher Covariance and Eigen Analysis
	4.3 Kernel Principal Geodesic Analysis (kPGA) Algorithm

	5 Applications
	5.1 Nonlinear Dimensionality Reduction
	5.2 Clustering Using Mixture Modeling and ExpectationMaximization

	6 Results and Discussion
	6.1 Nonlinear Dimensionality Reduction
	6.2 Clustering Using Mixture Modeling and ExpectationMaximization

	7 Conclusion
	References




