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Abstract. This work presents a new method to apply the Hough Trans-
form to 2D and 3D cloud points using the conformal geometric algebra
framework. The objective is to detect geometric entities, with the use of
simple parametric equations and the properties of the geometric algebra.
We show with real images and RGB-D data that this new method is very
useful to detect lines and circles in 2D and planes and spheres in 3D.

1 Introduction

The Hough transform is an algorithm for feature extraction used in image anal-
ysis, computer vision, and digital image processing [4]. This technique collects
imperfect instances of objects within a certain class of shapes by a voting proce-
dure in accumulators or cells. This voting scheme is carried out in a parameter
space, where candidate objects are obtained as local maximas in the accumula-
tor space. The selection of the maxima of possible clusters are identified by a
type of K-means algorithm. The Hough transform was developed for the identi-
fication of lines in the image [1], but later works extended the Hough transform
to identifying positions of different shapes, for example circles or ellipses[2][3].

In this work, using the conformal geometric framework, we extend the ran-
domized Hough transform to detect lines and circles in 2D cloud points of images
and lines, planes, circles and spheres in 3D cloud points, obtained by 3D scanners
and RGB-D sensors. We show the efficiency of our algorithm using real images
and data of a RGB-D sensor.

This paper is organized as follows: Section II explains the Randomized Hough
Transform. Section III presents a short introduction to geometric algebra and
the operations that will be used in this work. Section IV outlines the conformal
geometric algebra and the concepts used in the algorithm. Section V includes a
description of the algorithm, and section VI discusses some algorithmic details.
Section VII presents some experimental results. Finally section VIII is devoted
to the conclusions.

2 Randomized Hough Transform

This work is an extension of the Randomized Hough Transform, RHT, [9]. The
RHT is an algorithm proposed to solve the problems of the Hough Transform,
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HT. In the HT algorithm for each image pixel not only the cells of the possible
entities are increased, but also of many other. This creates a problem to find
the local maxima. Also the accumulator array is predefined by windowing and
sampling the parameter space. For the correct detection of the entities we need
a good parameter resolution. For this we need a big array that takes too much
storage and computing time. Without some previous knownledge of the image
is very hard to determine the size of the accumulator array. A bad accumulator
array can lead to the next problems: a failure to detect some specific entities,
difficulties in finding local maxima, low accuarcy, large storage and low speed.

The RHT solves these problems using parametric equations to only compute
the posible entities and a dynamic accumulator array to solve the problems with
the storage. By doing this the storage space is greatly reduced. Other concept
added is a scalar δ used as tolerance for similitude. When the difference between
two computed entities is smaller than δ, then we consider that the two are the
same. This scalar is used to set the resolution of the accumulator array. If we
increase δ the resolution and storage space will be lower.

The steps of the algorithm are:
1) Randomly take n points from the set, being n the number of points needed

to define the entity.
2) Solve the parametric equations to get a candidate.
3) Search for the candidate in the dinamyc accumulator array. If the candidate

is found increase the accumulator by one. Otherwise add a new cell for the
candidate and set its accumulator to one.

4) If an accumulator surpasses a threshold, we check if the entity exists in the
image. If it exists, we add it to a list of detected entities and delete from the set
all the points that belong to it.

Finally, we must note that the RHT is a stochastic method which its perfor-
mace depends on the selection of δ and the randomized selection of the points.

3 Geometric Algebra

Geometric algebra is a coordinate-free approach to geometry based on the alge-
bras of Grassmann and Clifford [5][6][7].

Let V be a vector space of dimension n. We will define an algebra Gn, called
a geometric algebra. Let e1, e2, ...en be a set of basis vectors of Vn.

The product, called the geometric product, of 2 basis vectors is anticommu-
tative, ejek = −ekej, ∀j �= k . These basis vectors must square to 1 or -1;
this means that there are positive integers, p and q, such that n = p + q and
e2i = 1, i = 1...p, e2i = −1, i = p+ 1, ...n.

The product of elements of the basis of Gn will simply be denoted by jux-
taposition. In this way, from any two basis vectors, ej and ek, a new element
of the algebra is obtained, and denoted as ejek = ejk. This introduces the con-
cep of grade. The product of n non-equal basis vectors will result in a new
generator of grade n. An algebra with n basis vectors will have 2n generators
{1, e1, ...en, e12, ...e(n−1)n, ...e1...n}. The generator of grade n is called the unit
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pseudoscalar of the algebra, and is generally denoted by the letter I. The Gn is
a direct sum of the linear subspaces of grades 0,1,2,...n.

Gn =

0∧
Vn ⊕

1∧
Vn ⊕

2∧
Vn ⊕ ...

n∧
Vn (1)

A multivector A ⊂ Gn is separated in its blade elements of grade r as:

A = 〈A〉0 + 〈A〉1 + 〈A〉2 + ...+ 〈A〉n =
n∑

r=0

〈A〉r (2)

The most commons operations in geometric algebra are

– Geometric product
C = AB (3)

It is associative, and distributive with respect to addition
For each A ∈ Gn it may exist an element A−1 which is called the multiplica-
tive inverse of A and it is defined as follows:

AA−1 = 1 (4)

A−1 =
A

A2
(5)

– Inner product, also known as dot product

〈A〉r · 〈B〉s = 〈AB〉|r−s| (6)

A ·B =
∑

r

∑

s

〈A〉r · 〈B〉s (7)

If r or s are 0, the result is 0. This is a grade decreasing operation.
– Outer product, also known as wedge product

〈A〉r ∧ 〈B〉s = 〈AB〉r+s (8)

A ∧B =
∑

r

∑

s

〈A〉r ∧ 〈B〉s (9)

This is a grade increasing operation. If a and b are blades of grade 1 then
a ∧ b = −b ∧ a. This means that the wedge product of two vectors is anti-
commutative.

– Reverse and Norm

The reverse operation is denoted by †. As its name suggests, it reverse the
order of the elements of a k-blade, e.g. the reverse of e123 is e321, also e321 =
−e123, so to compute the reverse of a k-blade, we must count the number of
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signs caused by the interchange of elements. This can be computed whit the
next formula

〈A〉†r = (−1)(r(r−1)/2)〈A〉r (10)

The norm of a multivector is computed as follows

|A| =
√
A†A (11)

This operation is defined to be applied in euclidean spaces, where all the
basis square to 1. In this work, all the equations that involve the norm in
conformal space are written as |A| = √

AA.

4 Conformal Geometric Algebra

Conformal geometric albebra is a representation of the vector space as presented
in [8]. The objective is to expand the vector space Rn with the Minkowski space
R

1,1. The algebra of the Minkowski space has an orthonormal basis {e+, e−}
with the properties:

e2+ = 1, e2− = −1 (12)

e+ · e− = 0 (13)

A null basis, formed by {e∞, e0}, is used to represent the point at infinity and
the origin of a projective space and they can be defined as:

e∞ = e− − e+ e0 =
e− + e+

2
(14)

The vectors of the null basis have the properties:

e2∞ = e20 = 0 e∞ · e0 = −1 (15)

The Minkowski Plane E is the unit pseudoscalar of this space and is defined
as:

E = e+ ∧ e− = e∞ ∧ e0 (16)

G3 is the algebra of the 3D space. The orthonormal basis of this algebra is
defined as {e1, e2, e3}. A point in this algebra is called an euclidean point, and
is denoted by xE .

xE = Xe1 + Y e2 + Ze3 (17)

The unit pseudoscalar of this algebra is denoted by IE and is defined as

IE = e1 ∧ e2 ∧ e3 (18)

Conformal geometric algebra can be defined as:

G4,1 = G3 ⊕G1,1 (19)
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The unit pseudoscalar of this algebra is Ic and is defined as

Ic = e1 ∧ e2 ∧ e3 ∧ e∞ ∧ e0 = IE ∧ E (20)

The sphere is the basic unit of calculus in G4,1. The sphere is defined as a set
of points that are at the same distance (radius) from one point called center. If
this definition is applied to R

n the entity that fulfills it changex in each vector
space, i.e. in R

0 this entity is the point, in R
1 it is the point pair, in R

2 it is
the circle, in R

3 it is the sphere and in R
4 and higher dimensions is called a

hypersphere.

Fig. 1. Projection of the point xE ∈ G1 into the conformal space G2,1 (which is a
circle)

In CGA the Euclidean space is embedded in a higher dimension. Because G2,1

is posible to visualize, we use it to exemplify this process, see figure 1. First the
basis e+ expand the space by one dimension. In this dimension we can draw a
unitary sphere centered in the origin. The basis e− allows us to lift the bottom
of the sphere to the origin of the space. Now we make a line from the top of the
sphere to the euclidean point xE . The intersection of this line with the sphere is
the conformal point xc. The conformal point xc can be obtained with:

xc = xE +
xE · xE

2
+ e0 = Xe1 + Y e2 + Ze3 +

X2 + Y 2 + Z2

2
e∞ + e0 (21)

Now a sphere in R
0, a point, is a blade of grade 1. As defined before, the wedge

product is a grade increasing operation. If we take 2 spheres of grade 1, points,
the result is a sphere of grade 2, a point pair. Therefore the wedge product of 3
points is the circle and with 4 points we get a sphere.

There exist 2 special cases to consider: the first one occurs when the points
are not in general position (GP ), this means that there are 3 collinear points
or 4 coplanar points. In this case the result will be a line with 3 points and a
plane with 4 points. The line and plane are a circle and a sphere respectively
with infinite radius. The other is known as the dual property of the conformal
space: The result of the wedge product between an entity and a point will be 0
if the point lies on the entity.
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The combination of the wedge product results and the dual property give us
the Outer Product Null Space, OPNS, representation. A visualization of this is
presented in the figure 2.

Entity Notation OPNS representation Grade

Point xc xE +
x2
E

2 e∞ + e0 1
Point Pair ON(PP ) xc1 ∧ xc2 2
Circle ON(Z) xc1 ∧ xc2 ∧ xc3; in GP 3
Line ON(L) xc1 ∧ xc2 ∧ xc3 3
Sphere ON(S) xc1 ∧ xc2 ∧ xc3 ∧ xc4; in GP 4
Plane ON(P ) xc1 ∧ xc2 ∧ xc3 ∧ xc4 4

Fig. 2. OPNS represen-
tation

In G4,1 there exist an alternate representation. This representation is called
the Inner Product Null Space, IPNS. To change from OPNS to IPNS represen-
tations one multiply by the unit pseudoscalar Ic. This multiplication is called
the dual operation. Because I2c = −1 its inverse is −Ic, so to return to OPNS we
multiply by −Ic. This is done to avoid a change of sign between both represen-
tations.

ON(X)(Ic) = IN(X) IN(X)(−Ic) = ON(X) (22)

A special case is the point representation xc. The OPNS representation of the
conformal point is also valid in IPNS.

The combinations of these two representations allow us to obtain the infor-
mation of the blades that define the geometric entities, as it is shown next along
with the equations to obtain the parameters.

– Sphere

IN(S) = ±α(Cc − r2

2
e∞) (23)

Where Cc is the conformal point of the center CE , r is its radius and α is
some scale. Because of the fact that the blade e0 can only be equal to 1 in
the sphere case, the scale can be obtained as:

±α = −IN(S) · e∞ (24)

The equations to compute the parameters of the normalized sphere are

CE = (IN(S) · (−IE))IE (25)

r2 = IN(S)2 (26)
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– Plane

IN(P ) = ±α(nE + de∞) (27)

Where nE is the normal of the plane, d is the distance to the origin and α
is a scale factor equal to |nE |. The equations to compute the parameters of
the normalized plane are:

nE = (IN(P ) · (−IE))IE (28)

d = −IN(P ) · e0 (29)

– Circle
To obtain the plane in which the circle lies we use:

ON(P ) = e∞ ∧ON(Z) (30)

The norm of ON(Z) is the same of ON(P ). The sphere with the same center
and radius as the circle is obtained by:

IN(S) = ON(Z) ·ON(P )−1 (31)

– Line

α =
√
ON(L) ·ON(L) (32)

where α is the scale of factor used to normalize the line. Once we have
normalized the line we can get its direction dE , momentum m and closes
point to the origin OE .

dE = ON(L) ·E (33)

m = (0.5e∞ − e0) · IN(L) (34)

OE = −dE ·mIE (35)

5 Conformal Geometric Hough Transform

The steps for the algorithm are the same as the RHT. These steps can be de-
scribed as follows:

1) Transform the euclidean points in the cloud to conformal points. Then
randomly take sets of 4 points, xci.

2) Do the wedge product between the first 3 points to get a circle ON(Z). Do
ON(S) = ON(Z) ∧ xc4.

2.1) If ON(S) is 0 then xc4 lies on ON(Z). Do the wedge product between
ON(Z) and e∞. If the result is 0, ON(Z) is a line, otherwise a circle.

2.2) If ON(S) is not 0 then do the wedge product between ON(S) and e∞. If
the result is 0, ON(S) is a plane, otherwise a sphere.
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3) After we detect the entity that the points xci form, we must eliminate two
ambiguities. The first one is the scale factor and the second is a variant sign caused
by the anticommutative behavior of the wedge product between 2 vectors. To elim-
inate these ambiguities we work in IPNS for the sphere and plane. A division by
the ±α obtained in equation 24, solves both ambiguities for the sphere. For the
plane we can get α = |nE | to solve the scale factor. For the variant sign we use the
function atan2 with nE , because it can distinguish between diametrically opposite
directions. The function atan2 has the interval [-π, π], so the sign of the angle ob-
tained is used to eliminate the variant sign. In the only exception to this method,
where X = Y = 0, we use the sign of Z. To eliminate these ambiguities we work
in OPNS for the line and circle. For the line we get α with equation 32. We also
solve the varaint sign with the function atan2 and its direction dE . The circle can
be converted to a plane and use the same steps.

Once we have discarded the ambiguities we search for the candidate in its
correspodig dinamyc accumulator array. If the candidate is found increase the
accumulator by one. Otherwise add a new cell for the candidate and set its
accumulator to one.

4)If an accumulator surpasses a threshold k we check if it exists in the cloud.
If it exist we added it to a list of detected entities and delete all the points that
belong to it from the set. To eliminate those points we comput their distance to
the entity to see if they are close enough with the next formulas:

D = ||CE − xE | − r| (36) D = |xC · IN(P )| (37)

Equation 37 is also valid for the line. With the circle we use both.
There are some minimal changes to apply this algorithm in the planar case.

The first one is that we only detect lines and circles, so we take sets of 3 points
instead of 4. We only have 2 coordinates, X and Y , so Z is set to 0 by default.
The elimination of the ambiguities of the circle will be diferent, because all the
circles lie on the image plane IN(Pimg) = 0e1+0e2+ e3+0e∞. If we obtain the
plane of the circle this will be like IN(P ) = ±αe3, then both ambiguities can be
discarded with a division by ±α.

6 Analysis

One good reason to use CGA to attack this problem is the parametric equations.
They are more simple than the regular equations. For example the equations used
for circles in 2D with center (a, b) and radius r with 3 given points are:

ma =
y2 − y1
x2 − x1

(38) mb =
y3 − y2
x3 − x2

(39)

a = (ma(mb(y1−y3))+mb(x1+x2)−ma(x2 + x3)

2(mb −ma)
(40)

b =
−a

ma
+
x1 + x2

2ma
+
y1 + y2

2
(41)

r =
√
(x− a)2 + (y − b)2 (42)
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These equations are more complicated than the equation used to represent a
circle in OPNS. Other advantage is that the OPNS representations are related
between them. For instance, the equations of the circle and line are the same, the
result only depends of the position of the points, this also occurs with the sphere
and plane. Also the result of the equation with tree points partially solves the
one with four. As has been stated in other works [10], to maintain this advantage
we need an optimal way to implement the equations in CGA. For this purpose
we use GAALOP [11]. GAALOP is a precompiler for C/C++ and OpenCL. This
tool allows to make an efficient implemenation. It reduces the storage space by
using only the space needed to store the nonzero coefficients of the multivectors,
and also ignores all the unnecessary operations.

In the worst case scenario this algorithm has a computational complexity of
O(

(
n
s

)
), where n is the numbers of points in the cloud, and s is the number of

points in each set, 4 for 3D cloud points and 3 in the planar case. For comparison
this is similar to O(ns) but discarding permutations and repetitions. This is
reduced by only taking a sample of the points from the cloud and eliminate
those that already has been detected. In the 3D case other viable option will be
to use a deep segmentation and then apply the algorithm to each zone.

7 Experimental Results

For the first experiments we used 2D images. In the first we take the picture of
a candy, see figure 3a, to detect the circle shaped candy and its stick. We first
apply a gaussian filter to reduce noise and then the Canny [12] algorithm to
detect borders and then our algorithm. In the figure 3b, we observe the detected
circle in color green and the stick lines in color red.

For the next image we use the picture of a bycicle, see figure 3c. The original
image shows a bicicle in a white background. The algorithm was able to detect
the 2 weels and 3 lines that form the frame.

Fig. 3. Experiments with the candy and bicicle images. Detected lines are in red and
circles in green.

In the last experiment, we used a RGB-D sensor, see figure 4.
As proposed in the analysis section, we use depth segmentation to reduce

the computational cost, see figure 5. We also use the Canny algorithm in the
RGB image to reduce the number of points, see figure 5. By doing this we have
been able to detect a sphere, the ball, and two planes, the table and the wall.
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Fig. 4. (left) The RGB image obtained with the sensor. (right) the depth image.

To delimite the table, the quality of the points were not enough to detect a circle,
but by using the parameters of the detected plane and the points that are close
to it as constrains, we can get an aproximation. The final result is visualized
using the sofware Webots [13], see figure 5.

Fig. 5. Depth segmentation and edge image used for the detection process

Although the aproximation of the table is good, we observe that it overlaps
with the wall and ball. We can correct this with the use of conformal transfor-
mations. In order to do this we construct a translator

T = 1 +
λ

2
nEe∞ (43)

Where nE is the direction of the translation, in this case the norm of the
planes, and λ is the overlaping distance. We can see the result in figure 6.

Fig. 6. (Left)Detection of the gemetric entities. (Middle)Angle used to show the error
in the aproximation of the table. (Right)Rectification of the table.

8 Conclusion

In this work we have presented the advantages of use CGA to implement the
Hough Transform. This mathematical framework let us detect different kind
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of shapes with very simple equations even in 3D. We must remark the repre-
sentations of the entities are vectors an also have an algebraic and geometric
interpretations that can be used for detection algorithms at higher levels of
complexity.

Future development of the algorithm will be focused in solving the high com-
putational cost. Other extension to be developed is to work in higher dimension
algebras to detect more complex entities, e.g. G6,3 to detect ellipses.
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