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Abstract. In this paper we describe a method to correct the sign of eigenvectors
of the proximity matrix for the problem of correspondence matching. The signs
of the eigenvectors of a proximity matrix are not unique and play an important
role in computing the correspondences between a set of feature points. We use
the coefficients of the elementary symmetric polynomials to make the direction
of the eigenvectors of the two proximity matrices consistent with each other for
the problem correspondence matching. We compare our method to other methods
presented in the literature. The empirical results show that using the coefficients
of the elementary symmetric polynomials for eigenvectors sign correction is a
better choice to solve the problem.
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1 Introduction

Correspondence matching between 2D images is the preprocessing step for a num-
ber of computer vision algorithms. The problem of feature correspondence matching
is to find a one-to-one correspondence between feature points in a pair of 2D images
that represent an object in the image. The images can be taken from a different point
of view, at different times. In literature many different methods have been presented
to address the problem of correspondence matching. These methods can be broadly
categorized into two classes namely the non-spectral methods [3, 4] and the spectral
methods [1,2,5,7,9–11]. Spectral methods solve the problem using the eigenvalues and
eigenvectors of the adjacency matrix or the Laplacian matrix (degree matrix minus the
adjacency matrix) for the point set arrangement. Correspondence matchings are com-
puted by embedding the graphs into a common eigenspace using eigen-decomposition
of the point-proximity matrices, where correspondences are computed by closest point
matching in this eigenspace. However, arbitrary determination of the signs of the eigen-
vectors returned by a numerical solver causes error in correct correspondence match-
ings. This problem needs to be handled and has already been reported in previous
works [1, 9].

In this paper we address the problem of eigenvector sign correction for the problem
of correspondence matching. We propose a novel method that solves the problem of
eigenvector sign flipping by using the coefficients of the symmetric polynomials.
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2 Eigenvector Sign Flipping Problem

Spectral graph based correspondence matching algorithms commence by constructing
proximity matrices from the given set of points. The structural information present in
the proximity matrices of the point sets are used to establish correspondences between
the point sets. The method developed by Shapiro and Brady [9] is one of the earliest
works on spectral correspondence matching. Shapiro and Brady proposed an algorithm
to match 2D feature points across a pair of images using the eigenvectors of a proxim-
ity matrix computed from the intra-image distances between each pair of feature points.
As input, the algorithm receives a set of m feature points xi in image I1 and n feature
points yj in image I2. Each image feature point is assigned a coordinate in a high di-
mensional space i.e. each 2D point in image I1 is mapped from 2D image-plane into an
m dimensional hyperspace, and each 2D point in image I2 is mapped from 2D image-
plane into an n dimensional hyperspace. This mapping is performed independently for
each image, and when the shapes of the images are similar, the corresponding feature
points coincide in the hyperspace.

The eigenvectors or the modes of a single image having m features xi are computed
from a square proximity matrix H . The matrix H is created, recording the affinity
between each pair of feature points within the image.

Hij = e−d2
ij/2σ

2

(1)

where d2ij = ||xi − xj ||2 is the squared Euclidean distance between each pair of feature
points. H is a symmetric matrix and its diagonal entries are unity. The parameter σ
controls the interaction between feature points. For small σ the interaction is local,
while for large σ each feature point is more globally aware of its surroundings. The
next step is to compute the eigenvalues λi and the eigenvectors ei of the matrix H , i.e.
by solving

Hei = λiei, i = 1 . . .m,

The eigenvectors form an orthonormal basis as the eigenvectors are of unit length and
are mutually orthogonal. In matrix form

H = ΦΛΦT (2)

where the diagonal matrix Λ contains the eigenvalues along its diagonal in decreasing
order. The modal matrix Φ is orthogonal and has the eigenvectors as its column vectors
i.e. Φ = [e1| . . . |em]. Each row of Φ can be thought of a feature vector Fi, containing
the m model coordinates of feature point i.

Φ =

⎡
⎢⎢⎢⎣

F1

F2

...
Fm

⎤
⎥⎥⎥⎦

This computation is done for both images I1 (with m feature points) and I2 (with n
feature points). Two sets of feature vectors are obtained, Fi,1 and Fj,2, one for each
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image respectively. The final step is to compute the association matrix Z . The elements
of Zij show the confidence in the match between the feature points xi and yj . The least
significant |m−n| eigenvectors and feature vectors are discarded from the larger modal
matrix, in the case where the two modal matrices are of different sizes. The best matches
are given by the elements of the association matrix Z which are smallest in their row
and column. The value Zij is the squared Euclidean distance between feature vectors,

Zij = ||Fi,1 − Fj,2||2 (3)

However, before computing the association matrix Z , the direction of the both sets of
the eigenvectors must be made consistent with each other. The sign of each eigenvector
is not unique as the signs of the eigenvectors returned by numerical solvers are assigned
arbitrary and switching its direction does not violate the orthogonality of the basis.
When calculating the distance between two feature vectors in equation (3), signs play
a critical role. In case of inconsistent eigenvector signs, we need to change the sign of
feature vector components in one of the two eigenvector matrices to be consistent with
the other.

If H1 represents the proximity matrix of a set of points and H2 represents the prox-
imity matrix of the same set of points after reordering the labels of the points, the two
proximity matrices will contain the same measures but at different locations. Conse-
quently, the eigenvalues obtained from the two matrices will be the same except that
their components will be in different order. When m �= n, the eigenvalues obtained
from the two proximity matrices H1 and H2 are both order from the largest to the
smallest. Similarly, the eigenvectors of H1 and H2 are reordered so that their order
match the order of their eigenvalues. Then m eigenvectors are used to create the feature
vectors, from which the values of matrix Z are calculated.

3 Sign Correction Methods

Several researchers have proposed different methods to correct the direction of the
eigenvectors. For instance,

1. Park et al. [6] have suggested a method to correct the direction of the eigenvectors.
Let V and V ′ be the modal matrices with e and e′ as its eigenvectors respectively.
In [6] each eigenvector ei is compared with it counterpart e′i and the sign of ei is
corrected so that

ei :=

{
ei, if ||ei + e′i|| > ||ei − e′i||
−ei, otherwise

where ei and e′i are the corresponding eigenvectors of the two adjacency matrices
computed from the two images respectively.

2. Umeyama [11] has handled the problem of eigenvector sign correction by taking
the absolute values of the components of the eigenvector of both the modal ma-
trices. Umeyama’s method works fine under three conditions. First, when noise is
sufficiently low. Second, when the eigenvalues of the proximity matrices are not
very close to each other. Third, when the rows of the absolute modal matrices are
sufficiently different from each other.
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3. Caelli and Kosinov [1] find the number of positive and negative components for
each eigenvector. The eigenvector is multiplied by -1 if the number of negative
components is greater than the number of positive components. This is essentially
a dominant sign correction, always ensuring that there are more positive entries
in each eigenvector. However, this is highly unreliable since specific to spectral
correspondence, the eigenvectors tend to have about the same number of positive
and negative entries due to orthogonality to a constant eigenvector.

4. Shapiro and Brady [9] suggested a greedy approach to correct the direction of the
eigenvectors. They treat one modal matrix as reference basis and proceed to orient
the axes of the other modal matrix one at a time by optimizing for a correspondence
cost, choosing for each that direction which maximally aligns the two sets of feature
vectors [8].

4 Symmetric Polynomials

A symmetric polynomial is a polynomial S(x1, x2, . . . , xn) in n variables, such that if
any of the variables are interchanged, the same polynomial is obtained. A symmetric
polynomial is invariant under permutation of the variable indices. There is a special
set of symmetric polynomials referred to as the elementary symmetric polynomial (S)
that form a basis set for symmetric polynomial. The elementary symmetric polynomials
are the most fundamental symmetric polynomials. Any symmetric polynomial can be
expressed as a polynomial function of the elementary symmetric polynomials. For a set
of variables x1, x2, . . . , xn the elementary symmetric polynomials can be defined as:

S1(x1, x2, . . . , xn) =

n∑
i=1

xi

S2(x1, x2, . . . , xn) =
n∑

i=1

n∑
j=i+1

xixj

...

Sr(x1, x2, . . . , xn) =
∑

i1<i2<...<ir

xi1xi2 . . . xir

...
Sn(x1, x2, . . . , xn) =

n∏
i=1

xi

The power symmetric polynomial functions (P) are defined as

P1(x1, x2, . . . , xn) =

n∑
i=1

xi

P2(x1, x2, . . . , xn) =
n∑

i=1

x2
i

...

Pr(x1, x2, . . . , xn) =

n∑
i=1

xr
i
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...

Pn(x1, x2, . . . , xn) =

n∑
i=1

xn
i

The elementary symmetric polynomials can be efficiently computed from the coeffi-
cients of the power symmetric polynomials using the Newton-Girard formula

Sr =
(−1)r+1

r

r∑
k=1

(−1)k+rPrSr−k (4)

here the shortcutSr is used forSr(x1, x2, . . . , xn) andPr is used forPr(x1, x2, . . . , xn).

4.1 Proposed Method

Our proposed method for eigenvector direction correction is based on the use of the co-
efficients of the elementary symmetric polynomials. For any two eigenvectors the cor-
responding odd coefficients have opposite sign if their directions are not consistent with
each other. Our approach is similar to that of Shapiro and Brady, i.e. we treat one modal
matrix as reference basis and proceed to orient the axes of the other model matrix one
eigenvector at a time, by comparing their corresponding coefficients of symmetric poly-
nomials. If the corresponding odd coefficients for the two eigenvectors have opposite
sign then we multiply one of the eigenvectors by -1 to flip its direction. Any odd coef-
ficients will work, for instance, using only the first coefficients should work. Which is
essentially the sum of the eigenvector components. i.e. S1(x1, x2, . . . , xn) =

∑n
i=1 xi.

However, if the sum of the eigenvector components is very close to zero then we move
to the next odd coefficients to compare.

The Algorithm. The following steps show how to correct the sign of eigenvectors for
correspondence matching.

Input: Proximity matrices A and B

1. Find eigen-decomposition, A = VAΛV
T
A and B = VBΛV

T
B

2. Discard the least significant eigenvectors and the feature vectors are discarded from
the larger modal matrix in the case where A and B are of different sizes. Let N be
the size of the smaller matrix.

3. Compute the coefficients symmetric polynomial of each column of matrix VA and
VB , Let SA and SB be the matrices containing the coefficients in its columns, com-
puted from the corresponding columns of the model matrices VA and VB respec-
tively.

4. for v := 1 to N
i := 1
flipflag := False
while (i < N and not flipflag) do

if (SA[i, v] ∗ SB[i,v]<0) then
Flip the sign of the vth eigenvector in matrix VB

flipflag := True
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end if
i := i + 2

end while
end for

4.2 Eigenvector Sign Correction for EM Algorithm

In [2], Carcassoni and Hancock have presented a point pattern alignment method. They
have shown how the modal structure of point-sets can be embedded into the statistical
framework of the EM algorithm. The global structural properties of the point-sets are
represented by the eigenvalues and eigenvectors of the proximity matrices. The algo-
rithm performs very well and offers a powerful means of estimating the transformation
parameters. However, there is one problem that restrict the automatic use of the method,
which is the need to initialise the parameters. The quality of the corresponding match-
ing results very much depends on a good choice of initial values of the parameters.
The authors have used classical multidimensional scaling on the pairwise dissimilar-
ity matrices SD (for data-points) and SM (for model-points) computed from the given
point-sets. MDS embeds the dissimilarity matrices onto a low dimensional space using
the eigen-decomposition. The embedded coordinates for both the point-sets are used to
compute the initial correspondence probabilities for the EM algorithm to proceed.

Since, MDS uses the eigen-decomposition to embed the point-set, therefore, the em-
bedded coordinates for both the point-sets may not align properly because of the eigen-
vector sign flipping problem. The EM alignment algorithm developed by Carcassoni
produces very bad results if the eigenvectors are not made consistent with each other by
correcting their signs. This is illustrated in figure 2.

Table 1. Performance of sign correction methods on the CMU/VASC house sequence. The first
image frame has been matched against the 10th, 20th, 30th, 40th, 50th and 60th frame.

Number of incorrect matches

Frames 1 – 10 1 – 20 1 – 30 1 – 40 1 – 50 1 – 60

Park et al. 21 29 34 37 38 37
Caelli & Kosinov 5 7 16 19 19 21
Umeyamma 0 1 5 8 13 16
Symmetric Polynomials 0 0 0 3 7 9

5 Experimental Results

In this section, we provide some experimental results of the correspondence matching
affected by the problem of eigenvector sign flipping. We use different techniques for
the eigenvector sign correction detailed in Section 3. We extract 40 feature points from
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(a)

(b)

(c)

(d)

Fig. 1. Comparing different eigenvector direction correction methods, a) Park et al. b) Caelli &
Kosinov. c) Umeyamma. d) Symmetric Polynomials.
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Fig. 2. Effect of the eigenvector sign correction on Carcassoni’s alignment EM algorithm, a) Em-
bedded point without sign corrections. b) Embedded point after sign corrections. c) Correspon-
dence matching without sign corrections. d) Correspondence matching after sign corrections.

the 1st, 10th, 20th, 30th, 40th, 50th and 60th frame of the CMU/VASC model house
sequence. Table 1 shows the number of incorrect correspondences obtained matching
the first frame with the other frames mentioned above. Figure 1 shows correspondence
matching between of the feature points extracted from frame 1 and frame 30 of the
CMU/VASC model house sequence, after using four different method to correct the
sign of the eigenvectors. The first image (figure 1(a)) is the result of the method pro-
posed by Park et al. [6]. The second image (figure 1(b)) is the result of the method
proposed by Caelli and Kosinov [1], the third image (figure 1(c)) shows the result of
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Fig. 3. Effect of increasing noise on correct correspondences using different eigenvector sign
correction strategies

the correspondence after the eigenvector sign corrections using the method proposed
by Umeyamma [11] and the final image (figure 1(d)) shows the result of the corre-
spondence after the eigenvector sign corrections using the coefficients of symmetric
polynomials. It is clear from the figure that out of 40 correspondences, the method
proposed by Park et al. produces 34 wrong correspondences, the method developed
by Caelli and Kosinov produces 16 wrong correspondences, the method proposed by
Umeyamma produces 5 wrong correspondence while our proposed method (Symmetric
Polynomials) produces 100% correct correspondences.

In the next experiment, we compare the performance of the different eigenvectors
sign correction strategies against the Gaussian noise added in the point positions. Fig-
ure 3 shows the fraction of correct correspondences of the four eigenvectors sign cor-
rection strategies as a function of the increasing random point-position jitter. Random
position jitter is simulated by adding randomly generated position error sampled from a
2D Gaussian distribution to the data point-set. The performance of all the methods de-
creases with the increase in the noise level. However, the best performance is obtained
by using the coefficients of symmetric polynomials. The next best performance is ob-
tained by Umeyamma’s strategy. The poorest performance is produced by the method
of Park et al.

In the final experiment, we show the results of the correspondence matching by the
EM algorithm proposed by Carcassoni [2] with and without the sign correction. 40
points are extracted from the 1st and 20th frame of the CMU/VASC model house se-
quence for matching. Figure 2(a) and 2(b) show the embedding points of the two frames.
Red crosses are the embedded points from Frame 1 while the blue dots represent the
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embedded points from Frame 20. Figure 2(a) shows the embedded points when the
signs of the eigenvectors have not been corrected. The resulting correspondences are
shown in Figure 2(c). Figure 2(b) and Figure 2(d) show the embedded points and the
resulting correspondences respectively when the signs of the eigenvectors are corrected.
Note that without correcting the signs of the eigenvectors the EM alignment algorithm
can not compute the correct correspondences.

6 Conclusions

In this paper we have investigated the problem of the eigenvector sign correction for
correspondences matching. The eigenvector sign correction is an important step in all
graph spectral correspondence matching techniques. If the sign of the eigenvector are
not corrected properly, the robust alignment algorithms like the one developed by Car-
cassoni [2] can fail to produce good results.

We used the coefficients of the symmetric polynomials to solve the problem. We
also compared our method to some other methods already proposed in the literature,
and found that using the coefficients of the symmetric polynomials solved the problem
better than the others.

References

1. Caelli, T., Kosinov, S.: An Eigenspace Projection Clustering Method for Inexact Graph
Matching. IEEE Transactions on Pattern Analysis and Machine Intelligence 26, 515–519
(2004)

2. Carcassoni, M., Hancock, E.R.: Spectral Correspondence for Point Pattern Matching. Pattern
Recognition 36(1), 193–204 (2003)

3. Chui, H., Rangarajan, A.: A New Algorithm for Non-Rigid Point Matching. In: IEEE Con-
ference on Computer Vision and Pattern Recognition (CVPR), pp. 44–51 (2000)

4. Ling, H., Jacobs, D.W.: Shape Classification using the Inner-Distance. IEEE Transactions on
Pattern Analysis and Machine Intelligence 29, 286–299 (2007)

5. Mateus, D., Horaud, R.P., Knossow, D., Cuzzolin, F., Boyer, E.: Articulated Shape Matching
using Laplacian Eigenfunctions and Unsupervised Point Registration. In: Proceedings of the
IEEE Conference on Computer Vision and Pattern Recognition, CVPR (June 2008)

6. Park, S.H., Lee, K.M., Lee, S.U.: A Line Feature Matching Technique Based on an Eigen-
vector Approach. Computer Vision and Image Understanding 77(3), 263–283 (2000)

7. Scott, G.L., Longuet-Higgins, H.C.: An Algorithm for Associating the Features of Two Im-
ages. Proceedings of the The Royal Society London B(224), 21–26 (1991)

8. Shapairo, L.S.: Towards a Vision-based Motion Framework. First Year Report, Department
of Engineering Science, Oxford University (1991)

9. Shapairo, L.S., Brady, J.M.: Feature-based Correspondence: An Eigenvector Approach. Im-
age and Vision Computing 10(5), 283–288 (1992)

10. Sun, J., Ovsjanikov, M., Guibas, L.: A Concise and Provably Informative Multi-scale Signa-
ture Based on Heat Diffusion. In: Proceedings of the Symposium on Geometry Processing,
SGP 2009, pp. 1383–1392. Eurographics Association, Aire-la-Ville (2009),
http://dl.acm.org/citation.cfm?id=1735603.1735621

11. Umeyama, S.: An Eigendecomposition Approach to Weighted Graph Matching Problems.
IEEE Transactions on Pattern Analysis and Machine Intelligence 10(5), 695–703 (1988),
http://dx.doi.org/10.1109/34.6778

http://dl.acm.org/citation.cfm?id=1735603.1735621
http://dx.doi.org/10.1109/34.6778

	Eigenvector Sign Correction for Spectral Correspondence Matching
	1 Introduction
	2 Eigenvector Sign Flipping Problem
	3 Sign Correction Methods
	4 Symmetric Polynomials
	4.1 ProposedMethod
	4.2 Eigenvector Sign Correction for EM Algorithm

	5 Experimental Results
	6 Conclusions
	References




