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Abstract. Kernel-based learning is widely known as a powerful tool for
various fields of information science such as pattern recognition and re-
gression estimation. For the last few decades, a combination of different
learning machines so-called ensemble learning, which includes learning
with multiple kernels, have attracted much attention in this field. Al-
though its efficacy was revealed numerically in many works, its theoret-
ical grounds are not investigated sufficiently. In this paper, we discuss
regression problems with a class of kernels and show that the general-
ization error by an ensemble kernel regressor with the class of kernels is
smaller than the averaged generalization error by kernel regressors with
each kernel in the class.

Keywords: kernel regressor, ensemble learning, orthogonal projection,
generalization error.

1 Introduction

Kernel-based learning machines [1], represented by the support vector machine
[2] and the kernel ridge regressor [3], are widely recognized as powerful tools for
various fields of information science such as pattern recognition and regression
estimation. In general, an appropriate model selection is required in order to
obtain a desirable learning result by kernel machines. Although the model selec-
tion in a fixed model space, such as selection of a regularization parameter, is
sufficiently investigated in terms of theoretical and practical senses (see [4, 5] for
instance), the selection of a model space is not sufficiently investigated in terms
of a theoretical sense, while many practical algorithms for selection of a kernel
(or its parameters) are proposed. In our previous works [6–9], we discussed the
generalization error of a model space specified by a kernel and obtained some
theoretical results.

For the last few decades, learning based on multiple kernels have attracted
much attention in this field, which can be regarded as one of model selection
schemes. The ensemble kernel learning (see [2] for instance), which is a combina-
tion of kernel-based learning machines, is representative one, whose theoretical
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grounds are not also investigated sufficiently. In this paper, we discuss general-
ization errors of the ensemble kernel regressor with a class of kernels and the
kernel regressor using an individual kernel in the class; and show that the gen-
eralization error of the ensemble kernel regressor is smaller than the averaged
generalization error of kernel regressors by each kernel.

2 Mathematical Preliminaries for the Theory of
Reproducing Kernel Hilbert Spaces

In this section, we give some mathematical preliminaries concerned with the
theory of reproducing kernel Hilbert spaces [10, 11].

Definition 1. [10] Let Rn be an n-dimensional real vector space and let H be
a class of functions defined on D ⊂ Rn, forming a Hilbert space of real-valued
functions. The function K(x, x̃), (x, x̃ ∈ D) is called a reproducing kernel of H,
if the following two conditions hold.

1. For every x̃ ∈ D, K(·, x̃) is a function belonging to H.
2. For every x̃ ∈ D and every f(·) ∈ H,

f(x̃) = 〈f(·),K(·, x̃)〉H, (1)

where 〈·, ·〉H denotes the inner product of the Hilbert space H.

The Hilbert space H that has a reproducing kernel is called a reproducing
kernel Hilbert space, abbreviated by RKHS. Eq.(1) is called the reproducing
property of a kernel and it enables us to treat a value of a function at a point
in D. Note that reproducing kernels are positive definite [10]:

N∑

i,j=1

cicjK(xi,xj) ≥ 0, (2)

for any N ∈ N, c1, . . . , cN ∈ R, and x1, . . . ,xN ∈ D. In addition, K(x, x̃) =
K(x̃,x) holds for any x, x̃ ∈ D [10]. If a reproducing kernel K(x, x̃) exists, it is
unique [10]. Conversely, every positive definite function K(x, x̃) has the unique
corresponding RKHS [10]. Hereafter, the RKHS corresponding to a reproducing
kernel K(x, x̃) is denoted by HK . In the following contents, we simply use the
symbol K for a kernel by omitting (x, x̃) except the cases where it is needed.

Next, we introduce the Schatten product [12] that is a convenient tool to
reveal the reproducing property of kernels.

Definition 2. [12] Let H1 and H2 be Hilbert spaces. The Schatten product of
g ∈ H2 and h ∈ H1 is defined by

(g ⊗ h)f = 〈f, h〉H1g, f ∈ H1. (3)
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Note that (g ⊗ h) is a linear operator from H1 onto H2. It is easy to show
that the following relations hold for h, v ∈ H1, g, u ∈ H2.

(h⊗ g)∗ = (g ⊗ h), (h⊗ g)(u⊗ v) = 〈u, g〉H2(h⊗ v), (4)

where the superscript ∗ denotes the adjoint operator.
We give the following theorem concerned with the sum of reproducing kernels,

which is used in the following contents.

Theorem 1. [10] If Ki is the reproducing kernel of the class Fi with the norm
|| · ||i, then K = K1+K2 is the reproducing kernel of the class F of all functions
f(·) = f1(·) + f2(·) with fi(·) ∈ Fi, and with the norm defined by

||f(·)||2 = min
[||f1(·)||21 + ||f2(·)||22

]
, (5)

the minimum taken for all the decompositions f(·) = f1(·)+f2(·) with fi(·) ∈ Fi.

The most important consequence of Theorem 1 is that the RKHS correspond-
ing to K = K1 +K2 includes HK1 and HK2 .

3 Formulation of Regression Problems

Let {(yi,xi) | i ∈ {1, . . . , �}} be a given training data set with yi ∈ R, xi ∈ Rn,
satisfying

yi = f(xi) + ni, (6)

where f(·) denotes the unknown true function and ni denotes zero-mean additive
noise. The aim of the regression problem is to estimate the unknown function
f(·) by using the given training data set and statistical properties of the noise.

In this paper, we assume that the unknown function f(·) belongs to the RKHS
HK corresponding to a certain kernel K. If f(·) ∈ HK , then Eq.(6) is rewritten
as

yi = 〈f(·),K(·,xi)〉HK + ni, (7)

on the basis of the reproducing property of kernels. Let y = [y1, . . . , y�]
′ and

n = [n1, . . . , n�]
′ with the superscript ′ denoting the transposition operator,

then applying the Schatten product to Eq.(7) yields

y =

(
�∑

k=1

[e
(�)
k ⊗K(·,xk)]

)
f(·) + n, (8)

where e
(�)
k denotes the �-dimensional unit vector whose k-th element is unity.

For a convenience of description, we write

AK,X =

(
�∑

k=1

[e
(�)
k ⊗K(·,xk)]

)
, (9)
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where X = {x1, . . . ,x�}. Note that AK,X is a linear operator from HK onto R�

and Eq.(8) can be written by

y = AK,Xf(·) + n, (10)

which represents the relationship between the unknown true function f(·) and
an output vector y. Therefore, a regression problem can be interpreted as an
inversion problem of the linear equation Eq.(10) [13].

4 Kernel Specific Generalization Error and Some Known
Results

In general, a learning result by kernel machines is represented by a linear com-
bination of K(·,xk), which implies that the learning result is an element in the
range space of the linear operator A∗

K,X , written as R(A∗
K,X), since

f̂(·) = A∗
K,Xα =

(
�∑

k=1

[K(·,xk)⊗ e
(�)
k ]

)
α

=

�∑

k=1

αkK(·,xk) (11)

holds, where α = [α1, . . . , α�]
′ denotes an arbitrary vector in R�. The point at

issue in this paper is to discuss goodness of a model space, that is, the general-
ization error of R(A∗

K,X) which is independent from learning criteria. Therefore,
we define the generalization error of kernel machines specified by a kernel K and
a set of input vectors X as the distance between the unknown true function f(·)
and R(A∗

K,X) written as

JKe(f(·);K,X) = ||f(·)− PK,Xf(·)||2HKe
, (12)

where PK,X denotes the orthogonal projector onto R(A∗
K,X) in HK and || · ||HKe

denotes the induced norm of HKe . Note that Ke may or may not be identical to
K. Selection of an element in R(A∗

K,X) as a learning result is out of the scope
of this paper since the selection depends on learning criteria. We also ignore
the observation noise in the following contents since the noise does not affect
Eq.(12).

Here, we give some propositions as preparations to evaluate Eq.(12).

Lemma 1. [6]

PK,X =

�∑

i,j=1

(G+
K,X)ij [K(·,xi)⊗K(·,xj)] , (13)

where GK,X denotes the Gramian matrix of K with X and the superscript +

denotes the Moore-Penrose generalized inverse[14].
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From Lemma 1, the orthogonal projection of f(·) ∈ HK onto R(A∗
K,X ) is

given as

PK,Xf(·) =
�∑

i,j=1

f(xi)(G
+
K,X)ijK(·,xj). (14)

5 Analyses on Generalization Error of Ensemble Kernel
Regressors

We consider a class of kernels K = {K1, . . . ,Kn} and corresponding RKHS
written as HKp , (p ∈ {1, . . . , n}). We assume that

S = ∩n
p=1HKp (15)

forms a non-empty linear class.
In this section, we discuss the generalization error of the ensemble kernel

regressor with the kernels in K and the mean of the generalization errors of the
kernel regressors with each kernel in K. For any f(·) ∈ S, the learning result by
the kernel regressor with Kp, (p ∈ {1, . . . , n}) and the set of input vectors X is
written as

f̂p(·) =
�∑

i,j=1

f(xi)(G
+
Kp,X

)i,jKp(·,xj) = PKp,Xf(·) (16)

from Eq.(14); and its estimation error is reduced to

ep(·) = f(·)− f̂p(·). (17)

Since ep(·) ∈ HKp , we adopt an RKHS including all HKp , (p ∈ {1, . . . , n})
in order to evaluate the norm of ep(·), (p ∈ {1, . . . , n}) uniformly. As such an
RKHS, we adopt HKe whose corresponding kernel is given as

Ke =
n∑

p=1

Kp (18)

from Theorem 1. Therefore, the expected squared error of the kernel regressors
with Kp, (p ∈ {1, . . . , n}) and X , evaluated in HKe , is reduced to

Jm =
1

n

n∑

p=1

||ep(·)||2HKe
. (19)

On the other hand, the ensemble kernel regressor by the kernels in K is rep-
resented by

f̂e(·) = 1

n

n∑

p=1

PKp,Xf(·) = 1

n

n∑

p=1

f̂p(·), (20)
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and its generalization error, evaluated in HKe , is reduced to

Je = ‖f(·)− f̂e(·)‖2HKe

=

∥∥∥∥∥
1

n

n∑

p=1

(
f(·)− f̂p(·)

)∥∥∥∥∥

2

HKe

=

∥∥∥∥∥
1

n

n∑

p=1

ep(·)
∥∥∥∥∥

2

HKe

. (21)

Note that the adopting the norm of HKe in the evaluation Je is valid since

f(·), f̂e(·) ∈ HKe obviously holds.
The following theorem is the main result of this paper.

Theorem 2

Jm − Je =
1

2n2

n∑

p,q=1

∥∥∥f̂p(·)− f̂q(·)
∥∥∥
2

HKe

. (22)

Proof. Since ep(·)− eq(·) = f̂q(·)− f̂p(·) holds, we have

Jm − 1

2n2

n∑

p,q=1

∥∥∥f̂p(·)− f̂q(·)
∥∥∥
2

HKe

=
1

n

n∑

p=1

‖ep(·)‖2HKe
− 1

2n2

n∑

p,q=1

||ep(·)− eq(·)||2HKe

=
1

n

n∑

p=1

‖ep(·)‖2HKe
− 1

2n2

n∑

p,q=1

(
||ep(·)||2HKe

+ ||eq(·)||2HKe
− 2〈ep(·), eq(·)〉HKe

)

=
1

n2

n∑

p,q=1

〈ep(·), eq(·)〉HKe
=

∥∥∥∥∥
1

n

n∑

p=1

ep(·)
∥∥∥∥∥

2

HKe

= Je,

which concludes the proof. 
�
According to Theorem 2, it is concluded that the generalization error of the

ensemble kernel regressor is smaller than or equal to the averaged generalization
error of the kernel regressors by each kernel since the right-hand side of Eq.(22)
is trivially non-negative, which implies that the ensemble kernel regressor gives
a better performance than the kernel regressor by each kernel in terms of the
averaged performance. Moreover, we can observe from Eq.(22) that when the
learning results by the kernel regressors with each kernel are quite similar, the
ensemble kernel regressor loses its advantage since the right-hand side of Eq.(22)
becomes smaller. On the contrary, when the estimation error by the kernel re-
gressors with each kernel, that is ep(·), tend to be orthogonal each other, the
generalization error of the ensemble kernel regressor Je tends to be Jm/n from
Eq.(21) and the Pythagorean theorem.
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6 Example

In this section, we give a toy example confirming Theorem 2. Let K = {K1,K2}
with

K1(x, y) = 1 + xy + x2y2, (23)

K2(x, y) = 1 + xy + x3y3 (24)

be a class of kernels. Note that a basis of HK1 is {1, x, x2} and that of HK2 is
{1, x, x3}. Therefore, we have

S = HK1 ∩HK2 = span{1, x}. (25)

We adopt f(x) = 1 + 2x ∈ S as an unknown true function and X = {0, 1} as a
set of input points. Therefore, we have

f̂1(·) = PK1,Xf(·) = 1 + x+ x2, (26)

f̂2(·) = PK2,Xf(·) = 1 + x+ x3 (27)

from Eq.(14) and

ê1(·) = f(x)− f̂1(x) = (1 + 2x)− (1 + x+ x2) = x− x2, (28)

ê2(·) = f(x)− f̂2(x) = (1 + 2x)− (1 + x+ x3) = x− x3. (29)

Let Ke(x, y) = K1(x, y) + K2(x, y) = 2 + 2xy + x2y2 + x3y3, then it is trivial
that dimHKe = 4. Since e1(x), e2(x) ∈ HKe , they can be expressed by linear
combinations of four linearly independent functions in HKe , such as

Ke(x, 0) = 2,

Ke(x, 1) = 2 + 2x+ x2 + x3,

Ke(x, 2) = 2 + 4x+ 4x2 + 8x3,

Ke(x, 3) = 2 + 6x+ 9x2 + 27x3.

In fact, e1(x) and e2(x) are represented by

e1(x) =
1

12
(−23Ke(x, 0) + 48Ke(x, 1)− 33Ke(x, 2) + 8Ke(x, 3)) , (30)

e2(x) =
1

4
(−3Ke(x, 0) + 4Ke(x, 1)− 1Ke(x, 2)) . (31)

By the well known property 〈Ke(·, x),Ke(·, y)〉HKe
= Ke(x, y), we have

||e1(·)||2HKe
= ||e2(·)||2HKe

=
3

2
, (32)

which immediately yields

Jm =
1

2

(
||e1(·)||2HKe

+ ||e2(·)||2HKe

)
=

3

2
. (33)
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On the other hand, the learning result by the ensemble kernel regressor by
K1 and K2 is reduced to

f̂e(x) =
1

2
(f̂1(x) + f̂2(x)) = 1 + x+

x2 + x3

2
(34)

and we have

f(x) − f̂e(x) = x− x2 + x3

2
, (35)

which can be represented by

f(x)− f̂e(x) =
1

6
(−8Ke(x, 0) + 15Ke(x, 1)− 9Ke(x, 2) + 2Ke(x, 3)) , (36)

whose squared norm in HKe is

Je = ||f(x)− f̂e(x)||2HKe
= 1. (37)

Therefore, we have

Jm − Je =
1

2
. (38)

Accordingly, it is concluded that the ensemble kernel regressor gives a better
result than the kernel regressor by the individual kernel K1 or K2 in these
settings.

Finally, we evaluate the right-hand side of Eq.(22). Since

f̂1(x) − f̂2(x) = x2 − x3

=
1

6
(7Ke(x, 0)− 18Ke(x, 1) + 15Ke(x, 2)− 4Ke(x, 3)) (39)

and ||f̂1(x) − f̂2(x)||2HKe
= 2, the right-hand side of Eq.(22) is reduced to

1

2 · 22
2∑

p,q=1

||f̂p(x)− f̂q(x)||2HKe

=
1

8
(||f̂1(x) − f̂2(x)||2HKe

+ ||f̂2(x)− f̂1(x)||2HKe
)

=
1

2
, (40)

which agrees with Eq.(38). Note that calculation of right-hand side of Eq.(22)
does not require the unknown true function f(·), while the left-hand side of
Eq.(22) includes f(·), which implies that we can obtain the reduced squared
error by the ensemble kernel regressor only from the learning results by kernel
regressors with each kernel.

7 Conclusion

In this paper, we discussed the generalization error of the ensemble kernel re-
gressor with a class of kernels; and proved that the generalization error of the
ensemble kernel regressor is smaller than the averaged generalization error of the
kernel regressors by each kernel in the class. Similar analysis for the noise is one
of our future works that should be undertaken.
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