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Abstract. Several notions of bisimulation relations for probabilistic
nondeterministic transition systems have been considered in the litera-
ture. We study a novel testing-based behavioral equivalence called upper
expectation bisimilarity and, using standard results from functional anal-
ysis, we develop its coalgebraic and algebraic theory and provide a logical
characterization in terms of an expressive probabilistic modal μ-calculus.

1 Introduction

Directed-graph structures are sufficient for modeling nondeterministic programs
and concurrent systems but cannot directly represent other important aspects
of computation, such as probabilistic behavior, timed transitions and other quan-
titative information one might need to express. Probabilistic nondeterministic
transition systems (PNTS), also known in the literature as (simple) Segala sys-
tems [2], concurrent Markov chains and probabilistic automata [29], have been
identified in the last two decades as convenient mathematical structures, general-
izing standard nondeterministic transition systems (NTS), to provide operational
semantics to probabilistic nondeterministic languages (see, e.g., [2,30]).

A central concept in the theory of programming languages and concurrent sys-
tems is the notion of behavioral equivalence. An equivalence relation � ⊆S × S
between states of a system is, informally speaking, a behavioral equivalence if
s � t implies that s and t satisfy the same class of properties of interest. Of
course different classes of properties induce different notions of equivalence. The
paradigmatic example of behavioral equivalence for ordinary NTS’s is Milner
and Park’s bisimilarity [21]. Among its good properties, bisimilarity enjoys the
following: B1) two states are bisimilar if and only if they satisfy the same prop-
erties expressed, e.g., in Kozen’s modal μ-calculus [17] or in other (weaker but
useful in practice) branching-time logics such as CTL, CTL∗ [1] and the basic
modal logic K or its labeled version, the Hennessy–Milner modal logic. Further-
more, B2) bisimilarity is a congruence for a wide family of process algebras, all
specified following one of the many rule formats (e.g., GSOS, tyft/tyxt, etc) and
B3) enjoys a rich mathematical theory based on coinduction, playing a role of
paramount importance in coalgebra [28]. Lastly, but importantly, B4) bisimilar-
ity can also be explained in terms of Milner’s standard metaphor of push-button
experiments on systems [21]. Such experiments provide an abstract, yet intuitive,
testing semantics for bisimilarity.
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In the context of PNTS’s several notions of behavioral equivalence, based on
the technical machinery of coinduction, have been considered in the literature
[29,20,31,3,9,10]. The one which has attracted most attention so far was intro-
duced by Segala in [29] and is referred to in this paper as standard bisimilarity.
This is a mathematically natural notion (cf. B3) and, indeed, it has been rediscov-
ered using the methods of coalgebra [30]. In [29] another behavioral equivalence
(strictly coarser than standard bisimilarity), which we refer to as convex bisimi-
larity, is introduced by Segala as a preferable notion because, as we shall discuss
in Section 2, it is strongly motivated by the concept of probabilistic scheduler.
Importantly, both equivalences are congruence relations (cf. B2) for the wide
class of PGSOS process algebras, which includes virtually all Milner’s CCS-style
(probabilistic) process operators of practical interest [2].

Following a traditional approach based on interpreting formulas as sets of
states (or probability distributions over states [10]), several Hennessy-Milner-
style modal logics, capable of characterizing either standard or convex bisimi-
larity have been investigated (see, e.g., [29,20,10,11]). However all these logics
(even when enriched with fixed-point operators as in [10]) lack the expressive
power required to formulate many natural and practically useful properties of
PNTS’s such as, e.g., those expressible in the popular temporal logics PCTL and
PCTL∗ of [4]. Unlike their non-probabilistic counterparts, CTL and CTL∗ [1],
these two logics induce non-standard and different behavioral equivalences [31]:

standard bisimilarity � convex bisimilarity � PCTL∗
� PTCL

Despite significant efforts, the field still lacks a satisfactory logical framework (cf.
B1) for expressing practically useful properties of systems and, at the same time,
reasoning about behavior up-to satisfactory notions of behavioral equivalence.
The problem is further complicated by the lack of a (widely accepted) testing
semantics (cf. B4) for either standard bisimilarity, convex bisimilarity or any of
the other proposed equivalences studied in the literature (e.g., [11,6,3]).

Starting from the late 90’s, following an alternative quantitative approach
based on interpreting formulas as maps �φ� : S →R from states to real values,
fixed-point modal logics (quantitative μ-calculi) for PNTS’s have been studied
(see, e.g., [15,9,26]). The present paper contributes to a programme of ongoing
research, one of whose overall aims is to investigate the extent to which quanti-
tative μ-calculi play as fundamental a rôle in the probabilistic-nondeterministic
setting as that of Kozen’s μ-calculus in the nondeterministic setting.

Following the quantitative approach, the author has recently introduced in
[22,24] the first fixed-point based logic, called �Lukasiewicz μ-calculus (�Lμ), ca-
pable of encoding PCTL. It has been shown in [22,23] how this (and similar)
logic can be given a game semantics generalizing the well-known parity-game se-
mantics of Kozen’s μ-calculus. Compositional verification techniques have been
developed in [25], exploiting the elegant fixed-point semantics. Most recently,
model checking algorithms have been investigated in [24].

Contributions. This paper adds to the mounting evidence that the R-valued ap-
proach to temporal logics for PNTS’s is a convenient framework by showing that
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�Lμ captures what is arguably the preferred notion of bisimilarity for PNTS’s:
convex bisimilarity. A strong novelty of our approach is that to obtain this re-
sult one needs to take a fresh perspective on convex bisimilarity. To this end, a
nonstandard behavioral equivalence called upper expectation (UE) bisimilarity,
which naturally arises from a very abstract testing scenario based on R-valued
experiments (cf. property B4), is introduced. Unlike other related works, our
experiments are not given by, e.g., the formulas of a given logic (such as the μ-
calculus of [9]) nor by terms of some process algebra (see, e.g., [11]) but, instead,
are modeled abstractly by functions f :S→R from program states to real values.

We prove that UE-bisimilarity coincides with the behavioral equivalence in-
duced by the expressive logic �Lμ (cf. property B1). Furthermore, we show that
this logic characterizes the so-called behavioral (Hausdorff) metric, a concept of
fundamental importance in the theory of approximation of probabilistic systems
pioneered by Panangaden [27]. Thus the R-valued approach to logics for PNTS’s
may be considered equally suitable as a mechanism for characterizing process
equivalence as other non-quantitative logics advocated for this specific purpose.

As a main result we prove that, while UE-bisimilarity is generally coarser that
convex bisimilarity, the two notions coincide on a wide class of systems:

convex bisimilarity = UE-bisimilarity = �Lukasiewicz μ-Calculus

As a matter of fact, we argue that UE-bisimilarity constitute a natural relaxation
of convex bisimilarity based on elementary topological considerations. Indeed, a
very interesting feature of our work is that results from linear algebra and func-
tional analysis are crucial to link UE-bisimilarity with the topological notions of
closedness, compactness and convexity. This, in turn, allows the identification of
UE-bisimilarity with the coalgebraic notion of cocongruence of the appropriate
functor type (cf. property B3) and to relate it with Segala’s convex bisimilarity.

In Section 5 we present two algebraic results about UE-bisimilarity: a sound
and complete equational characterization of the behavior of PNTS’s, obtained
once again by applying a known representation theorem from functional analysis,
and a congruence result with respect to the CCS-style process-algebra operators
definable in the PGSOS format of [2] (cf. property B2).

Collectively our results provide strong mathematical foundations for UE-
bisimilarity comparable with those of Milner and Park’s bisimilarity and shed
light on the mathematical nature of PNTS’s and on the quantitative approach
to temporal logics for PNTS’s.

2 Coalgebra and PNTS’s

We employ the basic language of coalgebra in the description of systems and
behavioral equivalences. We refer to [28] for a gentle introduction to the subject.

Definition 1. Let Set be the category of sets and functions between them. The
endofuntor P (powerset) on Set is defined as: P(X) =

{
A | A ⊆ X

}
and(P(f)

)
(A) = f [A] = {f(x) | x ∈ A}, for all sets X,Y and functions f : X → Y .
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Definition 2. A nondeterministic transition system (NTS) is a F-coalgebra
(X,α : X → F (X)) of the functor F =P.

In applications one most often encounters labeled NTS’s, or Kripke structures,
i.e., NTS’s endowed with a set P of propositional letters p ∈ P interpreted as
predicates. For the sake of simplicity we just consider plain NTS’s and their
probabilistic generalizations. The results we develop extend straightforwardly to
the labeled and propositional extensions.

Coalgebra provides an abstract notion of behavioral equivalence ofF -coalgebras
called cocongruence which is based on the idea of lifting relations on the set X of
states to relations on F (X) [18]. The notion of cocongruence for the functor P
coincides with ordinary Milner and Park’s bisimulation for NTS’s [18].

Definition 3 ([30]). The endofuntor D (discrete probability distributions) on
Set is defined as: D(X) = {μ : X → [0, 1] |∑x μ(x) = 1}, and (D(f)

)
(μ) =

f [μ] = y �→ μ(f−1(y)) where, for all sets S ⊆ X, we define μ(S)=
∑

x∈S μ(x).

Note that the composite functor PD maps a set X to the collection of all sets
of discrete probability distributions on X .

Definition 4. A probabilistic nondeterministic transition system (PNTS) is a
PD-coalgebra (X,α :X→PD(X)). We write x → μ to specify that μ ∈ α(x).

The intended interpretation is that the system, at some state x∈X , can evolve
by nondeterministically choosing one of the accessible distributions μ ∈ α(x) and
then continuing its execution from the state y∈X with probability μ(y). PNTS’s
can be visualized, using graphs labeled with probabilities. For example the PNTS
(X,α) having set of states X = {x, x1, x2} and transition map α(x) = {μ1, μ2}
and α(x1) = α(x2) = ∅, with μ1(x1) = μ2(x2) = 0.2 and μ1(x2) = μ2(x1) = 0.8,
can be depicted as in Figure 1. The combination of nondeterministic choices
immediately followed by probabilistic ones, allows the modeling of concurrent
probabilistic programming languages in a natural way [2].

PNTS’s with a definition equivalent to the coalgebraic one given above were
introduced by Segala [29] who also defined two notions of bisimilarity for PNTS’s.
We refer to standard bisimilarity as the the stronger (i.e., finer) of the two:

Definition 5 (Standard Bisimulation). Given a PNTS (X,α), a standard
bisimulation is an equivalence relation E ⊆ X ×X such that if (x, y) ∈ E then

– if x → μ then there exists ν such that y → ν and (μ, ν)∈Ê, and
– if y → ν then there exists μ such that x → μ and (μ, ν)∈Ê,

where (μ, ν) ∈ Ê holds if μ(A) = ν(A) (see Definition 3) for all sets A ⊆ X
which are unions of E-equivalence classes.

The definition looks technical but has a simple interpretation. Two states x, y of
a PNTS (X,α) are standard-bisimilar if the two sets of reachable distributions
α(x) and α(y) are equal modulo E, i.e., if {[μ]Ê | μ∈α(x)}={[μ]Ê | μ∈α(y)},
where (μ, ν) ∈ Ê means that if one identifies E-related states, then μ and ν
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become equal, i.e., they assign the same probabilities to all events A ⊆ X/E (i.e.,
unions of equivalence classes). Using this argument one can show that the notion
of standard bisimilarity coincides with that of cocongruence of PD-coalgebras
[30]. As an example, consider the two PNTS’s rooted at x and y respectively,
depicted in Figure 1, and assume the processes x1 and x2 to be observationally
different1. The processes x and y are not standard bisimilar. This is because y
can lead to a probability distribution μ3 which cannot be matched by x.

x

μ1 μ2

x1 x2 x1 x2

0.2 0.8 0.8 0.2

y

μ1 μ3 μ2

x1 x2 x1 x2 x1 x2

0.2 0.8 0.5 0.5 0.8 0.2

Fig. 1. Example of states (x, y) not standard bisimilar

It has been argued by Segala (see, e.g., [29]) that standard bisimilarity is too
strict a behavioral equivalence when PNTS’s are used to model nondeterministic
probabilistic programs/systems. In this setting, the nondeterminism in the sys-
tem is supposed to model all the possible choices which can be made by, e.g., an
external scheduler. It is natural, however, to assume that schedulers can them-
selves use probabilistic methods to perform their choices. Thus, a probabilistic
scheduler could choose to pick, from the state x, the successor distributions μ1

and μ2 with equal probability 1
2 , and consequentely reach states x1 and x2 with

equal probabilities 1
2 (0.2+ 0.8) = 0.5. Thus a scheduler, by choosing probabilis-

tically between μ1 and μ2, can mimic the choice of μ3 = 1
2μ1 +

1
2μ2.

Definition 6. Let X be a set. A convex combination of elements of D(X) is a
distribution ν of the form ν(x)=

∑n
i=1 λi · μi(x), for μi ∈ D(X), λi ∈ [0, 1] and∑

i λi=1. The convex hull of A∈PD(X), denoted by H(A), is the collection of
all convex combinations of elements in A. The set A is convex if A=H(A).

We are now ready to introduce the second notion of bisimilarity introduced
by Segala [29,20], which we refer to2 as convex bisimilarity.

Definition 7 (Convex Bisimulation). Given a PNTS (X,α), a convex bisim-
ulation is an equivalence relation E ⊆ X ×X such that if (x, y) ∈ E then

– if x →C μ then there exists ν such that y →C ν and (μ, ν)∈Ê, and
– if y →C ν then there exists μ such that x →C μ and (μ, ν)∈Ê,

where x →C μ holds if and only if μ∈H(α(x)).

1 By this we mean that (x1, x2) �∈ E for all bisimulations E. Of course this can be
implemented by adding structure to the system (e.g., a single edge from x1 to μ1).
Our assumption thus simply abstracts away from such additional details.

2 The adjective probabilistic is often adopted in the literature [29,31]. We prefer the
adjective convex which transparently reflects the mathematics behind the notion.
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Thus convex bisimilarity is obtained by replacing → with →C in Definition 5.
Probabilistic schedulers take the place of ordinary schedulers and can simulate
any convex combination of the reachable probability distributions.

Remark 1. Note that Definition 7 remains unaltered if →C is replaced by → (as
originally proposed by Segala in [29]) in the left side of the two conditions.

If probabilistic schedulers are assumed, Example 1 shows how, as observed
by Segala, standard-bisimilarity is too strict because it distinguishes between
states that, under the intended interpretation, ought to be identified. This fact
does not mean that cocogruence (i.e., standard bisimilarity) is not the “right”
notion of behavioral equivalence for PD-coalgebras. Rather, it suggests that
PD-coalgebras do not precisely model the class of systems we have in mind.

Definition 8. The endofuntor PcD (convex sets of probability distributions) on
Set is defined as follows: PcD(X) = {A | A ∈ PD(X) and A = H(A)} and(D(f)

)
(A)=f [A] = {f [μ] | μ ∈ A}, where f [μ] is defined as in Definition 3.

Remark 2. The functioriality of PcD is well known. In fact more is true, and
PcD carries a monad structure [32]. This property has been extensively studied,
especially in the field of domain theory (see, e.g., [32,13]), and recognized as
important in the setting of probabilistic-nondeterminism.

It is clear that a PcD-coalgebra (X,α) is just a particular kind of PD-
coalgebra such that, for all x ∈X , the set α(x) is convex. Formally (see, e.g.,
[30] for an introduction to this concept) id : PcD→PD is an injective natural
transformation. Furthermore the convex hull operation gives us a natural way
to convert a PD-coalgebra into a PcD-coalgebra (formally, H :PD→PcD is a
surjective natural transformation). Transforming a PD-coalgebra (i.e., a PNTS)
(X,α) into the PcD-coalgebra (X,HX ◦α) precisely corresponds to the substitu-
tion of the arrow relation → in Definition 5 with the relation →C in Definition 7.
It is now straightforward to verify that an equivalence relation E ⊆ X ×X is a
convex bisimulation in the PNTS (X,α) if and only if E is a cocongruence (i.e.,
standard bisimilarity) in the PcD-coalgebra (X,HX ◦α). Thus convex bisimilar-
ity can be seen as standard bisimilarity modulo (HX is surjective) the behavioral
equation A≈ B whenever H(A) = H(B), for all A,B ∈ PD(X), capturing the
the behavior of probabilistic schedulers.

Remark 3. Although PcD-coalgebras are the models naturally corresponding to
convex bisimilarity, we can always work, concretely, with ordinary PNTS’s (i.e.,
PD-coalgebras) (X,α), perhaps represented as finite graphs, and tacitly replace
α with HX ◦α (i.e., → with →C). This is convenient since, generally, the convex
hull of a finite set is uncountable.

The discussion carried out in this section serves to clarify that no a priori
categorical or coalgebraic argument exists supporting a notion of behavioral
equivalence in favor of another, when modeling computing systems. Coalgebra
provides, e.g., the mathematically deep notion of cocongruence for a functor, but
the choice of an appropriate functor is part of the modeling process.
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3 Upper Expectation Bisimilarity

We saw how convex bisimilarity naturally arises from the observation that sched-
ulers may make probabilistic choices. We also discussed how it can be understood
coalgebraically in terms of cocongruences of PcD-coalgebras. However it is not
possible to claim, on the sole basis of these facts, that convex bisimilarity is a
convenient notion of behavioral equivalence for PNTS’s. Probabilistic schedulers
constitute a good reason to consider two convex bisimilar states as behaviorally
equivalent. But it is not clear why one might want to distinguish between two
states that are not convex bisimilar. We illustrate the problem by means of the
simple example of Figure 2. As usual we assume the three states x1, x2 and x3

to be observationally distinct (cf. Footnote 1). The two states x and y are not
convex bisimilar because μ3 is not a convex combination of μ1 and μ2. It is not

x

μ1 μ2

x1 x2 x3 x1 x2 x3

0.3 0.3 0.4 0.5 0.4 0.1

y

μ1 μ2

μ3x1 x2 x3 x1 x2 x3

x1 x2 x3

0.3 0.3 0.4 0.5 0.4 0.1

0.4 0.3 0.3

Fig. 2. Example of states (x, y) not convex bisimilar

simple, however, to find a concrete3 reason to distinguish between the two states.
As a matter of fact, one can prove (see, e.g., [31]) that the states x and y satisfy
the same properties formulated in the expressive logics PCTL and PCTL∗ of [4].

Remark 4. While modal logics, carefully crafted to capture convex bisimilar-
ity (and even standard bisimilarity) can be defined [20,29,10,11], it is certainly
interesting to look at the distinguishing power of popular temporal logics for
PNTS’s, (of which PCTL and PCTL∗ are main examples) capable of expressing
branching properties of probabilistic concurrent systems useful in practice.

We now introduce a simple, yet realistic, experimental scenario which allows
one to distinguish the two states x and y of Figure 2. Suppose we are allowed
to make repeated experiments (in the sense of Milner’s push-button metaphor
[21]) on the PNTS’s of Figure 1. After a sufficiently large number (n→∞) of
experiments at, e.g., the state x, we observe that an event S (e.g., S = {x1},
representing the occurrence of terminal state x1) happened with upper proba-
bility4 m

n . We can then make the following reasonable assessment: the PNTS

3 This deliberately vague adjective could be seconded by, e.g., experimental, testing-
based, etc.

4 Our scenario is of course based on the common frequentist interpretation of proba-
bilities as limits of relative frequencies in a large number of trials. Technically, due
to the nondeterminism involved, a (unique) limit may not exists. Thus, what is ac-
tually experimentally observed is that the sequence of relative frequencies eventually
settles below an upper value (supremum limit) λ.
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at state x can exhibit behavior S (i.e., end up in x1) with at least probability
m
n . It seems then natural to stipulate that two states x and y are equivalent if,
for every event S, the state x can exhibit behavior (event) S with maximum
probability λ if and only if y can. It is simple to verify (the relevant events S
to be considered are the subsets of {x1, x2, x3}) that the two states x and y of
Figure 2 are equivalent in this sense.

However it is also realistic to assume that in the experiments carried on
PNTS’s, one is not just allowed to observe the occurrences of events and thus,
after a sufficient number of experiments estimate their upper probabilities by
means of relative frequencies. Rather, one is allowed to associate a real valued
information ri ∈ R to the outcome of each experiment i and, after n experiments,
observe the average value 1

n

∑n
i=0 ri. This enhanced scenario is better explained

by a simple example. Consider again the states x and y of Figure 2 and consider
the function g :{x1, x2, x3} → R defined as g(x1)=0.6, g(x2)=0 and g(x3)=0.5.
The function g represents the experiment in the sense that if, after letting the
scheduler choose a transition (i.e., pushing the button, in Milner’s metaphor)
the state xi is reached, then the real number g(xi) is registered as result. Thus,
for instance, if {x1, x2, x3, x2, x1} was the outcome of five experiments, the nu-
merical sequence {0.6, 0.5, 0, 0, 0.6} and its average 0.34 = 1.70

5 would be our
observation. Note that the simpler observation of an event S can be modeled by
the experiment χS : X → {0, 1}, i.e., by the characteristic function of S.

Definition 9. Let X be a set, μ ∈ D(X) and f : X → R. The expected value
of f under μ, written Eμ(f), is defined as Eμ(f) =

∑
x μ(x)f(x).

The expected values of g under μ1, μ2 and μ3 are 0.38, 0.35 and 0.39, respectively,
and this readily means that, for a sufficiently large number of trials, the average
resulting from experiments g on state x is necessarily smaller or equal than 0.38,
while in state y it can be strictly greater than 0.38 (and at most 0.39). Thus,
it is possible that an agent, by means of a sufficiently large number of repeated
experiments g, may be able to distinguish between the two states x and y. This
discussion leads to the following definitions.

Definition 10. Let X be a set and A ∈ PD(X) a set of probability distributions
on X. The upper expectation functional ueA : (X → R) → R, mapping functions
X → R to real numbers, is defined as ueA(f) =

⊔
μ∈A Eμ(f).

Thus, ueA(f) represents the maximum (supremum limit) expected value of f
which may be achieved when choosing probability distributions in A.

Definition 11. Given a PNTS (X,α), an upper expectation (UE) bisimulation
is an equivalence relation E ⊆ X ×X such that if (x, y) ∈ E then the equality
ueα(x)(f) = ueα(y)(f) holds for all E-invariant functions f : X → R, i.e., such
that if (z, w) ∈ E then f(z) = f(w).

We restrict to E-invariant experiments f following the idea that E-related (i.e.,
UE-bisimilar) states ought to be identified. The choice of considering upper
expectations seems one-sided, but one could equally well choose lower expecta-
tions (leA) observing that leA(f) = 1 − ueA(1 − f). This is an instance of the
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may/must duality well known in classical bisimulation theory, modal logic and
concurrency theory [21]. If follows from our discussion that restricting Definition
11 to {0, 1}-valued functions g :X →{0, 1} would weaken the definition to that
of an equivalence relation not capable of, e.g., distinguishing the states x and y
of Figure 2. This remark reveals that R-valued experiments (f :X →R) generally
provide more information than just observation of events (g :X →{0, 1}).

The definition of UE-bisimulation gives reasons for distinguishing states based
on the existence of a witnessing experiment f which may have an expected
outcome in one state which cannot be matched by the other state.

3.1 Relation between Convex and UE-Bisimilarity

UE-bisimilarity arises naturally from the simple testing scenario discussed above
and, as we shall discuss in Section 4, enjoys a remarkable natural connection with
real-valued modal logics. It is thus worth to develop its theory and compare it
with that of convex bisimilarity. In this section we show that the two notions
coincide on a wide class of systems by means of an alternative characterization
of UE-bisimilarity. Recall that PcD-coalgebras (cf. Remark 3) can be thought
of as PD-coalgebras modulo the behavioral equation A ≈ B if H(A) = H(B),
for A,B ∈ PD(X). Following the same idea, to understand UE-bisimilarity
coalgebraically one needs to consider the behavioral equation A≈B if ueA=ueB
(pointwise equality). As it turns out, the two equations coincide under very mild
conditions. In rest of the paper we restrict attention to a fairly simple (yet
important) class of PNTS’s, as this greatly simplifies our discussion. In Remark
5 we briefly outline how our results can be generalized.

Convention 1. We restrict attention to PNTS’s having a finite state space, i.e.,
PD-coalgebras (X,α :X→PD(X)) having a finite carrier set X= {x1, . . . , xn}
(endowed with the discrete topology). This allows one to view the space of func-
tions X→R as the Euclidean space Rn and each μ∈D(X) as the n-dimensional
vector μ = [μ(x1), . . . , μ(xn)]. Note that D(X) is a closed and bounded (hence
compact [16]) subset of Rn and that α(x), for x ∈ X, can be infinite.

The following is a known result from functional analysis [14, §10.2] and opti-
mization theory which generalizes to the setting described in Remark 5.

Theorem 1. Let X be a finite set and A,B ∈ PD(X). Then ueA = ueB iff
cl(H(A))=cl(H(B)), where cl(C) denotes the topological closure of the set C.

It is a standard result in linear algebra that the closure of a convex set is itself
convex (see, e.g., [19, §8.4]). For this reason the set cl(H(A)) is called the closed
convex hull of A. In what follows we denote with H the operation A �→ cl(H(A)).

The result of Theorem 1 can be used to prove the following alternative char-
acterization of UE-bisimulation (cf. Definition 7).

Theorem 2. Given a PNTS (X,α), an equivalence relation E ⊆ X × X is a
UE-bisimulation iff for all (x, y) ∈ E, it holds that:
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– if x →CC μ then there exists ν such that y →CC ν and (μ, ν)∈Ê, and
– if y →CC ν then there exists μ such that x →CC μ and (μ, ν)∈Ê,

where x→CC μ if and only if μ ∈ H(α(x)).

Thus UE-bisimilarity can be obtained by replacing →C with →CC in Defini-
tion 7 of convex bisimilarity. As a consequence UE-bisimilarity can be strictly
coarser than convex bisimilarity. The following proposition, however, reveals that
the two notions coincide for a wide class of PNTS’s.

Proposition 1. Let (X,α) be a PNTS such that α(x) is closed for all x ∈ X.
Then E ⊆ X×X is a convex bisimulation if and only if it is a UE-bisimulation.

Restricting to PNTS’s of this kind can hardly be seen as a limitation in con-
crete applications. Every finite set is closed, thus every PNTS representable as
a finite graph satisfies Convention 1 and the closedness condition of Proposition
1. Furthermore, the restriction to closed sets seems natural as agrees with the
well establiesh motto “observable properties are open sets” suggesting that only
those sets A and B which can be separated by open sets should be distinguished.

Remark 5. Among the possible ways of relaxing the constraint of Convention
1, a very general (and mathematically convenient) approach consists in model-
ing PNTS’s as PD-coalgebras in the category of compact Hausdorff topological
spaces. Here D maps the space X to the space of probability measures on X , en-
dowed with the weak∗-topology, and P maps X to the space of its closed (hence
compact5) subsets, endowed with the Vietoris topology [16]. Experiments on X
are now modeled by the Banach space C(X) of continuous functions X→R [19].
Due to the lack of space, we just mention in this remark that it possible to define
the functor PccD mapping X to its set of convex closed subsets and show that
UE-bisimilarity coincides with the notion of cocongruence of PccD-coalgebras.
All the results presented in this paper generalize to this setting at the cost of
mathematical complications needed to deal with infinite dimensional spaces.

As discussed in Section 2, the notion of probabilistic scheduler gives good
reasons for considering two convex bisimilar states as behaviorally equivalent.
On the other hand UE-bisimilarity provides witnesses (experiments) f :X→R

which can be used to distinguish states that are not UE-bisimilar (cf. example
of Figure 2). Thus the two a posteriori equivalent (under the mild closedness
assumption) viewpoints complement each other in a nice way.

Remark 6. In the significantly different setting of two-player stochastic concur-
rent games, a behavioral equivalence called game bisimilarity is discovered in
[9] as the kernel of a behavioral metric d induced by a quantitative [0, 1]-valued
fixed-point logic qLμ. Up to the necessary modifications, game bisimilarity can
be shown to coincide with UE-bisimilarity. The authors of [9] argue in favor of
game bisimilarity on the basis of the naturalness of the logic qLμ (which is a

5 A closed subset of compact set is itself compact [16]. From the modeling point of
view, this provides a natural topological generalization of finite-branchingness.
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weak logic not capable of encoding PCTL). Our explanation in terms of the sim-
ple metaphor of R-valued experiments is perhaps useful in clarifying and further
motivating this notion using logic-free arguments. No connection between game
bisimilarity and convexity is discussed in [9]. See also Section 4.1 below.

4 Real Valued Modal Logics and �Lukasiewicz µ-Calculus

The result of Theorem 1 states that the closed convex hull operation A �→ H(A)
and the upper expectation A �→ ueA are essentially the same operation.

Proposition 2 ([14]). Let X be a finite set and A ∈ PD(X). Then H(A) =
{μ ∈ D(X) | ∀f :X→R.

(
Eμ(f)≤ueA(f)

)}.
Thus from the functional ueA it is possible to construct H(A) and, by Theorem
1, from H(A) one obtains ueA=ueH(A). Hence, the transition map α of a PNTS

(X,α), with α(x) convex closed for all x ∈ X (i.e., a PccD-coalgebra, cf. remarks
3 and 5 and Theorem 2), can be seen both as a function (x �→ α(x)) of type
X → PccD(X) and as a function (x �→ ueα(x)) of type X → (

(X → R) → R
)
.

Equivalently (by currying) the transition map α can alternatively be seen as the
function transformer ♦α : (X → R) → (X → R) defined as:

(
♦αf

)
(x) = ueα(x)(f)

Def 10
=

⊔

x→μ

Eμ(f) (1)

It is remarkable here that the function transformer ♦α happens to coincide
with the interpretation of the diamond modality in all R-valued modal logics for
PNTS’s in the literature [15,26,8,23,12]. The semantics of a formula φ of these
logics, interpreted on a PNTS (X,α), is a function �φ� :X→R and, in particu-
lar, �♦φ�=♦α(�φ�). While it is obvious that the PNTS (X,α) induces ♦α (just
as in the definition), it is far from clear that from ♦α one can reconstruct the
PccD-coalgebra (X,α). The fact that the core of a R-valued logic (i.e., the inter-
pretation of the basic modality ♦) automatically arises from the very elementary
observation (motivating UE-bisimilarity) that R-valued experiments on PNTS’s
are useful and, due to their greater observational power (cf. example of Figure
2) should replace ordinary Boolean predicates, sheds light on the mathematical
nature of the quantitative approach to logics for PNTS’s.

Following our discussions, formulas can then be thought of as experiments and
the value �♦φ�(x) as the maximal expected value of experiment φ performed after
“pushing the button” (in Milner’s terminology) at state x. E.g., the experiment
distinguishing the states x and y of Figure 2 corresponds to the formula ♦φ, for
some φ crafted in such a way that �φ�(x1)=0.6, �φ�(x2)=0 and �φ�(x3)=0.5.

The many concrete R-valued modal logics in the literature are obtained by
considering other connectives (which can then be thought of as ways of com-
positionally constructing complex experiments from simpler ones) to be used in
combination with ♦. For example the constant 1 (�1�(x) = 1) and the connec-
tive  (�φ  ψ�(x) = max{�φ�(x), �ψ�(x)}) are considered in all the logics we
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are aware of. Different choices of connectives have distinct advantages over each
other in terms of, e.g., model checking complexity, expressivity, game semantics,
compositional reasoning methods, etc. In this paper we focus on the recently in-
troduced quantitative fixed-point logic of [24,22], called �Lukasiewicz μ-calculus
(�Lμ), because (unlike the other quantitative logics cited above) it is sufficiently
expressive to encode other popular temporal logics for PNTS, such as PCTL.
Here we limit ourselves to the basic definition of �Lμ and we refer to [24,25,22]
for motivational discussions and theoretical results about �Lμ including: model
checking algorithms, game semantics and proof systems for verification.

Definition 12 (Syntax). Formulas are generated by the following grammar:
φ ::= ♦φ | v | 1 | λφ | ¬φ | φ  φ | φ ⊕ φ | μv.φ, where λ∈ [0, 1] ∩ Q, v ranges
over a countable set Var of variables and (as usual in fixed point logics) bound
variables must occur under the scope of an even number of negations.

Definition 13 (Semantics). Given a PNTS (X,α) and an interpretation ρ :
Var → (X → [0, 1]) of the variables, the semantics of φ is defined as the map
�φ�ρ : X → [0, 1] defined by structural induction on formulas as:

•�♦φ�ρ=♦α(�φ�ρ) •�v�ρ=ρ(v) •�φ � ψ�ρ(x)=max{�φ�ρ(x), �ψ�ρ(x)}
•�λφ�ρ(x)=λ · �φ�ρ(x) •�1�ρ(x)=1 •�φ⊕ ψ�ρ(x)=min{1, �φ�ρ(x) + �ψ�ρ(x)}
•�¬φ�ρ(x) = 1− �φ�ρ(x) • �μv.φ�ρ = lfp

(
f �→ �φ�ρ[f/v]

)

where lfp denotes the least fixed point operator and ρ[f/v] denotes the update of
the interpretation ρ at variable v defined as expected [24].

The operations of �Lμ, except the modality ♦( ) and the fixed-point operator
μv.( ), are the operations of �Lukasiewicz (fuzzy) logic, the logic of MV-algebras.

The logic �Lμ, as all other R-valued logics for PNTS’s we are aware of, is sound
(or adequate) with respect to UE-bisimilarity.

Theorem 3 (Soundness). Let (X,α) be a PNTS and E ⊆ X × X a UE-
bisimulation. For all �Lμ formulas φ and (x, y)∈E it holds that �φ�(x)=�φ�(y).

Unlike most other logics, however, �Lμ enjoys the following strong property which
generalizes to the setting described in Remark 5.

Theorem 4 (Denseness of �Lμ). Let (X,α) be a PNTS and E ⊆ X×X a
UE-bisimulation. The set of functions {�φ� | φ is a closed �Lμ formula} is dense
(w.r.t the sup-norm on X →R) in the set of functions X → [0, 1] with are E-
invariant (cf. Definition 11). The same result holds even if the fixed-point free
fragment of �Lμ is considered.

This means that for every ε>0 and every experiment f :X → [0, 1] which cannot
distinguish between UE-bisimilar states, there exists a closed (fixed-point free)
�Lμ formula φ such that for all x∈X , |f(x)− �φ�(x)|<ε. Thus, up-to approxima-
tion to an arbitrary degree of precision, the formulas of �Lμ syntactically capture
the set of experiments on PNTS’s that respect UE-bisimilarity. The following
completeness (or expressivity) result is a simple consequence of Theorem 4.

Proposition 3 (Completeness). Let (X,α) be a PNTS and x, y ∈X be two
states which are not UE-bisimilar. Then there exists some (fixed-point free) �Lμ
formula φ such that �φ�(x) �=�φ�(y).
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4.1 Behavioral Metrics

Behavioral metrics for probabilisitic systems, first investigated by Panangaden
in the context of Markov processes [27], are based on the intuition that small
changes in the probabilities of the system corresponds, roughly speaking, to small
changes in behavior. Thus one might wish to relate behavior between states not
in terms of equivalence relations but rather in terms of metrics6 d :X×X → [0, 1]
capturing how much two states behave differently. This approach generalizes that
based on ordinary equivalence relations, as one can always consider the kernel
ker(d)={(x, y) | d(x, y) = 0} of the metric, and proved to be useful in developing
a general theory of approximation for probabilistic systems [27]. In the context of
PNTS’s a robust notion of behavioral metric is given by the so-called Hausdorff
metric which is based on the following idea. For a given PNTS (X,α), and for
any7 metric m on D(X), one can consider the Hausdorff metric dmH on the space
of (compact) closed subsets of D(X). Then it is natural to define a metric on
states as d(x, y) = dmH(α(x), α(y)).

An elegant characterization of the Kantorovich-Hasudorff metric dKH (where
K is the Kantorovich metric on D(X) [16,27]) using the logic qLμ of [9] (cf.,
Remark 6) can be obtained as dKH = sup

{|�φ�(x) − �φ�(y)|, φ ∈ qLμ}. This re-
lies on the connectives of qLμ carefully chosen so that (following earlier ideas
of Panangaden [27]) denotations of formulas are Lipschitz (not expansive) func-
tions. This, however, implies that qLμ does not satisfy the densedness property
of �Lμ and, as a consequence, cannot express PCTL properties. Since the logic
qLμ is readily a fragment of �Lμ, the �Lukasiewicz μ-calculus can be used to char-
acterize the metric dKH . However it is immediate to observe that, because of the
denseness and completeness properties of �Lμ, the distance logically defined as
above with φ ranging over all �Lμ formulas is necessarily trivial (i.e., d(x, y)=0
if x and y are UE-bisimilar and 1 otherwise). The following result shows how
the TV-Hausdorff metric dTV

H (where TV is the Total Variation metric on D(X)
[16]) admits an elegant characterized in terms of Diamond-guarded �Lμ formulas.

Theorem 5. Let (X,α) be a PNTS quotiented by UE-bisimilarity (cf. Remark
6) and assume without loss of generality (cf. Theorem 1) that α(x) is convex
closed for every x ∈ X. Define dL(x, y) = sup

{|�♦φ�(x) − �♦φ�(y)|, φ ∈ �Lμ
}
.

Then dL(x, y)=dTV
H (α(x), α(y)).

Proof. The proof exploits a result about convex closed sets from functional anal-
ysis [19, §8.4] and the denseness property of �Lμ (Theorem 4) in the sup-norm.

The definition of a behavioral metric for PNTS’s based on the TV-metric on
D(X) appears to be novel and seems worth of further investigation. Indeed the

6 Technically, d is a pseudo-metric as states x �= y with d(x, y) = 0 are admitted. The
function d becomes an authentic metric on the state space quotiented by ker(d).

7 Many natural metrics on D(X) exist. E.g., any norm on Rn (cf. Convention 1)
induces a metric on D(X). Since Rn is finite dimensional, they all induce the same
topology. The sup-norm on Rn (cf. Theorem 4) induces the total variation metric
T (μ, ν) = maxx{|μ(x) − ν(x|} [16,19].
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TV-metric is well known in probability theory and has important applications
in statistics. Furthermore, it is natural to interpret dL(x, y) as a value related
to the probability of distinguishing between x and y in a one-shot experiment
φ, modeled by the formula ♦φ (“push the button” once and perform experiment
φ). We plan to investigate this viewpoint, and the possible relations with the
(information-theoretic) one-shot attack models of [5], in future research.

5 Algebraic Aspects of UE-Bisimilarity

As discussed in Section 4, the transition map α : X → PccD(X) of a PccD-
coalgebra (X,α) can be equivalently presented as the function transformer ♦α :
(X→R)→ (X→R) defined as in Equation 1. Clearly, not all transformers F of
this type can be representations of PccD-coalgebras (e.g., F (x �→ 0)= x �→ 1).
The following theorem, based on a type of Riesz representation theorem for con-
vex closed sets from functional analysis [14], provides a precise characterization
of those function transformers F that arise from PccD-coalgebra.

Theorem 6. Let (X,α) be a PccD-coalgebra. Denote with � and + the point-
wise order and sum of the vector space X → R, respectively, and with λ( )
the operation of multiplication by scalars. The function transformer ♦α satisfies
the following properties: • (monotone) if f � g then ♦αf � ♦αg, • (♦α(1) is
Boolean) ♦(x �→ 1) ∈X →{0, 1}, • (sublinear) ♦α(f + g) � ♦α(f) + ♦α(g), •
(positive affine homogenous) ♦α(λ1f+λ21) = λ1♦α(f)+λ2♦α(1), for all λ1 ≥ 0
and λ2 ∈ R. Furthermore, every function transformer F : (X →R)→ (X →R)
with these properties arise as F =♦α from a unique PccD-coalgebra (X,α).

The theorem can be generalized to the setting described in Remark 5. In a follow-
up of this paper it will be shown how, on the basis of this result, it is possible to
develop an algebraic account of PccD-coalgebras in the form of a correspondence
between PccD-coalgebras and certain types of algebras (with a rich vector space
structure resembling that of the function space X →R). We expect this result
will be of help in designing compositional verification methods for PNTS’s based
on equational reasoning and axiomatizations of R-valued logics for PNTS’s.

We conclude this section by stating a result of central importance for the
practical applicability of UE-bisimilarity in programming languages which can
be proved by means of standard process-algebra techniques (see, e.g., [7, §3]).
Theorem 7. UE-bisimilarity is a congruence relation for all process algebras
specified by the probabilistic-nondeterministic PGSOS format of [2].
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