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Abstract. Survey. The main goal of the Algebraic Approach is the design of a 
unified scheme for the representation of objects for the purposes of their recog-
nition and the transformation of such representations in the suitable algebraic 
structures. It makes possible to develop corresponding regular structures ready 
for analysis by algebraic, geometrical and topological techniques. Development 
of this line of image analysis and pattern recognition is of crucial importance 
for automated image mining and application problems solving. It is selected and 
briefly characterized main aspects of current state of the image analysis alge-
braization. Special attention is paid to the recent results of the Russian mathe-
matical school. 
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1 Introduction 

Automation of image processing, analysis, estimating and understanding is one of  
the crucial points of theoretical computer science having decisive importance for  
applications. 

The specificity, complexity and difficulties of image analysis and estimation (IAE) 
problems stem from necessity to achieve some balance between such highly contra-
dictory factors as goals and tasks of a problem solving, the nature of visual percep-
tion, ways and means of an image acquisition, formation, reproduction and rendering, 
and mathematical, computational and technological means allowable for the IAE. 

The mathematical theory of image analysis is not finished and is passing through a 
developing stage. It is only recently came understanding that only intensive creating 
of comprehensive mathematical theory of image analysis and recognition (in addition 
to the mathematical theory of pattern recognition) could bring a real opportunity to 
solve efficiently application problems via extracting from images the information 
necessary for intellectual decision making. 

A new approach to analyzing and estimating information represented in the form of 
images - the Descriptive Approach to Image Analysis and Understanding (DA) by 
I.B.Gurevich [2, 6, 14-16] is based on the specialization of the “Algebraic Approach 
to Pattern Recognition and Classification Problems Solving” by Yu. I. Zhuravlev [43] 
for the case when the initial information is represented in the form of images. 
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2 State of the Art of the Mathematical Theory of Image 
Analysis 

To automate image mining, we need an integrated approach to implement the poten-
tial of mathematical apparatus being used in transforming and analyzing information 
represented in the form of images. 

Image mining now tends to multiplicity (multi-algorithmic and multi-model mod-
es) and to fusion of the results. It means that several different algorithms are applied 
in parallel to process the same model and several different models of the same initial 
data are used to solve the problem and then the results are fused to obtain the most 
accurate solution. Yu.I.Zhuravlev obtained the first and fundamental results in this 
area in 1970s [43]. 

From 1990s, the most part of pattern recognition applications and considerable part 
of research in artificial intelligence deal with images. As a result, new technical tools 
emerged to obtain information that allow representing of recorded and accumulated 
data in the form of images and the image recognition itself became more popular as 
the powerful and efficient methodology to process and analyze data mathematically 
and to detect hidden regularities. 

There are a lot of internal scientific problems that have arisen within image recog-
nition. First of all, these imply algebraizing the image recognition theory, arranging 
image recognition algorithms, estimating the algorithmic complexity of the image 
recognition problem, automating the synthesis of the corresponding efficient proce-
dures, formalizing the description of the image as a recognition object, etc. These 
problems form the base of the mathematical agenda of the descriptive theory of image 
recognition developed using the ideas of the Algebraic Approach to Pattern Recogni-
tion and Classification. 

There are three main issues one needs to overcome when dealing with images: 1) 
to describe images; 2) to develop, study and optimize the selection of mathematical 
methods and tools for data processing under image recognition; 3) to implement ma-
thematical methods of image analysis via software and hardware means. 

3 Algebraization of Pattern Recognition and Image Analysis 

This section contains steps of the algebraization in image analysis fundamentals and 
the basic theories of pattern recognition, image algebras. 

By now, image analysis and evaluation have a wide experience gained in applying 
mathematical methods from different sections of mathematics, computer science and 
physics, in particular algebra, geometry, discrete mathematics, mathematical logic, 
probability theory, mathematical statistics, mathematical analysis, mathematical 
theory of pattern recognition, digital signal processing, and optics. 

However we still need a regular basis to arrange and choose suitable methods of 
image analysis, represent in an unified way the processed data (images), construct 
mathematical models of images designed for recognition problems, and, on the whole, 
to introduce the universal language for unified description of images and transforma-
tions over them. 
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The necessity to solve complex recognition and specialized image languages gen-
erated attention to formal descriptions–models of initial data and formalization of 
descriptions of procedures of their transformation in the area of pattern recognition 
(and especially in image recognition in 1960s). As the substantial achievements in this 
“descriptive” line of R&D we should mention publications by A. Rosenfeld [34], T. 
Evans [12], R. Narasimhan [29], R. Kirsh [21], A. Shaw [37], H. Barrow, A. Ambler, 
and R. Burstall [1], S. Kaneff [20]. 

In 1970s Yu.I.Zhuravlev proposed “The Algebraic Approach to Recognition and 
Classification Problems” [43], where he defined formalization methods for describing 
heuristic algorithms of pattern recognition and proposed the universal structure of 
recognition algorithms. In the same years, U. Grenander stated his “Pattern Theory” 
[18], where he considered methods of data representation and transformation in rec-
ognition problems in terms of regular combinatorial structures, leveraging algebraic 
and probabilistic apparatus. M.Pavel [31] introduced “Theory of Categories Tech-
niques in Pattern Recognition”, to describe pattern recognition algorithms via trans-
forms of initial data preserving its class membership. 

The Russian mathematical school also has important original results on algebraic tools 
for pattern recognition and image analysis in. There are algebras on algorithms, algebraic 
multiple classifiers, algebraic committees of algorithms, combinatorial algorithms for 
recognition of 2-D data [1], descriptive image models, 2-D formal grammars [34]. 

In the framework of scientific school of Yu.I.Zhuravlev several essential results 
were obtained by V.L.Matrosov [26], K.V.Rudakov [35] and V.D.Mazurov [27]. 
There are significant number of results concerned with algebraic methods of analysis 
and estimation of information represented as signals (G.Labunec [22], Ya.A.Furman 
[13], V.M.Chernov [4]). 

Algebraization of pattern recognition and image analysis has attracted and contin-
ues to attract the attention of many researchers. First of all – the development of alge-
braic construction for image analysis and processing – formal grammars, cellular 
automata, mathematical morphology, image algebras, multiple algorithms, descriptive 
approach. 

The idea of constructing a unified language for concepts and operations used in 
image processing appeared for the first time in works of Unger [42], who suggested to 
parallelize algorithms for processing and image analysis on computers with cellular 
architecture. 

Mathematical morphology by G. Matheron [25] and J.Serra [36] became a starting 
point for a new mathematical wave in image analysis. Serra and Sternberg [39] were 
the first to succeed in constructing an integrated algebraic theory of processing and 
image analysis on the basis of mathematical morphology. It is believed [28] that it 
was precisely Sternberg who introduced the term “image algebra” in the current stan-
dard sense. The final version of image algebras (IA) was Standard Image Algebra by 
G.Ritter [32] (algebraic presentation of image analysis and processing operations). 

Descriptive Image Algebras (DIA) is created as a new IA provided possibility to 
operate with main image models and with basic models of procedure of transforms, 
which lead to effective synthesis and realization of basic procedures of formal image 
description, processing, analysis and recognition. DIA is introduced by I.B.Gurevich 
and developed by him and his pupils I.V.Koryabkina, I.A.Jernova, A.A.Myagkov, 
A.A.Nefedov, Y.O.Trusova, V.V.Yashina [14-16]. 
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In the history of algebraization we should mention: J.von Neumann [30], S.Unger 
[42] (studies of interactive image transformations in cellular space); M. Duff, D. Wat-
son, T. Fountain, and G. Shaw [10] (a cellular logic array for image Processing); A. 
Rosenfeld [33] (digital topology); H.Minkowski and H.Hadwiger (pixel neighborhood 
arithmetic and mathematical morphology); G.Matheron, J.Serra, S.Sternberg [25, 36, 
39] (a coherent algebraic theory specifically designed for image processing and image 
analysis - mathematical morphology); S. Sternberg [39] (the first to use the term “im-
age algebra”); P. Maragos [24] (introduced a new theory unifying a large class of 
linear and nonlinear systems under the theory of mathematical morphology); L. Da-
vidson [9] (completed the mathematical foundation of mathematical morphology by 
formulating its embedding into the lattice algebra known as Mini-Max algebra); 
G.Ritter [32] (Image Algebra); I.B.Gurevich [15] (Descriptive Image Algebra); T.R. 
Crimmins and W.M. Brown, R.M. Haralick, L. Shapiro,  R.W. Schafer, J. Goutsias, 
L. Koskinen and Jaako Astola, E.R. Dougherty, P.D. Gader, M.A. Khabou, A. Kol-
dobsky, B. Radunacu, M.Grana, F.X. Albizuri, P. Sussner [7,8,10,11,19,40] (recent 
papers on mathematical morphology and image algebras). 

4 Descriptive Approach to Image Analysis and Understanding 

This section contains a brief description of the principal features of the DA needed to 
understand the meaning of the introduction of the conceptual apparatus and schemes 
of synthesis of image models proposed to formalize and systematize the methods and 
forms of image representation. 

By the middle of 1990s, it became obvious that for the development of image anal-
ysis and recognition, it is critical to: 1) understand the nature of the initial information 
– images, 2) find methods of image representation and description that allow con-
structing image models designed for recognition problems, 3) establish the mathemat-
ical language designed for unified description of image models and their transforma-
tions that allow constructing image models and solving recognition problems; 4) con-
struct models to solve recognition problems in the form of standard algorithmic 
schemes that allow, in the general case, moving from the initial image to its model 
and from the model to the sought solution. 

The DA gives an unified conceptual structure that helps to develop and implement 
these models and the mathematical language [14-17]. The main DA purpose is to 
structure and standardize different methods, operations and representations used in 
image recognition and analysis. The DA provides the conceptual and mathematical 
basis for image mining, with its axiomatic and formal configurations giving the ways 
and tools to represent and describe images to be analyzed and evaluated. 

Experience in the development of the mathematical theory of image analysis and 
its use to solve applied problems shows that, when working with images, it is neces-
sary to solve problems that arise in connection with the three basic issues of image 
analysis: 1) the description of images; 2) the development, exploration, and optimiza-
tion of the selection of mathematical methods and tools for information processing in 
the analysis of images; 3) the hardware and software implementation of the mathe-
matical methods of image analysis. 
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Mathematical foundations of the DA are as follows: 1) the algebraization of the ex-
traction of information from images; 2) the specialization of the Zhuravlev algebra  
to the case of representation of recognition source data in the form of images; 3) a 
standard language for describing the procedures of the analysis and recognition of 
images (DIA) [14-16]; 4) the mathematical formulation of the problem of image rec-
ognition; 5) mathematical theories of image analysis and pattern recognition; 6) a 
model of the process for solving a standard problem of image recognition. The main 
objects and means of the DA are: 1) images; 2) a universal language (DIA); 3) 2 types 
of descriptive models: a) an image model; b) a model for solving procedures of prob-
lems of image recognition and their implementation; 4) descriptive algebraic schemes 
of image representation (DASIR); 5) multi-model and multi-aspect representations of 
images, which are based on generating descriptive trees (GDT) [14-16]. 

The basic methodological principles of the DA are: 1) the algebraization of the im-
age analysis; 2) the standardization of the representation of problems of analysis and 
recognition of images; 3) the conceptualization and formalization of phases through 
which the image passes during transformation while the recognition problem is 
solved; 4) the classification and specification of admissible models of images (de-
scriptive image model - DIM); 5) RIRF; 6) the use of the standard algebraic language 
of DIA for describing models of images and procedures for their construction and 
transformation;7) the combination of algorithms in the multi-algorithmic schemes; 8) 
the use of multi-model and multi-aspect representations of images; 9) the construction 
and use of a basic model of the solution process for the standard problem of image 
recognition; 10) the definition and use of non-classical mathematical theory for the 
recognition of new formulations of problems of analyzing and recognizing images. 

5 Ontology-Based Approach to Image Analysis 

The automation of image analysis assumes that researchers and users of different 
qualifications have at their disposal not only a standardized technology of automation, 
but also a system supporting this technology, which accumulates and uses knowledge 
on image processing, analysis and evaluation and provides adequate structural and 
functional possibilities for supporting the more intelligent choice and synthesis of 
methods and algorithms. The automated system (AS) for image analysis must com-
bine the possibilities of the instrumental environment for image processing and analy-
sis and a knowledge-based system. Therefore, one of its main components is a know-
ledge base. Knowledge bases usually contain modules of universal knowledge, which 
are not related to any subject domain and knowledge modules related to a certain 
subject domain. The AS must provide software implementation of the hierarchies of 
classes of the main objects used in image analysis, have a specialized user interface, 
contain a library of algorithms that allow one to solve the main problems of image 
analysis and understanding with the help of efficient computational procedures, and 
provide accumulation and structuring of knowledge and experience in the domain of 
image analysis and understanding.  

The need of efficient knowledge representation facilities can be fulfilled by using a 
suite of ontologies, For example, in [23], an approach devoted to semantic image 
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interpretation for complex object classification purposes is proposed. The work de-
scribed in [5] addresses the problem of explicit representation of objectives when 
developing image processing applications. The proposed framework demonstrates 
that ontology-based content representation can be used as an effective way for hierar-
chical and goal-directed inference in high-level visual analysis tasks.  

In [6], a novel knowledge-oriented approach to image analysis based on the use of 
thesauruses and ontologies as tools for representation of knowledge, which are neces-
sary for making intelligent decisions on the basis of information extracted from im-
ages, is proposed. The main contribution of this work is the development of a suffi-
ciently detailed and well-structured Image Analysis Ontology. As a main source of 
the information about concepts the Image Analysis Thesaurus (IAT) [2] has been 
used. The important feature of the IAT is a novel hierarchical classification of tasks 
and algorithms for image processing, analysis and recognition. 

6 Conclusions 

The main deduction from the analysis of current trends in mathematical image analy-
sis is necessity of a new algebraic language for describing and representing of image 
processing and understanding procedures and models. The new image algebra has to 
make possible: a) processing of images as objects of analysis and recognition; b) op-
erations on image models and on models of procedures for image transformations; c) 
implementation of the procedures for image modifications both as operations and 
operands of the new image algebras for construction of compositions of basic models 
of procedures. The future research will be mostly devoted to constructing of image 
formal descriptions, i.e. to the Image Formalization Space and, in particular, to a) its 
topological properties; b) embedding of descriptive algorithmic schemes for image 
analysis into this space. 
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