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Abstract. This study proposes a system that helps learners transform mathemati-
cal expressions by letting the learners select the part of the original mathematical 
expression to be transformed. On selection, a list of mathematical expressions is 
displayed, showing possible transformations. Users select one mathematical ex-
pression from the list of displayed candidates. The transformed expressions can 
be further transformed recursively, step-by-step. In this way, the system supports 
trial-and-error steps of the transformation process and lets learners transform ac-
tively. This study also aims to understand learners’ trial-and-error steps by using 
transformation history. 
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1 Introduction 

This study discusses a system that helps learners acquire the necessary skills for trans-
forming mathematical expressions. 

The skill of transformation plays a significant role in the study of mathematics. 
First, transformation is an indispensable tool in more advanced operations such as 
proving propositions or differentiating/integrating analytically. Second, transforma-
tion is helpful for understanding mathematical concepts by observing mathematical 
expressions from various viewpoints via transformation. However, it is not easy to 
acquire these skills because in cases where there is a lack of transformation know-
ledge, it is impossible to use the correct procedures and hence the learning process 
stalls. Moreover, because transformation proceeds on a trial-and-error basis, it is not 
easy for learners or educators to understand the entire process or to grasp the types of 
transformation with which learners experience the most difficulty. 

Therefore, this study proposes a system that can help learners understand the trans-
formation process and record the trial-and-error process.  

2 Related Work 

Computer algebra system (CAS) is widely known and used for transforming mathe-
matical expressions, using commands input by users. However, it is challenging to 
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learn CAS owing to the low readability of its output format [1]. It is also difficult for 
users to master their own commands and input format. Furthermore, some mathemat-
ics teachers believe that users are not given the opportunity to grasp the process  
underlying transformation [2]. To solve these problems, some studies that aim to im-
prove the interface have been reported. MathBrush [3] accepts hand-drawn inputs, 
parses mathematical expressions, and supports transformation using CAS. The inter-
face to select partial expressions in MathBrush is similar to our system in many  
respects. In our system, we adopt a rectangle selection tool to prevent users from se-

lecting an invalid sub-expression (e.g., “ ” and “1” in ). MathBlackboard [4] 

has a CAS interface for mathematics learners, which enables users to draw mathemat-
ical expressions using drag-and-drop and apply transformation and graph drawings to 
the expressions. STACK [5], another educational application with CAS, accepts an-
swers from students and establishes the corresponding mathematical expressions. 
Because we aim to make users learn by letting them transform mathematical expres-
sions step-by-step, we do not adopt CAS in our system. 

[6] and [7] are works regarding study logs in mathematics education. [6] discusses 
the significance of hand-written study logs in mathematics learning, while [7] propos-
es a linguistic analysis methodology of mathematical discourse in tutorial dialog  
systems. In contrast, study logs involving the transformation process are represented 
as diagrams in our system. 

3 Outline of the Proposed System 

This section outlines two functions of our system: step-by-step transformation and 
transformation history. 

3.1 Step-by-Step Transformation 

The transformation function consists of “part selection” and “candidate selection.” 
For part selection, users select a part of the mathematical expression to apply trans-
formation from the target expression. For example, users can select an expression 
such as cos , 1 cos , and so on from 1 cos . For candidate selection, users 
choose a transformation to be applied from a list of candidate expressions. For exam-
ple, suppose that the selected expression is cos  and the listed candidates are 1 sin  and cos 2 sin . Accordingly, the expression is replaced by one of 
the selected candidates, and thus the one-step transformation is completed.  

3.2 Transformation History 

Our system can also generate history of transformations, enabling learners and educa-
tors to grasp the process of trial-and-error. The history prevents users from trying 
previously attempted transformations.  

Collecting the history of individual learners helps extract the types of transforma-
tion with which learners face maximum difficulties. The history of a single learner 
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reveals the transformation in using which he or she is the weakest. For example, if the 

history shows a learner selects cos  from  and log  from sin log d , he is likely to focus on a small unit in an expression and may expe-
rience difficulties with overviewing the entire expression. The history of learners in a 
class shows the transformations that the class as a whole finds difficult. For example, 
suppose that the target expression is cos -sin . If a number of learners transform cos  to 1 sin  or sin  to 1 cos , then most members in the class may 
recognize the formula as cos sin 1, but not understand the formula of cos 2 cos sin . In addition, it is anticipated that educators will reflect the 
information gained on trial-and-error transformation in both learner evaluation and 
their education curriculum. 

4 Interface 

In this section, we discuss the interface and show how the aforementioned two func-
tions are presented to users. 

4.1 Step-by-Step Transformation 

A screenshot of the interface for step-by-step transformation is shown in Fig. 1. 
 

 

Fig. 1. Interface for step-by-step transformation 

The part selection area contains a target mathematical expression that is partially 
selected using a rectangle selection tool. The candidate selection area holds a list of 
transformed expressions from various expressions and additional information such as 
the theorem name of the expressions. The back button can be used to return to the 

The part selection area 

The candidate selection area 

The back button 
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previous step. The “History” tab shown in the upper part of Fig. 1 is described in 
Section 4.2. 

The Part Selection  
A rectangle selection tool is used for selecting the mathematical expression, which is 
in blue font with gray highlight. The target expression can be scaled to select an ap-
propriate expression from the complicated target expression. Furthermore, in cases 
where it is difficult to select one expression from a complex structured expression 
(e.g., select cos  from cos ) by rectangle selection, a list of expressions included 
in the selected part are shown. The user may optionally show the list by clicking the 
expression. For example, suppose that a user selects an expression 2 sin cos  
from a target expression 1 2 sin cos . When the user clicks the selected ex-
pression 2 sin cos , a list containing 2 sin , sin , cos , cos  is dis-
played. These expressions are partial mathematical expressions of 2 sin cos . 
The user can change the selected expression into any expression in the list by clicking 
on it. Furthermore, the selected expression must be a complete expression (the defini-
tion of “complete expression” is elaborated in Section 5.2). 

The Candidate Selection  
After the expression selection, a list of candidate transformed expressions is displayed 
in the candidate selection area, and the user can replace the selected expression in a 
target expression with a candidate expression by clicking on it. Candidate selection is 
completed when an expression is selected again after a target is replaced, or when a 
history tab is clicked. 

To reduce excessive trial-and-error, candidate selection is not completed when a 
candidate is just clicked, thereby preventing a learner from replacing target expres-
sions with several candidate expressions. Moreover, if candidate selection is com-
pleted by only a click, the user must select the expression again each time a candidate 
is clicked. 

4.2 History View 

Fig. 2 shows a screenshot of the history tab. This view is displayed when users click 
the history tab in Fig. 1 (and Fig. 1 is displayed by clicking the transformation tab in 
Fig. 2). 

In history view, the initial target expression is placed uppermost. When users  
complete the first step of transformation, the expression obtained is placed below the 
pre-transformed expression. In this way, the process of transformation is shown by 
vertically placing the expressions. 

The history view also has a function to change the currently focused target expres-
sion, which is surrounded by a black border. If users click another expression, the 
clicked expression is surrounded by a black border and the previous border is deleted, 
and thus the focused expression is changed. 
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Fig. 2. History view 

An identical expression can be transformed to multiple expressions using either the 
back button or the function to change a focused expression in history view. Such 
transformation is shown as a branched sequence of an expression to multiple expres-
sions. This branch representation lets learners and educators intuitively grasp the trial-
and-error process of transformation. 

5 Implementation 

This section focuses on the implementation of our system. 

5.1 MathML Content Markup 

MathML content markup [8], which is one of the XML vocabularies recommended  
by World Wide Web Consortium (W3C), is used for representing mathematical  
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expressions in our system. Hereafter, we refer to MathML content markup as cmml. 
In this section, we outline the format. 

In cmml, mathematical expressions are represented as a pair of an operator and 
operands. For example, the expression meaning “applying addition to a and b (addi-
tion between a and b)” is represented as shown in Fig. 3. 

<apply> 
    <plus/> 
    <ci>a</ci> 
    <ci>b</ci> 
</apply> 

Fig. 3. Representation of “applying addition to a and b” using cmml 

apply is for the application of the operation, while the first child of apply  
indicates the operator and the second or later children indicate the operands. We can 
also construct nested structures of apply to represent complicated mathematical 
expressions. 

5.2 Partially Selectable Expressions  

We focus on apply in cmml for expression selection. As previously described, only 
complete expressions can be selected as an expression, and we define complete ex-
pressions as single apply elements. Consequently, only operations such as “cos” 
and “ ,” and operators such as  and 1 are unselectable as expressions. 

5.3 Obtaining Candidates in Candidate Selection 

Obtaining candidates in candidate selection is based on the algorithm that matches 
mathematical expressions, proposed by the authors [9]. The system has an equations 
database consisting of a number of formulae and theorems given in the form of equa-
tions. When an expression matches the left- or right-hand side of an equation in the 
database, the opposite side of the equation is presented as a possible transformation 
candidate. 

For appropriate pattern matching, we represent expressions in the database in a  
different way than represented for ordinary expressions. There are two particular re-
presentations. The first is a generalization of identifiers such as  in 1 and  
in sin . Identifiers in the database are not assigned by any specific symbols and the 
identifiers are matched arbitrarily. Consequently, for example, sin  and sin  are 
treated as the same expression. It is also possible to distinguish among identifiers. For 
example, if cos sin  is partially selected, the expression 1 is displayed. On 
the other hand, presenting 1 as a replacement of cos sin  is prevented. 

Second, arbitrary mathematical expressions can be represented in the database. We 
represent an arbitrary expression as an asterisk symbol: . The asterisks that have  
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identical  indicate identical expressions. For example, the distributive property of 
multiplication over addition would be represented as . From 
this, we perform matching based on the distributive property applicable to not only 

 but also cos 1 sin . 
The selected expression is converted to a particular form internally by the matching 

process. In particular, the system converts  to ,  to , and 

so on. The objective of the conversion is to identify different representations that are 
mathematically identical. This process reduces the number of expressions in the data-
base and the time spent on pattern matching with various candidates. 

6 Conclusion 

The presented interface has functions to help users smooth the trial-and-error ap-
proach. In partial selection, we adopt a rectangle selection tool for intuitive selection. 
In candidate selection, we add simple information about transformed expressions  
to assist users. In addition, we optimize the candidate selection process to reduce  
excessive time and effort. Moreover, the history view is provided to recognize the 
attempted transformation at a glance. When users transform an identical expression to 
multiple expressions, the history view visually shows its trace. 

In future, we plan to enhance this system with two different approaches. The first is 
to treat conditions under transformation. Currently, because we adopt simple pattern 
matching for obtaining candidates, mathematically inappropriate candidates are 

shown. For example, the system derives  from sin 1  by multiplying 

, although it is not true if  equals  (where  is an integer). To judge 

the validity of candidates, it is necessary to add a function to treat the condition of 
expressions. We also plan to treat conditions for not only judging the validity but also 
displaying it clearly in order to enhance transformation understanding. 

Second, user evaluation is needed to consider “implicit transformation.” For ex-
ample, if the database includes cos sin 1  and does not include sin cos 1, the candidate 1 is not displayed for the partially selected  
expression sin cos  because we apply single-pattern matching to obtain 
candidates. On the other hand, by implicitly applying transformation based on com-
mutative property, the abovementioned transformation can be implemented. Howev-
er, by applying transformation based on distributive property, sin 2 2 sin  is 
shown for 2 sin cos 1 . In this case, the jump of transformation could lead the 
users misunderstand a process. That is, implicit transformation increases the number 
of candidates, but causes user confusion by the jump of transformation. Hence, we 
plan to let learners use this system and provide us with feedback in order to deter-
mine the transformation that should be applied implicitly. Experiments should also 
be conducted to evaluate the effect of this system compared to paper-based learning 
in on-site classes. 



164 T. Watabe, Y. Miyazaki, and Y. Hayashi 

References 

1. Margot, B.: Using CAS to Solve a Mathematics Task: A Deconstruction. Computers & 
Education 55(1), 320–332 (2010) 

2. Bonham, S.W., Deardorff, D.L., Beichner, R.J.: Comparison of Student Performance Using 
Web and Paper-Based Homework in College-Level Physics. Journal of Research in Science 
Teaching 40(10), 1050–1071 (2003) 

3. Labahn, G., Lank, E., MacLean, S., Marzouk, M., Tausky, D.: MathBrush: A System for 
Doing Math on Pen-Based Devices. In: IAPR International Workshop on Document Analy-
sis Systems, pp. 599–606. IEEE Computer Society, Los Alamitos (2008) 

4. Hiroaki, D., Hirokazu, H.: MathBlackBoard as Effective Tool in Classroom. In: Alexan-
drov, V.N., van Albada, G.D., Sloot, P.M.A., Dongarra, J. (eds.) ICCS 2006. LNCS, 
vol. 3992, pp. 490–493. Springer, Heidelberg (2006) 

5. STACK, http://stack.bham.ac.uk/  
6. McIntosh, M.E., Draper, R.J.: Using Learning Logs in Mathematics: Writing to Learn.  

Mathematics Teacher 94(7), 554–555 (2001) 
7. Wolska, M., Kruijff-Korbayova, I.: Analysis of Mixed Natural and Symbolic Language In-

put in Mathematical Dialogs. In: Proceedings of the 42nd Annual Meeting on Association 
for Computational Linguistics. Association for Computational Linguistics, Stroudsburg 
(2004) 

8. W3C Math Home, http://www.w3.org/Math/  
9. Watabe, T., Miyazaki, Y.: Framework of a System for Extracting Mathematical Concepts 

from Content MathML-Based Mathematical Expressions. In: Watanabe, T., Watada, J.,  
Takahashi, N., Howlett, R.J., Jain, L.C. (eds.) Intelligent Interactive Multimedia: Systems 
and Services. SIST, vol. 14, pp. 269–278. Springer, Heidelberg (2012) 


	Application to Help Learn the Process of Transforming Mathematical Expressions with a Focus on Study Logs
	1 Introduction
	2 Related Work
	3 Outline of the Proposed System
	3.1 Step-by-Step Transformation
	3.2 Transformation History

	4 Interface
	4.1 Step-by-Step Transformation
	4.2 History View

	5 Implementation
	5.1 MathML Content Markup
	5.2 Partially Selectable Expressions
	5.3 Obtaining Candidates in Candidate Selection

	6 Conclusion
	References




