
Stopping Criterion

for the Mean Shift Iterative Algorithm
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Abstract. Image segmentation is a critical step in computer vision tasks
constituting an essential issue for pattern recognition and visual interpre-
tation. In this paper, we propose a new stopping criterion for the mean
shift iterative algorithm by using images defined in Zn ring, with the goal
of reaching a better segmentation. We carried out also a study on the weak
and strong of equivalence classes between two images. An analysis on the
convergence with this new stopping criterion is carried out too.

1 Introduction

Many techniques and algorithms have been proposed for digital image segmen-
tation. Unfortunately, traditional segmentation techniques using low-level, such
as thresholding, histograms or other conventional operations are rigid methods.
Automation of these classical approximations is difficult due to the complexity
in shape and variability within each individual object in the image. Mean Shift
(MSH) is a robust technique which has been applied in many computer vision
tasks. MSH as an iterative algorithm has been used in many works by using the
entropy as a stopping criterion [4–8].

Entropy is an essential function in information theory and has special uses for
images data, e.g., restoring images, detecting contours, segmenting images and
many other applications [9, 10]. However, in the field of images, the range of prop-
erties of this function could be increased if the images would be defined inZn rings.

In this paper, we compare the stability of iterative MSH algorithm using a new
stopping criterion based on ring theory with respect to the stopping criterion used
in [4–7]. The remainder of the paper is organized as follows: Theoretical aspects
related with the entropy and the defined images in Zn ring are exposed in Section
2. Here, a special attention is dedicated to the benefits of image entropy in the Zn

ring. Section 3 shows the experimental results, comparisons and discussion. And
finally the most important conclusions are given in the last section.

2 Theoretical Aspects: Entropy

Entropy is a measure of unpredictability or information content. In the space of
the digital images the entropy is defined as [1].
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Definition 1 (Image Entropy). The entropy of the image A is defined by

E(A) = −
2B−1∑

x=0

pxlog2px, (1)

where B is the total quantity of bits of the digitized image A and p(x) is the
probability of occurrence of a gray-level value. By agreement log2(0) = 0.

In recent works [4–7] the entropy is an important point to define a stopping
criterion for a segmentation algorithm based on an iterative computation of the
mean shift filtering. In [4–7] the stopping criterion is

ν(A,B) = |E(A) − E(B)|. (2)

E(·) is the function of entropy and the algorithm is stopped when ν(Ak,Ak−1) ≤
ε. Here ε and k are respectively the threshold to stop the iterations and the
number of iterations.

Definition 2 (Weak equivalent in Images). Two images A and B are weakly
equivalents if

E(A) = E(B).
We denote the weak equivalent between A and B using A � B.
Trivial implication is:

A � B ⇐⇒ ν(A,B) = 0.

Note that using the Definition 2 the stopping criterion defined in (2) is a measure
to know when two images are close to be weakly equivalents.

Figure 1 shows two different images of 64×64. A reasonable stopping criterion
should present a big difference between Figure 1(a) and Figure 1(b). However,
by using the expression (2), we obtain that ν(Figure 1(a), F igure 1(b)) = 0.

(a) (b)

Fig. 1. Dissimilar Images
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The defined stopping criterion in (2) never consider the spacial information
between the images A and B. For this reason, it is possible to have two very
different images and to obtain a small value by using (2).

This is a strong reason to consider that the defined stopping criterion in (2)
is not appropriate and provide instability in the iterative mean shift algorithm.
For this reason, it is necessary to consider other stopping criterion that provides
a better performance.

It is natural to think that two images are close if their subtraction is close
to zero. The problem of this idea is that, in general, when the subtraction gives
negative values many authors consider to truncate to zero these elements. This
consideration, in general, does not describe the difference between both images,
and in some cases, it is possible to lose important information.

For this reason, it is necessary to define a structure such that the operations
between two images are intern.

Definition 3 (Zn Ring). The Zn ring is the partition of the set of integers Z

in which the elements are related by the congruence module n.

Mathematically speaking, we say that a is in the class of b (a ∈ Cb) if a is related
by (∼) with b, where

a ∼ b ⇐⇒ a ≡ b(mod n)
def⇐⇒ (b− a) ∈ nZ, where

nZ = {0, n, 2n, . . .} and n ∈ Z is fixed.

Consequently Zn = {C0, C1, . . . , Cn−1}.
If we translate the structure of the Zn ring to the set of images of size k × m
where the pixel values are less that n− 1 and we denote this set as Gk×m(Zn),
we obtain the next result.

Theorem 1. The set Gk×m(Zn)(+, ·), where (+) and (·) are respectively the
pixel-by-pixel sum and multiplication in Zn, has a ring structure.

Proof. As the pixels of the image are in Zn, this has satisfies the ring axioms.
The operation between two images was defined pixel by pixel, then is trivial that
Gk×m(Zn) under the operations (+, ·) of the Zn ring inherits the ring structure.

	

In this moment, we have an important structure where we can operate with the
images. In the ring Gk×m(Zn)(+, ·) the sum, subtraction or multiplication of
two images always is an image.

Definition 4 (Strong Equivalence). Two images A,B ∈ Gk×m(Zn)(+, ·) are
strongly equivalents if

A = S + B,
where S is a scalar image. We denote the strong equivalence between A and B
as A ∼= B.
Note that if A = S + B ⇒ ∃ S | B = S +A and S = −(S), where −(S) is the
additive inverse of S. This is calculated using the inverse of each pixels of S in
Zn.
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Theorem 2. If two images A and B are strongly equivalents then they are
weakly equivalents.

Proof. If A and B are strongly equivalents then A = S + B where S is a scalar
image. Then E(A) = E(S + B) but S is a scalar image and for this reason the
sum S + B only change in B the intensity of each pixel but don’t change the
number of different intensities or the frequency of each intensity in the image.
Then, E(S + B) = E(B). Finally we obtain that E(A) = E(B) and they are
weakly equivalents. 	

Note that the shown images in Figure 1 are weakly equivalents, but they are not
strongly equivalents. This is an example that in general A � B � A ∼= B.
Definition 5 (Natural Entropy Distance). Let A and B two images, then
the natural entropy distance is defined by

ν̂(A,B) = E(A+ (−B)). (3)

Remark 1. Remember that −(B) is the additive inverse of B and this is calcu-
lated using the inverse of each pixel of B in Zn.

If it are considered the images of Figure 1, the results show that

ν̂(Figure 1(a), F igure 1(b)) = 0.2514.

The next theorem is an important characterization of the strong equivalent
among images.

Theorem 3. Two imagesA and B are strongly equivalent if and only if ν̂(A,B) =
0.

Proof. If A and B are strongly equivalents A = S + B where S is the scalar
image. Then we have

ν̂(A,B) = E(A+ (−B)) replacing A = S + B
= E(S + B + (−B))
= E(S) = 0.

E(S) = 0 because S is a scalar image. It is demonstrated that A ∼= B ⇒
ν̂(A,B) = 0.
On the other hand if ν̂(A,B) = 0 ⇒ A + (−B) = S, where S is a scalar
image. Adding B in the last equation we obtain that A = S + B, therefore
ν̂(A,B) = 0 ⇒ A ∼= B. 	

Taking in consideration the good properties that, in general, the natural entropy
distance has (see Definition 5), one sees logical to take the condition (3) as the
new stopping criterion of the iterative mean shift algorithm. Explicitly, the new
stopping criterion is

E(Ak + (−Ak−1)) ≤ ε, (4)

where ε and k are respectively the threshold to stop the iterations and the
number of iterations.
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3 Experiments and Results

Image segmentation, that is, classification of the image gray-level values into ho-
mogeneous areas is recognized to be one of the most important step in any image
analysis system. Homogeneity, in general, is defined as similarity among the pixel
values, where a piecewise constant model is enforced over the image [3].

The principal goal of this section is to evaluate the new stopping criterion in
the iterative mean shift algorithm and to prove that, in general, with this new
stopping criterion the algorithm have better stability. For this reason, compar-
isons with other segmentation approaches will not be carried out. In [5] were
compared the obtained results with the mean shift iterative algorithm through
the old stopping criterion with other segmentation methods. We used three dif-
ferent images for the experiments. The first image (“ Bird”) have low frequency,
the second (“Baboon”) have high frequency and in the image “Montage” has
mixture low and high frequencies.

All segmentation experiments were carried out by using a uniform kernel
[4, 6]. In order to be effective the comparison between the old and the new
stopping criterion, we use the same value of hr and hs in the iterative mean
shift algorithm (hr = 12, hs = 15). The value of hs is related to the spatial
resolution of the analysis, while the value hr defines the range resolution. In the
case of the new stopping criterion, we use the stopping threshold ε = 0.9 and
when the old stopping criterion was used, we selected ε = 0.0175, this values are
selected based to the segmentation level that we want obtain in each case.

Figure 2 shows the segmentation of the three images. Observe that, in all
cases, the iterative mean shift algorithm had better result when was used the
new stopping criterion.

When one compares Figures 2(b) and 2(c), in the part corresponding to the
face or breast of the bird a more homogeneous area, with the new stopping cri-
terion (see arrows in Figure 2(c)), it was obtained. Observe that, with the old
stopping criterion the segmentation gives regions where different gray levels are
originated. However, these regions really should have only one gray level. For
example, Figure 2(e) and 2(f) show that the segmentation is more homogeneous
when the new stopping criterion was used (see the arrows). In the case of the
“Montage” image one can see that, in Figure 2(i) exists many regions that con-
tains different gray levels when these regions really should have one gray level
(see for example the face of Lenna, the circles and the breast of the bird). These
good results are obtained because the defined new stopping criterion through
the natural distance between images in expression (4) offers greater stability to
the mean shift iterative algorithm.

Figure 3 shows the profile of the obtained segmented images by using both
stopping criteria1. The plates that appear in Figure 3(b) and 3(d) are indicative
of equal intensity levels. In both graphics the abrupt falls of an intensity to other
represent the different regions in the segmented image. Note that, in Figure
3(b) exists, in the same region of the segmentation, least variation of the pixel

1 We show only the profile of one image for reasons of space, but the results in the
other images were similar.
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(a) Bird (b) New Criterion (c) Old Criterion

(d) Baboon (e) New Criterion (f) Old Criterion

(g) Montage (h) New Criterion (i) Old Criterion

Fig. 2. Segmentation of the experimental images. In the first column are show the
original images; in the second, the segmentation using the new stopping criterion and
in the third column are the segmented images using the old stopping criterion.

intensities with regard to Figure 3(d). This illustrates that, in this case the
segmentation was better when the new stopping criterion was used.

Figure 4 shows the performance of the two stopping criterion in the experi-
mental images. In the “x” axis appears the iterations of the mean shift algorithm
and in the “y” axis is shown the obtained values by the stopping criterion in
each iteration of the algorithm.

The graphics of iterations of the new stopping criterion (Figure 4(a), 4(b),
4(c)) show a smooth behavior; that is, the stopping criterion has a stable per-
formance through the iterative mean shift algorithm. The new stopping criterion
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(a) New Criterion
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(b) Profile (c) Old Criterion
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(d) Profile

Fig. 3. An intensity profile through of a segmented image. Profile is indicated by a
line. (a) and (c) are the segmented images and (b) and (d) are the profile of (a) and
(c) respectively.

not only has good theoretical properties, but also, in the practice, has very good
behavior.

On the other hand, if we analyze the old stopping criterion in the experi-
mental images (Figure 4(d), 4(e), 4(f)), we can see that the performance in the
mean shift algorithm is unstable. In general, we have this type of situation when
the stopping criterion defined in (2) is used. This can originate bad segmented
images.
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(f) Montage

Fig. 4. Stopping criterion. In the first row appears the performance of the new stopping
criterion and in the second, it is shown the old stopping criterion in correspondence
with the experimental images.

4 Conclusions

In this work, a new stopping criterion, for the iterative mean shift algorithm,
based on the ring theory was proposed. The new stopping criterion establishes a
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new measure for the comparison of two images based on the use of the entropy
concept. We introduced a new way to operate with images based on the use of the
ring structure. The rings in the images space were defined using the concept of Zn

rings. Through the obtained theoretical and practical results, it was possible to
prove that the new stopping criterion had very good performance in the iterative
mean shift algorithm, and in general, is more stable that the old criterion [4–7].

References

1. Shannon, C.: A Mathematical Theory of Communication. Bell System Technology
Journal 27, 370–423, 623–656 (1948)

2. Comaniciu, D.I.: Nonparametric Robust Method for Computer Vision. Thesis New
Brunswick, Rutgers, The State University of New Jersey (2000)

3. Comaniciu, D., Meer, P.: Mean Shift: A Robust Approach toward Feature Space
Analysis. IEEE Transactions on Pattern Analysis and Machine Intelligence 24(5),
1–18 (2002)

4. Rodriguez, R., Torres, E., Sossa, J.H.: Image Segmentation based on an Itera-
tive Computation of the Mean Shift Filtering for different values of window sizes.
International Journal of Imaging and Robotics 6(A11) 1–19 (2011)

5. Rodriguez, R., Suarez, A.G., Sossa, J.H.: A Segmentation Algorithm based on an
Iterative Computation of the Mean Shift Filtering. Journal Intelligent & Robotic
System 63(3-4), 447–463 (2011)

6. Rodriguez, R., Torres, E., Sossa, J.H.: Image Segmentation via an Iterative Algo-
rithm of the Mean Shift Filtering for Different Values of the Stopping Threshold.
International Journal of Imaging and Robotics 7(6), 1–19 (2012)

7. Rodriguez, R.: Binarization of medical images based on the recursive application
of mean shift filtering: Another algorithm. Journal of Advanced and Applications
in Bioinformatics and Chemistry I, 1–12 (2008)

8. Dominguez, D., Rodriguez, R.: Convergence of the Mean Shift using the Linfin-
ity Norm in Image Segmentation. International Journal of Pattern Recognition
Research 1, 3–4 (2011)

9. Zhang, H., Fritts, J.E., Goldma, S.A.: An Entropy-based Objective Evaluation
Method for Image Segmentation, Storage and Retrieval Methods and Applications
for Multimedia. In: Proceeding of the SPIE, vol. 5307, pp. 38–49 (2003)

10. Suyash, P., Whitake, R.: Higher-Order Image Statistics for Unsupervised,
Information-Theoretic, Adaptive, Image Filtering. IEEE Transactions on Pattern
Analysis and Machine Intelligence 28(3), 364–376 (2006)


	Stopping Criterion for the Mean Shift Iterative Algorithm
	1 Introduction
	2 Theoretical Aspects: Entropy
	3 Experiments and Results
	4 Conclusions
	References




