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Abstract. In this paper we present a new adaptive zoning technique based on 
Voronoi tessellation for the task of handwritten digit recognition. This 
technique extracts features according to an optimal zoning distribution, 
obtained by an evolutionary-strategy based search. Several experiments have 
been conducted on the MNIST and the USPS datasets to investigate the 
proposed approach. Comparisons with regular square zoning reveal that the 
presented zoning strategy achieves better results for any type of SVM classifier. 
Furthermore, the proposed zoning method shows that the combination of the 
adaptive zoning strategy with the Voronoi topology leads to find a distribution 
of zones able to improve accuracy significantly. As a matter of fact reached 
accuracies are close to the best algorithms.  
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1 Introduction 

In handwritten character recognition, zoning is a well-known approach for feature 
extraction. It consists in dividing a pattern image into zones and collecting 
information from each zone. Whatever type of information is collected, the purpose of 
zoning is to allow to extract features from pattern images so that a given classifier can 
improve its accuracy. Many zoning methods have been proposed so far, based on 
different partitioning criteria [10].  

Among the most recent approaches are those that attempt to adapt the distribution 
of zones depending on the patterns to be recognized. They have in common the idea 
to tailor zoning positions with the aim of meeting certain requirements. The most 
interesting works that fall into this category are briefly described below. 

Radtke et al. [17] introduced an automatic approach to define zoning using Multi-
Objective Evolutionary Algorithms (MOEAs). They provided a self adaptive 
methodology to find the best distribution of zones that obey to two optimality criteria: 
an error rate as low as possible and a minimal number of non-overlapping zones. 
They reported 95% accuracy with a nearest neighbor classifier on the NIST Special 
Database 19 (SD19).  

Gatos et al. [8] adopted a zoning strategy that extracted features after adjusting the 
position of each zone according to local pattern information. For classification, they 
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used the Euclidean distance between feature vectors combined with a minimum 
distance classifier. They achieved the best recognition accuracy of 88.35% on the CIL 
database of Greek handwritten characters, which consists of 28750 samples and has 
46 classes.  

Impedovo et al. [11] considered zoning design as a problem in which zone 
distribution had to be adapted in order to increase its discrimination capability. They 
reached an accuracy of 96% in handwritten digit recognition on the CEDAR dataset.  

In this paper, inspired by the cited works, a new adaptive zoning technique based 
on Voronoi tessellation is presented. This approach tackles zoning design as an 
optimization problem and the optimal zoning distribution is obtained by an 
evolutionary strategy [1]. It differs from [11] in the problem definition, the 
optimization strategy, as well as the classifier.  

Since SVM is a state-of-the-art classification method, accuracy performances of 
the proposed zoning approach have been experimentally investigated with several 
standard SVM classifiers. In addition, these performances have been compared with 
the ones obtained by regular square zoning. 

Experimental tests have been conducted on the MNIST and the USPS databases of 
handwritten numerals. The results show that the proposed zoning method outperforms 
regular square zoning for any type of SVM classifier.  

The remaining part of this paper is organized as follows. Section 2 formulates the 
zoning problem. Section 3 describes the proposed technique for zoning design. The 
experimental tests and the results are discussed in Section 4. The conclusions are 
drawn in Section 5. 

2 Zoning Problem Definition 

The introduced zoning strategy is based on Voronoi tessellation. It is a set of zones, 
called Voronoi polygons, built with respect to M generator points enclosed in the 
plane. Each generator pi lies inside the boundaries of a Voronoi polygon Poli with the 
following property: 

Poli  = Pol(pi) = {p|d(pi, p) ≤  d(pj, p), i≠j}                            (1) 
 

where d(pi, pj) is the distance from point pi to pj.  
Poli is the set of points closer to pi than to any other pj. The tessellation is DVoronoi = 

{Poli}i=1,..M (M being the number of zones). 
For a given set of generator points, DVoronoi is unique and generates regions which 

are path connected. Hence, the Voronoi Tessellation can be a zoning method that 
partitions the image into a set of Voronoi polygons, given a set of distinct points into 
the image plane. In particular, if I is an image of WxH pixels, a Voronoi diagram 
refers to a tessellation of the domain I = {(x, y) | 0 ≤ x ≤ W, 0 ≤ y ≤ H} by the 
Voronoi regions {Poli}i=1,..M associated with a set of given generators {pi}i=1,..M. Here, 
the Euclidean distance has been used in (1). 
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The aim of our approach is to find the image partition that improves the accuracy of 
a given classifier. This can be viewed as an optimization problem Ƥ(S, Ƒ), where S is 
the search space, whose elements are candidate solutions, and Ƒ: S → R is the function 
to be minimized. In our case, S consists of all the possible M-permutations without 
repetition of all the n pixel points pi = (xi, yi) belonging to the image I, being M the 
number of zones and n the number of pixels in the image. According to our purpose, 
the objective function Ƒ is assumed equal to the misclassification error rate Err 
committed by a given classifier: 

Ƒ(S) = Err(S)                                                     (2) 

If S is the set of all the Voronoi generating points {pi}i=1,..M, with pi ϵ I, the 
minimization problem Ƥ(S, Ƒ) can be written as follows: 

Find s*ϵ S, s* = {p*
i}i=1,..,M  so that: 

Ƒ(s*) = min s ϵ S Ƒ(s)                                               (3) 

where pi are the object variables of the optimization problem. 
In this paper, for the optimization problem (3), an evolutionary approach has been 

used [6] because evolution strategies are generally known to be quite fast and efficient 
solvers. 

3 The Evolutionary Strategy 

Evolutionary strategies [1, 6] are iterative optimization techniques which try to 
discover an optimal solution through stochastic small changes of the object variables.  

Figure 1 depicts the evolution cycle of the presented Evolutionary Strategy as a 
flowchart. This flowchart starts from an initial candidate solution s0 that enters an 
evolution loop. The parent is then used for generating a set of λ offsprings by the 
mutation operator (4).  

Thereafter, the population of the next generation is selected as the μ individuals with 
the best fitness, either from the offsprings and the parent (plus strategy μ+λ). This loop 
is repeated until a termination criterion is met. 

If pi
g and pi

g+1 are respectively the point pi at g-th and (g+1)-th generation, the 
mutation involves replacing each point pi

g = (xi
g, yi

g) with pi
g+1 = (xi

g+1, yi
g+1) as 

follows: x  x  0, σ  y  y  0, σ        1, . . ,                   (4) 

where: 

• 0, σ  and 0, σ  are random Gaussian numbers with a mean of zero 

and standard deviation of σ . 
• σ  is the standard deviation at g-th generation. 
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The standard deviation plays a key role as it allows to control the speed of 
convergence. It is often called step size or mutation strength and its adjustment is one 
of the most important factors in the algorithm. In this work, the control of standard 
deviation is performed by log-normal self-adaptation operator [1]: 

σ  = σ eτ N(0, 1)                                                   (5) 

Equation (5) contains a new fundamental parameter to be fixed: the learning rate τ. 
The general recommendation is to choose τ ∝ 1/√ , as it has been proven to be 
optimal with respect to the convergence speed in a theoretical case [6].  

 

Fig. 1. Flow chart of the evolutionary approach 

There is not an exact rule to decide the size of the parent population. Several 
theoretical studies [1] have been conducted and reported in the literature on the 
estimation of the optimal ratio λ/μ for (1, λ) strategies. They showed that, although the 
optimal ratio depends on the objective function and its complexity, a ratio λ/μ equal to 
5 can be a good starting point. 
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The convergence criterion is based on the evolution of the best value of the 
objective function along generations. The optimum is assumed to be reached as far as 
the best value has not significantly changed in the last generations. If Ƒmin

g and Ƒmin
g+1 

indicate the minimal values of the objective function inside the g-th and (g+1)-th 
generation, the iterative process will be stopped if: 

| Ƒmin
g - Ƒmin

g+1 | < ε                                                (6) 

Moreover, a maximum number of iterations Nmax is defined, after which the 
iterative process is stopped even though the stopping rule (6) has not been satisfied.  

4 Experimental Results 

Experiments have been carried out using regular square zoning and the presented 
zoning technique (called “Voronoi-based zoning” in the following), combined with a 
feature set composed of gradient-based and pixel density features.  

The MNIST and the USPS datasets have been used. The former contains 60000 
images of digits 0 − 9 for training and 10000 images for testing. The latter contains 
7291 images of digits 0 − 9 for training and 2007 images for testing. The MNIST 
images are 28 × 28 grayscale images, while the USPS images are 16 × 16 pixels sized 
grayscale images.  

On a trial and error basis, the number of zones has been chosen equal to 25. A 
preprocessing phase has been performed to generate the input digit images. It has 
been consisted of binarization using ImageJ software [19], and size normalization into 
30×30 images for the MNIST dataset and 20×20 images for the USPS dataset. 

According to the mentioned schemes, gradient features complemented by 
information on pixel density have been extracted from each zone.  

Gradient features consist of calculating gradient values and constructing local 
histograms along certain orientations. As each pixel of the image has an orientation 
and magnitude depending on the local gradient, histograms have been built by 
accumulating magnitude values over the same directions for all the pixels belonging to 
each zone of the image. The gradient computation has been performed by the Sobel 
operator. The input image has been convolved with Sobel masks to calculate the 
gradient components in the horizontal gx(p) and vertical direction gy(p) at each pixel p. 
The magnitude G(p)  and the angle Φ(p) of the pixel p have been given by : 

G(p) = g  p g  p                                                 (7) 

Φ(p) = atan2 (g  p , g  p ) ϵ  [0, 2π[                                    (8) 
 

The gradient direction at each pixel has been decomposed into components 
according to the 8-directional chain code. 

Pixel density has been computed as the number of black pixels that stand in each 
zone over the total number of pixels in the image. These complementary features have 
been added to the gradient ones, because they were able to further improve the 
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accuracy. Therefore, we obtained a feature vector of 225 elements for each handwritten 
numeral. 

All the experiments have been done in MATLAB version 7.8 (Release 2009a) 64 
bits. It has been used an Intel Core i5 (64 bits), running on a Windows 7 Professional 
64 bits Operating System, with 8 GB of RAM memory and 2 TB of disk space. 

The first experiment has been dedicated to find the optimal zoning distribution for 
both the MNIST and the USPS datasets. To this purpose, the optimization problem (3) 
has been tackled adopting the plus strategy with μ = 1. The initial parent population s0 
has been chosen as the set of Voronoi generating points {p0

i}i=1,..,M to which 
corresponds the regular square zoning (see Figure 2). 

 

 
                                    (a)                                                                      (b) 

Fig. 2. Initial population s0 for the MNIST (a) and the USPS (b) datasets 

This choice has been taken because no assumptions can be done about the optimal 
distribution of zones. The objective function Ƒ(s) (2) has been assumed as the k-fold 
cross validation error (k=5), computed by a linear SVM classifier. For this classifier, 
the value of the hyperparameter C has been set to 10. 

 

 
                                (a)                                                                (b) 

Fig. 3. Optimal zoning distribution for (a) the MNIST and (b) the USPS datasets 
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The following working parameters have been selected for the evolution strategy: λ 
= 5, σ = 1, τ = 0.8, Nmax = 40, ε = 0.01. 

Figure 3 shows that the MNIST and the USPS optimal zoning configurations are 
quite similar. As a matter of fact, it can be observed that for both cases there is a 
higher concentration of Voronoi generator points in the center part of the image, 
while the edge points are less dense and have rather similar positions.  

These zoning distributions are the ones which allow to separate in the most 
effective way patterns belonging to different classes, while bringing together those 
belonging to the same class. 

 From the previous figure, it comes out  that there is a set of generating points able 
to discriminate effectively handwritten numeral shapes, according to the proposed 
zoning method and the selected features.  

Intuitively, their fine positions depend on people’s handwriting styles and most 
probably this is the reason why the two sets are not completely overlapped.  

In order to evaluate the performances of the Voronoi-based zoning, several 
standard SVM classifiers were trained on the features extracted by these zoning 
distributions: 

ΦLIN(xi, xj) =  xi · xj                                                   (9) 

ΦPOLY(xi, xj) = (1 + xi
T · xj )

5                                          (10) 

ΦRBF (xi, xj) = exp(−γ|| xi − xj ||
2)                                     (11) 

They are, respectively, a linear, a degree 5 polynomial and a radial basis function 
kernel SVM. It has been chosen the polynomial degree d = 5, because it has been 
proven to have the best performance [14]. 

Using LIBSVM [3], one-against-one SVM classifiers have been trained for each 
possible pair of classes. Then, a test pattern has been assigned by evaluating all binary 
classifiers and performing voting among them [20].  

The values of C and γ used to perform classification are summarized in the 
following table (Table 1).  

Table 1. Parameters used to perform classification 

 MNIST USPS 
C 10 10 

γ 0.125 0.004 
 

The combination of C and γ has been selected assuming C = 10 (default value) and 
calculating γ on a trial-and-error basis. So, it must be underlined that we did not 
perform any parameter optimization for these experiments. 

Table 2 reveals that Voronoi-based zoning always outperforms regular square 
zoning for any type of SVM classifier.  

In particular, even the performance of the linear kernel is remarkably improved for 
both datasets. It means that Voronoi-based zoning, combined with the feature we 
chose, is able to enhance the performance of SVM classifiers. 
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Table 3. Classification times (s) 

 MNIST USPS 
SVMLIN 19 5 

SVMPOLY 61 13 

SVMRBF 223 46 
 

Hence, it can be observed that the polynomial SVM classifier with polynomial 
degree d = 5 represents a good trade-off in terms of both accuracy and classification 
speed.  

5 Conclusions 

In this paper, we presented a new zoning technique to address the handwritten digit 
recognition problem. Our technique considered zoning design as an optimization 
problem and used an evolutionary strategy to find the optimal zoning distribution. Our 
method is able to adaptively determine the optimal position of the Voronoi generating 
points.  

The comparison of zoning method performance for handwritten numeral recognition 
is a difficult task since there are differences in experimental methodology and settings, 
as well as differences in the databases used. Here, in order to test the proposed 
approach, several standard SVM classifiers were trained on the features extracted by 
this zoning distribution. We chose SVM classifiers as they have been successfully 
used in character recognition. 

The experiments show that this zoning method achieves a general improvement in 
performance, for any type of SVM classifier. Hence, this work demonstrates the 
utility of adaptive zoning and Voronoi topology for SVM classification of 
handwritten digits. In particular, our zoning strategy led to a recognition rate of 
99.23% on the MNIST dataset and of 97.01% on the USPS dataset. 

Future works include investigation on the effectiveness of our method by using 
larger features, in order to improve recognition rate without a significant increase of 
the classification time.  
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