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We use stochastic models to estimate the waiting time distributions 

for progressive stages of HIV infection and to estimate stage-specific 

infection transmission probabilities between exposed and infected persons. 

We partition the infection period into four progressive stages: 1. 

infected but antibody negative; 2. antibody positive but asymptomatic; 3. 

pre-AIDS symptoms and/or abnormal hematologic indicator; and 4. clinical 

AIDS. We also define a fifth stage, death due to AIDS. A time-dependent 

Markov model is fitted to data on 45 persons with known time of HIV 

exposure to estimate the waiting time in stage I, i.e., the pre

HIV-antibody period. The mean pre-HIV-antibody period is estimated to be 

2.6 ± 0.2 months. A time-homogeneous Markov model was previously used to 

estimate the waiting time distributions for stages 2-3 from data on a 

sample of 513 homosexual and bisexual men from San Francisco. By 

combining this model with the model for stage I, we estimate the mean AIDS 

incubation period, i.e., the waiting time in stages 1-3, as 9.8 ± 0.7 

years. The estimated mean HIV infectious period, i.e., the waiting time 

in stages 1-4, is 11.8 ± 0.8 years. The estimated AIDS incubation period 

distribution is combined with a stochastic transmission model to estimate 

the stage-specific infection transmission rates from a sample of 45 

heterosexual sex partners of persons with AIDS. The probability that an 

exposed person will be infected by a single sexual contact with an 
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infected person in stage 4 is estimated to be 0.0057 ± 0.0016. For stage 

3. this probability is estimated to be 0.0007 ± 0.0002. and it is 

estimated to be very near to 0 for stage 2. Thus. an exposed person is 

about eight times more likely to be infected by a person who has AIDS than 

by one who has pre-AIDS symptoms 

{p < 0.001}. The stochastic models that we developed can be extended to 

assess the risk of HIV transmission for different levels of important risk 

factors when more detailed data become available. 

1. Introduction 

The natural history of HIV in the human host can be visualized as a 

progression of stages from initial infection to death. In addition. the 

infectiousness of infected persons may vary considerably with respect to 

the stage of infection. These two important characteristics of HIV. 

coupled with the complicated social patterns of human contacts. largely 

determine the spread of HIV. The staging process and infectious contact 

patterns have been incorporated into dynamic mathematical models of HIV 

transmission to better understand HIV epidemiology and control {Jacquez et 

al. 1988; Koopman et al. 1988; Hethcote 1988}. This paper presents some 

of the progress that has been made by using stochastic models of the 

staging process to estimate key parameters that govern the natural history 

and transmissibility of HIV. 

Using the work of Longini et al. (1989). we model the natural history 

of HIV as a five-stage Markov process. The period of infection is 

partitioned into four transient states (stages) which are as follows: 

I} infected but antibody negative; 2} antibody positive but asymptomatic; 

3} pre-AIDS symptoms and/or abnormal hematologic indicator; and 

4} clinical AIDS. The fifth stage is the absorbing state. death. 

Infected persons are modeled to flow irreversibly through the stages as 

shown in Figure 1. There are several waiting time distributions embedded 

in Figure 1 which are epidemiologically important. The waiting time in 

stage 1 is the pre-HIV-antibody period. which will be referred to as the 

pre-antibody period in this paper. The sum of the waiting times in stages 

1-3 is the AIDS incubation period while the sum of the waiting times in 

stages 1-4 is the HIV infectious period as well as the time from initial 
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infection to death,(i.e .• HIV survival time). The AIDS survival time is 

the waiting time in stage 4. 

HIV antibodies -
Pre-AIDS symptoms 

AIDS symptoms -

+ + 
+ 

+ 

+ 

Figure 1: Flow diagram for the modeled natural history of HIV. 

Section 2 of this paper deals with fitting a time-dependent. 

two-stage Markov model to data on newly infected persons in order to 

estimate the distribution of the pre-antibody period. In Section 3. this 

work is integrated with previous results of Longini et al. (1989) to 

provide estimates of the distributions of the AIDS incubation and HIV 

infectious periods. In Section 4. the estimated distribution of the AIDS 

incubation period is coupled with a stochastic model for estimating the 

stage-specific infectious transmission rates. We then apply the model to 

data collected by Fischl et al. (1987) on the sexual transmission of HIV 

between heterosexual partners. Finally. a discussion is given in Section 

5. 

2. The pre-antibody period 

The pre-antibody period. i.e .• waiting time in stage 1. was estimated 

from data on 45 persons who were infected with a known time of exposure to 

HIV (Horsburgh et al. 1989). The data. including the most likely route of 

exposure. are given below in Table 1. However. the route of exposure is 

not a factor in the analysis. Some of the persons were tested for 

infection just after the time of exposure and then again within six 

months. All persons were tested within six months of the time of 

exposure. and were followed for a relatively short period of time. Thus. 

they provide reliable information only about stage 1. 
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Table 1: Data used to estimate pre-antibody period 

Person Time seguence States Route of exposure 
j T. months Yj J 

1 0 2.53 1 2 Factor VIII 
2 0 2.17 1 2 Factor VIII 
3 0 3.52 7.50 1 1 2 Factor VIII 
4 0 2.80 4.18 1 1 2 Factor VIII 
5 0 0.79 2.86 1 1 2 Factor VIII 
6 0 3.45 4.93 1 1 2 Factor VIII 
7 0 2.96 1 2 Factor VIII 
8 0 2.50 1 1 Factor VIII 
9 0 5.10 6.91 1 1 2 Factor VIII 

10 0 0.99 1.18 1 1 2 Factor VIII 
11 0 0.89 3.85 1 1 2 Factor VIII 
12 0 2.80 1 2 Factor VIII 
13 0 0.66 2.20 1 1 2 Factor VIII 
14 0 0.46 6.51 1 1 2 Factor VIII 
15 0 2.73 1 2 Factor VIII 
16 0 1.15 2.80 1 1 2 Factor VIII 
17 0 1.22 1.45 1 1 2 Factor VIII 
18 0 1.22 1.45 1 1 2 Factor VIII 
19 0 0.76 1.15 1 1 2 Blood Transfusion 
20 0 0.86 1.32 1 1 2 Blood Transfusion 
21 0 0.29 1.48 1 1 2 Blood Transfusion 
22 0 0.59 1.51 1 1 2 Blood Transfusion 
23 0 0.43 3.82 1 1 2 Blood Transfusion 
24 0 0.92 3.22 1 1 2 Blood Transfusion 
25 0 2.37 3.45 1 1 2 Blood Transfusion 
26 0 0.30 6.05 1 1 2 Needlestick 
27 0 1.22 3.82 1 1 2 Needlestick 
28 0 0.03 3.98 1 1 2 Needlestick 
29 0 0.89 1.61 1 1 2 Needlestick 
30 0 1.91 5.92 1 1 2 Needlestick 
31 0 0.43 2.24 1 1 2 Needlestick 
32 0 2.96 5.92 1 1 2 Needlestick 
33 0 1.64 2.47 1 1 2 Organ Transplant 
34 0 0.99 2.63 1 1 2 Organ Transplant 
35 0 1.32 1.84 1 1 2 Organ Transplant 
36 0 1.64 1 2 Organ Transplant 
37 0 1.38 1 2 Organ Transplant 
38 0 1.32 7.99 1 1 2 Organ Transplant 
39 0 1.32 7.99 1 1 2 Organ Transplant 
40 0 1.84 9.05 1 -1 2 Cutaneous 
41 0 1.38 4.01 1 1 2 Cutaneous 
42 0 0.69 1.41 1 1 2 Cutaneous 
43 0 0.53 1.55 1 1 2 Sexual 
44 0 1.61 2.07 1 1 2 Sexual 
45 0 1.05 2.96 1 1 2 IV drug use 
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Because the time of, exposure is known for these 45 persons. the transition 

intensity (i.e .• hazard function) for stage 1. h1(t) can be modeled as a 

time-dependent function. where h1(t)At + o(At) is the probability that a 

person who has been in stage 1 for t units of time will make the 

transition to stage 2 during the time interval [t.t+AtJ. and where 

lim o(At)/At = 0 as At ~ O. 

We selected a three-parameter Weibull distribution to model the 

wai ting time in stage 1. This distribution can have an increasing. 

decreasing. or constant hazard function depending upon the value of the 

shape parameter. Thus. the Weibull distribution should be sufficiently 

flexible to model the waiting time distribution in stage 1. In addition. 

the exponential distribution. which we previously used to model the 

waiting time distribution for stage 1 (see Longini et al. 1989). is a 

special case of the Weibull distribution. The probability density 

function (pdf) and the transition intensity (hazard) function. 

respectively. of the three-parameter Weibull distribution are 

ift)fj 

(1) 

if tS;fj 

if t)fj 

where Al ) O. a ) 0 and fj ~ O. The time delay fj is needed since a finite 

amount of time is required for a primary antibody response (i.e .• it is 

biologically impossible for a person to seroconvert immediately after 

infection). When a = 1. then (1) reduces to a two-parameter exponential 

distribution. 

Let j (j = 1.2 •...• 45) be the index for each of the persons in the 

cohort. and let m. be the number of times person j was observed. Then the 
J 

array T. = (TjO.T. 1 •...• T. ) represents the times at which person j was 
J J Jmj 

observed to be in the stages given by the array Yj = (yjO.yj1 •...• y jm.). 
J 

where TjO = 0 and YjO = 1 for all j. Since the mean waiting time in stage 

1 (about 2.5 months) is much shorter than that in stage 2 (about 53 
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months--see Section 3). and the period of observation for each person is 

short. we modeled the system as simply two stages with stage 2 being 

closed. Given the above assumptions. we are interested in the 

probability. p.(T.;Y.). of observing the array y. at times T .. Table 1 
J J J J J 

presents the data for the arrays (T .. Y.). where the time units are months. 
J J 

The following array patterns were observed in the data: (O,Tj1 ;1.1). 

(O.Tj1 ;1.2) and (0.Tj1 .Tj2;1.1.2). The probabilities of these patterns 

are given below in terms of h1(t) which is defined in (1): 

={ 
1 if Tj1 ~ D. 

Pj(O.Tj1 ;1.1) 

exp[ - h1(Tj1- D)]. if Tj1 > D. 
(2) 

Pj(0.Tj1 ;1.2) = 1 - Pj(O.Tj1 ;1.1) . (3) 

(4) 

The likelihood function for estimating the parameters 0 = (D.A.a) was 

found by taking the product of the functions (2-4) for all 45 persons. It 

is 

45 
L(O) = II Pj ( T j ; Y.) 

j=l J 
(5) 

Maximum likelihood estimates (MLEs) of the parameters. O. were found by 
, 

numerically maximizing the natural logarithm of (5) for Al and a at fixed 

values of D. This was accomplished with the derivative-free pseudo-Gauss

Newton algorithm in the BMDP statistical package (Ralston 1985). This 

algorithm also provided the asymptotic variance-covariance matrix of the 
A A 

conditional MLE's Al and a. Hypothesis tests were conducted using the 

likelihood ratio test (see Chapter 10 of Hogg and Craig. 1970). 

The log-likelihood function was maximized at preset values of 0 in 

the interval [0.00.1.14] using a step size of 0.01. Selected results are 

given in Table 2. When no delay is modeled. i.e .. 0 = 0.00. the Weibull 
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distribution proviqes a significantly better fit to the data than does the 

exponential distribution (i.e., X(I) ~ 23, P < 0.001, by the likelihood 

ratio test). However, from Table 2, the likelihood function is greatest 

for both the Weibull and exponential distributions at 6 = 0.99, but the 

log-likelihood functions were relatively flat around 6 = 1. Thus, we will 

use this value as our estimate. At this value of 6, the Weibull does not 

provide a significantly better fit to the data than does the exponential 

distribution (i.e., X(I) ~ 0.6, P ~ 0.55, by the likelihood ratio test). 

The estimated value of a when 6 = 1 is 0.876 ± 0.152, which provides 

another check on the conjecture that the waiting-time distribution in 

stage 1 is a two-parameter exponential distribution. Thus, we select the 

two-parameter exponential distribution as the most parsimonious model for 

the data. 

Table 2: 

Delay 6 
Months 

0.00 
0.40 
0.80 
0.90 
0.98 
0.99 
1.00 
1.01 
1.02 
1.10 

1.14* 

Estimating the pre-antibody period: Maximized log
likelihood function values at preset values of 6 

Maximized value of 2n [L(O)] 
Exponential a = 1 Weibull a ~ 1 

-74.73 -63.16 
-65.94 -60.79 
-57.90 -57.54 
-56.67 -56.67 
-56.29 -56.10 
-56.27 -55.99 
-56.33 -55.99 
-56.39 -55.99 
-56.47 -56.00 
-57.85 -56.33 

-60.15 -57.31 

*For 6 ~ min {Tj2} = 1.15 the value of 2n [L(O)] ~ - 00 

The estimate of Al is 0.625 ± 0.081, conditional on 6 = 1. The mean 

waiting time in stage I, i.e., pre-antibody period, is estimated to be ~1 
= 1 + 1/X1 = 2.6 months. The estimated standard error of ~1 is obtained 

using the method of statistical differentials (see pages 69-72 in 
""'" A ~",....., ~ /\2 Elandt-Johnson and Johnson. 1980). It is s.e'(~I) = s.e.lA1)1A1 = 0.2 

months when 6 is assumed constant. Thus, an approximate 95% confidence 

interval on the mean pre-antibody period, ~1' is [2.2,3.0] months. The 
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~ 
median length of the pre-antibody period is estimated to be ~1 = 1 + (2n 

A 
2)1A1 = 2.1 months. The approximate 95% confidence interval on ~1 is 

[1.8.2.4] months. The estimated time at which 95% of the infected persons 
A A 

could be expeoted to seroconvert is T.95 = 1 - 2n(.05)1A1 = 5.8 months. 

with an approximate standard error of 0.6 months. Then the approximate 

95% confidence interval on T.95 is [4.6.7.0] months. 

3. The AIDS incubation period 

The AIDS incubation period. i.e .. waiting time in stages 1-3. was 

estimated by combining the results from Section 2 with data on a sample of 

513 seropositive men who were from a larger cohort of homosexual and 

bisexual men from San Francisco (Jaffe et al. 1985). These men were 

periodically bled for serostatus and examined for pre-AIDS and AIDS 

indicators and symptoms. While the men in this study were presumably 

infected by sexual contact. the time of exposure was unknown. The time of 

seroconversion was observed to an interval for 90% of the men. while the 

remaining 10% entered the sample as seropositive for HIV. Thus. this 

cohort yielded information about the waiting times in stages 2-4. but not 

about stage 1. Of the 513 men included in the analysis. 130 (25%) had 

developed AIDS and 76 of these 130 (58%) had died. during the seven to 

eight years of follow-up. 

A time-homogeneous. staged Markov model was fitted to these data by 

Longini et al. (1989) to estimate the waiting times in stages 1-4. In 

that analysis. they estimated the mean pre-antibody period to be 2.2 ± 0.7 

months from a cohort of 90 persons with transfusion and factor 

VIII-associated infections. We now propose to use the model described in 

Section 2 to model stage 1 with the somewhat improved data given in table 

1. For this model. the mean pre-antibody period is estimated to be 2.6 ± 

0.2 months. as described above. 

The progression of an infected person through the stages of infection 

and ultimately to death is modeled as a time-homogeneous Markov process 

with a time delay 0 in the first stage. The transition intensities for 

stages 2-4 are the constants A. > O. i = 2.3.4. and the transition 
1 

intensity for stage 1 is zero. if t ~ O. and it is AI> O. if t >0. The 

probability that a person who is in stage i at time T will be in stage k ~ 
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i at time t > T is defined as Pik(T.t). Explicit formulae for this 

probability are easily found using standard methods for Markov processes 

(see Chapter 11.7 in Chiang 1980). rf all the transition intensities are 

distinct. i.e .• Ai # Aj for all i # j. then the transition probabilities 

from stage 1. starting at time O. to the other states are 

{ 

0 

= k-1 
(-1) A1·· '~-1 

k = 1.2.3.4. 

k 
}; exp[ -A. 

j=l J 

k 
(t-6)] / IT (A.-A2) 

2=1 J 
2#j 

4 

• if t~6. 

• if t>6. 

(t-6)]}/[A. IT (A.-A2)]. if t>6. 
J 2=1 J 

2#j 

(6) 

(7) 

Since the transitio~s among stages 2-4 are assumed to be time homogeneous. 

the transition probabilities among these stages for all T > 6 and t > T 

are 

k-i k 
= (-1) Ai"'~_l}; exp[- A. (t - T)] / IT (A.- A2). 

j=i J 2=i J 

i = 2.3.4; i ~ k ~ 4. 

4 . 4 
= (-1) -1 X .... A4 2 {l-exp[-X.(t-T)]}/[A. 

1 j=i J J 

i = 2.3.4. 

2#j 

4 
IT (A .-A2)]. 

2=i J 
2#j 

(8) 

(9) 

We define Tr as the random variable for the ArDS incubation period. 

i.e .. the waiting time in stages 1-3. The probability that a person who 

was infected at time 0 is in stage 3 at time t. and then makes the 

transition to stage 4 at time t + dt is A3P13(O.t)dt. where P13(O.t) is 

given in (6). Thus. the pdf for Tr is fr(t) = ~P13(O.t). Note that 

fr(t) is a special case of the three-parameter general gamma distribution 

(see page 222 in Johnson and Kotz 1970). The hazard function. hI(t). for 

the AIDS incubation period is 
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(10) 

t 
= f fI(w)dw is the cumulative distribution function (cdf) of 

o 

It follows from the modeling assumptions that the mean waiting time 

in stage 1 is ~1 = 6 + l1A1, and the mean waiting time in the other stages 

is ~. = llA. : i = 2,3,4. The median waiting time in stage 1 is 
1 1 

JrI = 6 + ~I2n2, while it is ~i = ~i2n2 for i = 2,3,4. Then the expected 

length of the AIDS incubation period is 

00 

E{TI ) = f w fI(w) dw = ~1 + ~2 + ~3 ' 
o 

and the variance of TI is 

(11) 

(12) 

We define T as the random variable for the length of the HIV infectious 

period, i.e., the waiting time in stages 1-4. (Note that T is also the 

time from infection to death.) If we use the same argument as the one 

above, then the pdf of T is A4PI4(0,t). This is a special case of the 

four-parameter general gamma distribution. The cdf of T is 

t 
F(t) = f A4P14(O,w) dw, 

o 

and the expected length of the HIV infectious period is 

E(T) = ~1 + ~2 + ~3 + ~4' 

(13) 

(14) 

The parameters Ai' i = 2,3,4, were estimated by Longini et al. (1989) 

by ML methods for Markov processes using the data on the 513 homosexual 

and bisexual men from the San Francisco study. The parameters 6 and Al 

were estimated as described in Section 2. The estimated parameters and 

mean and median waiting times are given in Table 3. The estimated mean 
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AIDS incubation pe~iod from (11) and Table 3 is 9.8 years (117.7 months) 

with a 95% confidence interval of [8.4,11.2] years. The asymptotic 

standard error of the estimated AIDS incubation period was obtained by the 

use of the method of statistical differentials (Elandt-Johnson and 

Johnson, 1980). Based on the model, the estimated median AIDS incubation 

period is 8.3 years (99.4 months). The estimated hazard function for 

progression to AIDS is monotonically increasing in t (see Fig. 2), which 

agrees with the form of the hazard functions used to model the AIDS 

incubation period by other investigators (see Longini et al. 1989 for a 

discussion of this point). Based on the estimated density function, the 

probability that a newly infected person will have developed AIDS within 

five years of infection is 0.26. 

Table 3: Estimated parameters, mean and median waiting times in each 
stage of infection based on the staged Markov model with 6 = 1 

Stage 

i 

1 
2 
3 
4 

Parameter estimate 

A 

Ai ± one s.e. 

-1 
mos. 

0.625 ± 0.081 
0.019 ± 0.002 
0.016 ± 0.002 
0.042 ± 0.004 

Mean 

~i 

mos.(yrs.) 

2.6 (0.2) 
52.6 (4.4) 
62.5 (5.2) 
23.8 (2.0) 

Waiting time 
Median 

~i 

mos.(yrs.) 

2.1 (0.2) 
36.5 (3.0) 
43.3 (3.6) 
16.5 (1.4) 

The estimated parameters for stages 2, 3, and 4 are from Longini et 
al. (1989). 

If we assume that persons remain infectious up to their time of 

death, the estimated mean HIV infectious period from (14) and Table 3 is 

11.8 years (141.5 months) with a 95% confidence interval of [10.3,13.3] 

years. Based on the model, the estimated median HIV infectious period is 

10.3 years (124.0 months). The estimated probability density and hazard 

functions have the same shape as those shown in Fig. 2. As mentioned 

above, the HIV infectious period is also the time to death from the 

beginning of stage I, i.e., time of initial infection. Statistics 

concerning the survival time from each stage of infection are easily 

derived from the staged Markov process and the parameter estimates (see 
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Longini et al. 1989 for detailed estimates). 
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Figure 2:A The estimated pdf fI(t) = A3P13(O,t), solid line, and hazard 

function hI(t) (see (10», dashed line, of the AIDS incubation period, 

where the estimated parameters corne from Table 3. 

4. Stage-specific infection transmission probabilities 

240 

As shown in the above sections, HIV has a long, variable infectious 

period, and the level of infectiousness is thought to vary considerably as 

the disease progresses (Lange et al. 1986; Hyman and Stanley 1988; and 

Anderson and May 1988). A number of host factors may affect HIV 
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transmissibility, i~cluding concomitant venereal infections and T-helper 

cell numbers. However, it has been proposed that infectiousness increases 

with the stage of infection, i.e., progression (Burke and Redfield 1988; 

Goedert et al. 1987; Laga et al. 1988). With regard to the four stages of 

infection described above, it is possible that persons are highly 

infectious, on the average, during stages 1 and 4, not very infectious 

during stage 2, and infectious at an intermediate level, on the average, 

during stage 3 (Seage et al. 1989). In this section, we test this 

hypothesis by developing a statistical model for estimating the 

probability that a susceptible person is infected given that the 

susceptible is exposed to an infected person who is in a particular stage 

of infection. Such probabilities can best be estimated from prospective 

cohort studies where susceptibles are exposed to known infectives for 

specified lengths of time. 

We will develop the model for the following study design which was 

employed by Fischl et al. (1987) to study the heterosexual transmission of 

HIV from persons diagnosed with AIDS to their sex partners. "Monogamous" 

sexual partners are ascertained when one partner (the index case) is 

diagnosed with AIDS. We will label this time of diagnosis as time 0. The 

exposed partner (to the index case) is then bled periodically at times 

O,t1 , ... ,tk , and the samples are examined for HIV. (We assume that the 

intervals [t j ,t j +1J, and j = O, ... ,k-1 are wide enough so that if a person 

is infected during an interval, then seroconversion will probably occur 

during that same interval.) In addition, the amount of time that the 

partners had sexual contact prior to diagnosis of the index case is known 

and labeled as variable u ~ 0. Then, the period of exposure prior to AIDS 

diagnosis of the index is min{TI,u}, where TI is the random variable for 

the length of the AIDS incubation period, with pdf fI(t} given in Section 

3. In addition, the amount of time that the partners continue to have 

sexual relations after time ° is known and labeled as w. Then the total 

period of exposure to the index case, when the infection status of the 

exposed person is known, is min{TI,u} + w. Fischl et al. (1987) assumed 

that the exposed sex partner in the pair did not have exposure to infected 

persons outside of the relationship, although there was evidence of 

limited outside exposure for some exposed partners. We use this 

assumption in our analysis, although the statistical model can be easily 

modified to incorporate exposure from outside of the relationship (see 

Longini et aI, 1988). 



124 

The infection transmission rate is modeled to vary over the length of 

the infectious' period. For exposure prior to time 0, the infectious 

transmission rate is ~(T,X), so that ~(T,x)dT + o(dT) is the probability 

that a susceptible will be infected during the interval of time (T,T+dT), 

where T is measured backwards from time 0, given exposure to an infected 

person who has an AIDS incubation period of length TI= x. Since TI is a 

random variable, it is unlikely that we would know precisely when the 

index was infected. Thus, we need to incorporate the distribution of TI 

into our analysis. Then the cumulative infection transmission rate for 

exposure prior to time 0 is 

00 

~(T) = f ~(T,X) fI(x)dx, 0 ~ T ~ u. 
o 

(15) 

For exposure after time 0, we let ~(T) be the infection transmission rate 

for exposure T time units after time O. Then, the cumulative hazard 

function (for being infected) for an exposed person who has been exposed 

to the index for u time units before time 0 and w time units afterwards is 

u w 
A(u,w) = f ~(T)dT + f ~(T)dT. (16) 

o o 

It follows directly that the probability that an exposed person is still 

not infected at time w is exp[- A(u,w)]. Additional risk due to exposure 

to infectives outside the relationship could be modeled by adding the 

appropriate terms to the cumulative hazard function (16). 

The functions ~(T,X) and ~(T) are assumed to have particular 

parametric forms, with parameters P and 7, respectively. These 

parameters, B = (P,7), can be estimated using ML methods as long as they 

are identifiable. With the study design described above, three types of 

observations can be seen in the data. Each type is listed below with the 

appropriate contribution to the likelihood function: 

1. If the exposed person is positive (for infection) at time 

0, then the contribution is 

L1(B) = 1 - exp[- A(u,O)]. 

2. If the exposed person is not positive at time tk- 1 < w and 

is positive at time tk , then the contribution is 

L2(B) = exp[- A(u,tk_1)] - exp[- A(u,sk)]' 

(17) 

(18) 
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where sk = ~in(w,tk)· 
3. If the exposed person is negative at the time of the last 

observation, t k , then the contribution is 

L3 (O) = exp[-A(u,sk)]· (19) 

The total likelihood function is the product of the appropriate 

contributions (17-19) for all the exposed persons in the data set. The 

total likelihood function is maximized using standard methods as described 

in Section 2. 

Since the infectiousness of a person is thought to vary approximately 

with respect to the stages of infection described in Section 3, the 

function ~(T,X) is modeled as a step function with each step corresponding 

roughly to a stage of infection. The function is 

~3' if 0 ~ T ~ x(1 - 62), 

~2' if x(1 - 62 ) < T ~ x(1 - 61), 
~(T,X) = (20) 

~1' if x(1 - 61) < T ~ X, 

o , if T > X, 

~1 ~ 0, ~2 ~ 0, ~3 ~ 0, 
where 61 is the fraction of the mean waiting time in stage 1 relative to 

the mean AIDS incubation period. Similarly, 62 is the fraction 

corresponding to the mean waiting times in stages 1 plus 2. We make no 

a priori assumptions about the ordering of the ~. 's. From the data in 
1 

Table 3, we estimate 61 = 2.6/117.7 = 0.022 and 

62 = (2.6 + 52.6)/117.7 = 0.469. Thus, ~1' ~2' and ~3 correspond to the 

infection transmission rates with an infected person who is in stages 1, 

2, and 3 of infection respectively. Since a person is in stage 4 of 

infection after AIDS diagnosis by definition, then the function ~(T) is 

~4 2 0, for T 2 o. (21) 

Thus, ~4 is the transmission rate for a person in stage 4 of infection. 

Once the above parameters are estimated, two infection transmission 

probabilities of epidemiologic interest can be calculated. The first is 

the probability that a susceptible will be infected given t time units of 

exposure to an infective who is in stage i of infection, which is 
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P.(t) = 1 - exp(- ~.t), 
1 . 1 

i 1,2,3,4. (22) 

The second alternative is the probability that a susceptible will be 

infected in a single sex act with an infective who is in stage i of 

infection. In order to calculate this probability, we will assume that 

all couples have an average rate of r sexual contacts per unit of time. 

This probability is 

i 1,2,3,4. (23) 

The model described by equations (15-19) was fitted to data on 45 

heterosexual couples that were followed by Fischl et al.( 1987), where the 

index case had AIDS. The exposed person was bled every six months up to 

18 months after the AIDS diagnosis of the index case. Infection was 

identified by seropositivity to HIV. The complete data set is given in 

Table 1 of Fischl et al. (1987) and will not be given here. Of the 45 

exposed persons, 13 were seropositive at time 0 (i.e., the time of AIDS 

diagnosis of the index case). Their contribution to the likelihood 

function is modeled by (17). In addition, 13 persons seroconverted after 

time 0, and their contribution to the likelihood function is modeled by 

(18). Finally, 19 exposed persons remained seronegative, and their 

contribution to the likelihood function is modeled by (19). Thus, 58% of 

the exposed persons were infected. Because stage 1 represents such a 

small proportion of the AIDS incubation period, 2.2%, we were unable to 

estimate ~1. Three different distributions were used to model the AIDS 

incubation period: 1) The three-parameter general gamma distribution used 

in Section 3, i.e., fl(t) = A3P13(O,t), 2) the two-parameter Weibull 

distribution, which has been used by a number of other researchers (see 

Longini et al. 1989), and 3) the degenerate (i.e., constant) distribution 

for the sake of comparison. The parameters were set so that the mean was 

the same for all three distributions, E(TI ) = 118 months. The parameter 

estimates were similar for all three distributions. Thus, only the 

results when the general gamma distribution is used are presented in Table 

4. 

The first row of Table 4 shows the results for a model that ignores 

the stages of infection and assumes a uniform transmission rate, ~, 

through the entire infectious period. In this case, the probability of 

infection per sexual contact would be 0.0010. This probability was 
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calculated using ~ constant rate of r = 11 (mostly) unprotected sexual 

contacts per month, the average of the rate reported by Fischl et al. 

(1987). The value of the maximized log-likelihood function is -73.5. The 

next three rows in table 4 show the estimated parameters for the model 

with stage-specific transmission rates (20). The value of the maximized 

log-likelihood function for this model is -56.6. Thus, we reject the null 

hypothesis that PI = P2 = P3 = P4 = P (p < 0.001) when we use the 

likelihood ratio test (with 3 degrees of freedom), and we conclude that 

there is a significant difference in the infectiousness of an infected 

person in stages 2, 3, and 4. From Table 4, the infection transmission 

rate for exposure to an infected person in stage 2, i.e., the asymptomatic 

state, is estimated to be O. However, this occurs because the estimate of 

P2 hit the lower bound of 0 at the maximum of the likelihood function. 

Thus, the standard error for P2 cannot be computed. We can only state 

that the transmission rate for stage 2 is probably close to 0 for this 

particular data set. 

Table 4: Estimated infection transmission rates and probabilities 

Stage Transmission rate Transmisson Erobabilit~ 

-1 Per 12 mos. Per sexual contact mo. 

i Pi P. (12)* "'** 
1 Pi 

stages t 0.011 ± 0.002 0.124 ± 0.021 0.0010 ± 0.0002 no 

2 ott ott ott 
3 0.008 ± 0.002 0.093 ± 0.024 0.0007 ± 0.0002 
4 0.061 ± 0.017 0.518 ± 0.101 0.0057 ± 0.0016 

*Calculated from (22). **Calculated from (23) based on a constant 

rate of 11 sexual contacts per month (Fischl et al. 1987). tFitted 

model with PI = P2 = P3 = P4 = p. ttStandard error not available. 

From Table 4, the risk ratio per sexual contact for a susceptible 

when comparing exposure 

stage 3 is estimated to 

significantly different 

to an infected person in stage 4 with that in 
A " be P4/P3 = 0.0057/0.0007 = 8.1, which is 

from 1 (p < 0.001). Therefore, a person who has a 

single sexual contact with an infected person who has AIDS is eight times 
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more likely to be infected than if he or she has a single sexual contact 

with an infected person who has pre-AIDS symptoms. Table 4 also gives the 

risk of infection to a susceptible who has sex with an infected person 

over the period of one year. Note that the probability that a person 

would be infected after a year of sexual contact with a partner who has 

AIDS (stage 4) is estimated to be O.518--a rather high probability. The 

average period of sexual contact following AIDS diagnosis was 11.2 months 

for the 45 couples in the data set. 

5. Discussion 

In this paper. we have used a staged Markoy model to describe the 

transitions of infected persons from infection to AIDS diagnosis and 

ultimately. to death. The estimated transition intensity rates provide 

statistical estimates of the length of the pre-antibody period. AIDS 

incubation period. HIV infectious period. and the time to death (i.e .• 

survival time) for infected persons. In addition. by combining the 

staging distribution with a non-homogeneous Poisson process for the risk 

of infection. we were able to estimate the stage-specific infection 

transmission rates for exposed susceptible persons. Thus. we were able to 

use the general concept of staging for HIV infection to construct a 

relatively complete statistical picture of the progression to disease for 

infected persons and the risk that such persons may pose to others through 

heterosexual contact. 

The estimates of the transition intensities. A1 •...• A4 . given in 

Table 3 and those of the infection transmission rates. ~3 and ~4' given in 

Table 4. have been used by Koopman et al. (1988) and Hethcote et al. 

(1988) in dynamic models of HIV transmission. These models have been used 

to investigate questions of HIV epidemiology and control as well as to 

make long-term projections for the course of the HIV epidemic in specific 

populations. 

As pOinted out in Section 1. the pre-antibody period (i.e .. waiting 

time in stage 1) is important because persons can have infective virus in 

their blood during this period (Ward et al. 1988). Thus. they may be 

highly infectious to others at a time when they are antibody negative and 

difficult to detect as infected. Our estimate of 2.1 months for the 

median of the pre-antibody period is close to that estimated by Horsburgh. 
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et al. (1989) of ?4 months from experimental data. That analysis used a 

staged Markov model for estimation similar to the model described in 

Section 2. and was based on data from pre- and post-seroconversion blood 

samples from 39 infected persons whose infection status was also assessed 

by detection of HIV DNA using the polymerase chain reaction technique. 

Both the above estimates are in general agreement with direct observations 

on newly infected persons (see Horsburgh et al. 1989 for details). Our 

estimate that 95% of infected persons would seroconvert within 5.7 months 

of exposure is consistent with the observations of Nekwei et al. (1988). 

They reported that 96% of the newly infected persons that they studied 

seroverted within six months. 

A potential bias exists in the data in Table 1 because subjects in 

which HIV infection has persisted for several years without the detection 

of antibody may not yet have been reported. However. this is unlikely 

since infection without antibody detection has not been reported to 

persist for longer than 14 months. and no delays in the recognition of 

infection have been reported from prospective studies of exposed persons 

who have been followed for at least 24 months (see Horsburgh et al. 1989 

for details). 

With respect to the estimation procedure used in Section 2. there is 

no MLE for the time delay. O. for right interval-censored data. In the 

case of no interval censoring. the MLE for 0 is the minimum observed 

waiting time from infection to seroconversion (see page 245 in Kalbfleisch 

and Prentice 1980). 

conditioned on the 
A and a are probably 

the estimate of o. 

Thus. it was necessary to find the MLEs for A and a. 
A 

preset values of o. The estimated standard errors of A 

underestimated since they do not reflect variation in 

The interval censoring causes some inflation in the estimated 
A 

standard error of AI. In the case of no interval censoring. then we have 

/\ n 
var(A1) ~ Al/ ~ W .• where W. is the time spent by person j in stage 1 (see 

j=1 J J 
chapter 11 in Chiang. 1980). The estimates of Al and W. from the interval-

/\ /\ J 
censored data in Table 1 are Al = 0.625 and Wj~ 2.6. j 1 ..... 45. If we 

assume that the data were not interval-censored. then 

~(Xl) ~ (0.625)/[(45)(2.6)] = 0.0053. and we have 

A A ~ r:::-::=::::-s.e.(A1) = V 0.0053 = 0.073. This estimatated standard error is only 

slightly smaller than the estimate of 0.081 that was found for the 
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interval-censored data. 

The most parsimonious model for the pre-antibody period is the 

two-parameter exponential distribution, which is time homogeneous except 

for the time delay, o. This distribution provides as good an explanation 

of the data as the time-dependent, three-parameter Weibull distribution. 

The implication is that the hazard rate of transition from the 

antibody-negative to the antibody-positive stage of infection is probably 

constant over time following an initial time delay of about one month 

(i.e., 0 = 1). We also used a nonparametric method (see Turnbull 1976) to 

estimate the cdf of the waiting-time distribution in stage 1 from the data 

in Table 1. However, the censoring pattern in the data resulted in a 

number of gaps in the empirical cdf, and it is difficult to compare the 

two curves. The nonparametric estimate of the time delay is the shortest 

observed seropositive time from Table 1, which is 0 1.15. It is clear 

that the actual time delay must be somewhat less than 1.15 months. and our 

estimate of 0 = 1 seems reasonable. 

Our estimate of the mean AIDS incubation period of 9.8 years is 

consistent with estimates obtained by others using different statistical 

methods and data sets (see the discussion in Longini et al. 1989). 

Because 75% of the observations used to estimate the distribution of the 

AIDS incubation period were right-censored for the development of AIDS, 

our estimates of the mean and median AIDS incubation periods are highly 

distribution dependent. These estimates are extrapolations based on 

limited data and the selected model. Another possible approach to data 

analysis would be to use a semi-Markov model (Lagakos et al. 1978). This 

approach relies on nonparametric estimation of the waiting-time 

distribution in each stage. Unfortunately, the interval-censoring in our 

data is too severe for us to employ this approach. Nonetheless. we 

believe that our analysis provides the most efficient use of the available 

data. 

Brookmeyer et al. (1987) have identified several sources of bias that 

can arise in the analysis of cohort data of HIV infected persons. The 

estimate of the AIDS incubation period can be affected by length-biased 

sampling if persons were selected because they developed AIDS. Such a 

bias results in an underestimate of the mean and median AIDS incubation 

period. Our data are not subject to this source of bias because persons 

in our samples were selected only because they were known to be infected. 

In addition, Brookmeyer et al. (1987) have described other forms of bias 
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that arise in prevalent HIV cohorts (i.e., cohorts with some or all of the 

persons being seropositive upon entry into the cohort) if the hazard 

function of the AIDS incubation period distribution is time dependent. 

Since the hazard function of the general gamma distribution that we employ 

is monotonically increasing, there is potential for such biasing. 

However, this problem is minimized in our analysis because the staged 

Markov model that we use partitions the AIDS incubation period into three 

stages, each with a constant hazard function. 

A final caveat with respect to our estimate of the AIDS incubation 

period concerns how the data were combined. The waiting-time distribution 

for stage 1 was estimated largely from persons with nonsexual sources of 

infection (see Table 1), while the distributions for stages 2 and 3 were 

estimated from persons who probably were sexually infected. Thus, we make 

the assumption that the waiting-time-distribution for stage 1 does not 

vary with the source of infection. 

Our estimates of the stage-speCific infectious transmission rates 

appear to be the first such estimates made. Anderson and May (1988) 

review 23 published reports where the probability of transmission per 

sexual partnership was estimated. None of these reports considered 

stage-specific infection rates and the general trend was to calculate the 

probability of transmission per partnership rather than per sexual 

contact. Transmission probabilities that are calculated in the former 

fashion are difficult to compare since the duration of partnerships and 

rate of sexual contact per partnership may vary conSiderably. For 

male-to-female transmission {16 reports}, the calculated probability 

ranged from 0.03 to 0.73 per sexual partnership. For female-to-male 

transmission (5 reports) it ranged from 0.08 to 0.71, while for 

male-to-male (2 reports) it varied from 0.10 to 0.60. The above reports 

included that of Fischl et al. (1987), which involved both male-to-female 

and female-to-male transmission, although Fischl et al. report no 

significant difference in the probability of infection by sex of the index 

case. As pointed out in Section 4, the overall probability of infection 

per partnership was 0.58 for that study. 

Recently, Wiley et al. {1989} estimated the average probability of 

infection per male-to-female sexual contact (unprotected penile-vaginal 

intercourse) to be 0.001 from two cohorts of heterosexual partners where 

the man was the index infected person {see Padian et al. 1987 and Peterman 

et al. 1988}. Their mean estimate is equal to ours when we assume that the 
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transmission rate is a constant across the stages of infection (see Table 

4). However, they note that there is considerable heterogeneity in the 

per-contact infection transmission probability, and they speculate that 

this is due to considerable variation in infectiousness and/or 

susceptibility. DeGruttola et al. (1989) have estimated the transmission 

probability to be in the range of 0.005 to 0.010 per unprotected receptive 

anal contact for homosexually active men. They also report substantial 

heterogeneity in the transmission probability. Our results strongly 

support the hypothesis that the infection transmission rate exhibits 

considerable variation over the HIV infectious period. This is evident 

since the model with a constant transmission rate was rejected when 

compared to one with variation. 

We found that the estimated probability of infection per sexual 

contact is eight times as high with an infected person with AIDS (stage 4) 

as with a person with pre-AIDS symptoms. Thus, it appears that persons 

with AIDS are much more infectious than those with pre-AIDS symptoms. 

This finding is supported by the study of Osmond et al. (1988) where 117 

homosexual men, who were regular sexual partners of men with AIDS, were 

tested for HIV antibody. They found that receptive anal intercourse was a 

strong risk factor for infection for those men who had such contact beyond 

the date of AIDS diagnosis in the index case, but not if receptive anal 

intercourse ceased before the date of AIDS diagnosis. 

There are several important points that need to be addressed when 

interpreting the estimated transmission rates and probabilities in table 

4. First, we used a constant rate of 11 sexual contacts per month to 

calculate the probability of infection per sexual contact, p., because 
I 

Fischl et al. (1987) did not report the number of sexual contacts per 

couple per month. If such data had been available, they could have been 

included in (15) to provide a direct estimate of p .. 
I 

Second, for those couples in which both persons were found to be 

seropositive at the time of AIDS diagnosis of the "index" case, it may not 

be clear who was infected by whom. In fact, the person labeled "exposed" 

may have infected the "index," or both could have been infected from 

outside of the relationship (see Longini et al. 1982). If the former is 

true, our estimates would not be affected since the two persons are 

indistinguishable in terms of risk factors, and they are exposed to one 

another for the same period of time. If the latter is true, then 

information on exposure outside of the relationship would have to be 
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incorporated into the analysis to provide accurate estimates of the 

parameters (see Longini et al. 1982; Longini et al. 1988; and Haber et al. 

1988). 

Third. nine of the index cases were IV drug users. If their partners 

were also IV drug users. then they may have shared needles. and there 

would be an additional route of transmission among these couples. This 

would lead to an additional risk of transmission. which should be modeled 

and included in the analysis. 

Fourth. all the index cases under study had AIDS. This could be a 

source of bias since our estimates of the infectious contact rates for the 

pre-AIDS stages are conditioned on exposure to persons who developed AIDS 

in a relatively short period of time. Such estimates could be different 

for exposure to persons who may take a very long period of time to develop 

AIDS. 

Fifth. our estimate of the infectious contact rate during stage 2 

turned out to be O. This is because the parameter ~2 hit the lower bound 

of 0 at the maximized value of the likelihood function. This is a 

particular result from the data and, the mean length of the AIDS incubation 

period that we used. When we used a mean AIDS incubation period of 

shorter length. the estimate for ~2 was a very small number. but not O. 

We feel that this result indicates that the risk of infection given 

exposure to an asymptomatic. antibody-positive person is low in general. 

but such a person could be quite infectious if the right cofactors were 

present. 

Finally. we were unable to obtain any estimate for the infectious 

contact rate in stage 1. ~1' This is because of the retrospective nature 

of the data prior to AIDS diagnosis of the index case and the extremely 

short duration of stage 1 with respect to the rest of the AIDS incubation 

period. The parameter ~1 could be estimated from a study that followed 

couples prospectively from the time of early detection of infection (or at 

least seroconversion) of the index case. However. such a study would be 

difficult to perform. 

The transmission model presented here (15-21) was used to examine the 

risk of transmission by stage of infection. The data of Fischl et al. 

(1987) contained risk factor information that could have been examined. 

such as the type of index case (e.g .. IV drug user. bisexual). the use of 

barrier contraceptives. the presence of concomitant venereal infections. 

and the direction of sexual transmission (i.e .• male-to-female or 
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female-to-male); but numbers in each risk category were small. The effect 

of these risk factors on the infectious contact rates could be examined by 

formulating risk-specific rates. Longini et al. (1988) and Haber et al. 

(1988) have formulated such models for the transmission of viral diseases 

such as influenza. In the case of HIV. the infectious contact rate may be 

Pri • which is the contact rate between a susceptible of risk category r 

with an infective who is in stage i of infection. Then the parameters 

could be estimated and the appropriate risk ratios examined. For example. 

let r = 1 if the susceptible has genital ulcers and r = 0 if not. Then 

the risk ratio HR. = Pl ./PO. would measure the increased risk due to 
III 

genital ulcers given exposure to an infected person in the i-th stage of 

infection. In addition. the index i could indicate additional categories 

for infectiousness such as use of condoms by infected males. Longini et 

al. (1988) have shown that risk ratios based on infectious contact rates 

provide a more accurate and less confounded measure of risk than do those 

based on infection attack rates. Such analyses should become feasible as 

more data become available. 
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