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Abstract. Recent work of Brlek et al. gives a characterization of digi-
tally convex polyominoes using combinatorics on words. From this work,
we derive a combinatorial symbolic description of digitally convex poly-
ominoes and use it to analyze their limit properties and build a uniform
sampler. Experimentally, our sampler shows a limit shape for large digi-
tally convex polyominoes.

Introduction

In discrete geometry, a finite set of unit square cells is said to be a digitally
convex polyomino1 if it is exactly the set of unit cells included in a convex region
of the plane. We only consider digitally convex polyominoes up to translation.
The perimeter of a digitally convex polyomino is that of the smallest rectangular
box that contains it.

Brlek et al. [7] described a characterization of digitally convex polyominoes, in
terms of words coding their contour. In this paper, we reformulate this character-
ization in the context of constructible combinatorial classes and we use it to build
and analyze an algorithm to randomly sample digitally convex polyominoes.

Our algorithm, based on a model of parametrized samplers, called Boltzmann
samplers [8], draws digitally convex polyominoes at random. Although all possi-
ble digitally convex polyominoes have positive probability, the perimeter of the
randomly generated polyomino being itself random, two different structures with
the same perimeter appear with the same probability. Moreover, an appropriate
choice of the tuning parameter allows the user to adjust the random model, typ-
ically in order to generate large structures. We present also in this paper how to
tune this parameter.

1 The usual definition of a polyomino requires the set to be connected, whereas dig-
itally convex sets may be disconnected. However, one can coherently define some
polygon as the boundary of any digitally convex polyomino; in the case of discon-
nected sets, this boundary will not be self-avoiding.
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The Boltzmann model of random sampling, as introduced in [8], is a general
method for the random generation of discrete combinatorial structures where,
for some real parameter x > 0, each possible structure γ, with (integer) size |γ|,
is obtained with probability proportional to x|γ|. A Boltzmann sampler for a
combinatorial class C is a randomized algorithm that takes as input a parameter
x, and outputs a random element of C according to the Boltzmann distribution
with parameter x.

Samples obtained via this generator suggested that large random quarters of
digitally convex polyominoes exhibit a limit shape. We identify and prove this
limit shape in Section 2

The first section is dedicated to introducing the characterization of Brlek et al
[7] in the framework of symbolic methods. In Section 2, we analyze asymptotic
properties of quarters of digitally convex polyominoes. Finally, we give in Sec-
tion 3 the samplers for digitally convex polyominoes and some analysis for the
complexity of the sampling. Due to the lack of space, all proofs are postponed.

1 Characterization of Digitally Convex Polygons

The goal of this section is to recall (without proofs) the characterization by
Brlek, Lachaud, Provençal, Reutenauer [7] of digitally convex polyominoes and
recast it in terms of the symbolic method. This characterization is the starting
point to efficiently sample large digitally convex polyominoes, and is thus needed
in the next chapters.

1.1 Digitally Convex Polyominoes

Definition 1. A digitally convex polyomino, DCP for short, is the set of all
cells of Z2 included in a bounded convex region of the plane.

Fig. 1. A few digitally convex polyominoes (in grey) of perimeter 24,26 and 16, and
their contour (in black)

A first geometrical characterization directly follows from the definition: a set of
cells of the square lattice P is a digitally convex polyomino if all cells included
in the convex hull of P is in P .

For our propose, a DCP will be rather characterized through its contour.
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Definition 2. The contour of a polyomino P is the closed non-crossing path on
the square lattice with no half turn allowed such that its interior is P . In the
case where P is not connected, we take as the contour, the only such path which
stays inside the convex hull of P .

We define the perimeter of P to be the length of the contour (note that, for dig-
itally convex poyominoes, it is equal to the perimeter of the smallest rectangular
box that contains P ).

The contour of DCP can be decomposed into four specifiable sub-paths through
the standard decomposition of polyominoes.

The standard decomposition of a polyomino distinguishes four extremal points:

– W is the lowest point on the leftmost side
– N is the leftmost point in the top side
– E is the highest point on the rightmost side
– S is the rightmost point on the bottom side

N

W

S

E

N

W

Fig. 2. A polyomino composed of 4 NW-convex. The W to N NW-convex path is coded
by w = 1110110101010001001.

The contour of a DCP is then the union of the four (clockwise) paths WN , NE,
ES and SW . Rotating the latter three paths by, respectively, a quarter turn, a
half turn, three quarter turn counterclockwise leaves all paths containing only
north and east steps; digital convexity is characterized by the fact that each
(rotated) side is NW-convex.

Definition 3. A path p is NW-convex if it begins and ends by a north step and
if there is no cell between p and its upper convex hull (see Fig. 2).

In the following, we mainly focus on the characterization and random sampling
of NW-convex paths.

1.2 Words

The characterization in [7] is based on combinatorics on words. Let us recall
some classical notations. We are interested in words on the alphabet {0, 1}.
Thus {0, 1}∗ is the set of all words, {0, 1}+ is the set of non-empty words.
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Each NW-path can be bijectively coded by a word w ∈ {0, 1}∗. From W to
N , the letter 0 encodes a horizontal (east) step and 1 a vertical (north) step (see
figure 2).

The idea is to decompose a NW-convex path w by contacts between w and
its convex hull.

Definition 4. Let p, q be two integers, with p ≥ 0 and q > 0. The Christoffel
word associated to p, q is the word which codes the highest path going from (0, 0)
to (p, q) while staying under the line going from (0, 0) to (p, q). A Christoffel
word is primitive if p and q are coprime.

(0, 0)

(5, 2)

Fig. 3. The Christoffel primitive word 0001001, of slope 2/5

Note that a Christoffel primitive word always ends with 1.

1.3 Symbolic Characterization of NW-Convex Paths

Let us recall in this section, two basic notions in analytic combinatorics: the
combinatorial classes and the enumerative generating functions.

A combinatorial class is a finite or countable set C, together with a size func-
tion |.| : C �→ N such that, for all n ∈ N, only a finite number cn of elements
of C have size n. The (ordinary) generating function C(z) for the class C is the
formal power series C(z) =

∑
n cnz

n =
∑

γ∈C z
|γ|. If C(z) has a positive (pos-

sibly infinite) convergence radius ρ (which is equivalent to the condition that

lim c
1/n
n < ∞), standard theorems in analysis imply that the power series C(z)

converges and defines an analytic function in the complex domain |z| < ρ; here
we will only use the fact that C(z) is defined for real 0 < z < ρ.

Our sampler is based on the following decomposition theorem.

Theorem 1. [7] A word is NW-convex if and only if it is a sequence of Christof-
fel primitive words of decreasing slope, beginning with 1.

The reason of a NW-convex path to begin with a vertical step is to avoid half-
turn on the contour of a polyomino. Indeed, since all Christoffel primitive words
end with 1, this ensures compatibility with the standard decomposition (begin-
ning and ending on a corner). Since the Christoffel primitive words appear in
decreasing order, NW-convex paths can be identified with multisets of Christof-
fel primitive words, with the condition that the word 1 appears at least once
in the multiset (this condition can be removed by removing the initial vertical
step from NW-convex paths). This is the description we will use in what follows
next.
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The generating function of Christoffel primitive words, counted by their
lengths, is

∑

n≥1

ϕ(n)zn, with ϕ the Euler’s totient function. It follows [11, p. 29]

that the generating function of the class S of NW-convex paths, counted by

length, is S(z) =
∞∏

n=1
(1 − zn)−ϕ(n). More precisely, we can use the 3-variate

generating function S(z, h, v) = (1−zv)−1
∞∏

n=2

∏

p+q=n,p∧q=1
(1−znvphq)−1, to de-

scribe by [znhivj ]S(z, h, v) the number of NW-convex paths beginning in (0, 0)
and terminating in position (i, j).

2 Asymptotics for NW-Convex Paths and Its Limit
Shape

This section is dedicated to the analysis of some properties of NW-convex paths.
The main objective is to describe a limit shape for the normalized random NW-
convex paths. This is obtained in three steps. In the first one we extract the
asymptotic of NW-convex paths using a Mellin transform approach. In the sec-
ond one, using the same approach we prove that the asymptotic of the average
number of initial vertical steps of a NW-convex path is in O( 3

√
n). Then, using

some technical lemmas, we conclude with the fact that the limit shape is
√
2z−z

with 0 ≤ z ≤ 1/2. For more details, see [11].
The first step is to determine the Mellin transform of ln(S(e−t)) which is

easier than to obtain that the Mellin transform of S(z). After that it is quite
easy to compute the expansion for S(z) when z tends to 1.

Lemma 1. The Mellin transform associated with the series of irreducible dis-
crete segments is

M[ln(S(e−t))](s) =
ζ (s+ 1) ζ (s− 1)Γ (s)

ζ (s)
,

where ζ(z) and Γ (z) denote the Riemann zeta function and the Gamma function,
respectively.

Using technical approach [10] following Mellin transform properties and Hay-
man’s method, we can extract from the lemma 1, the asymptotic growth of the
number of NW-convex paths of size n:

Proposition 1. For the number pNW (n) of NW-convex paths of size n, we have

pNW (n) ∼ αn−11/18 exp

(

βn2/3 + g

((
12ζ(3)

nπ2

)1/3
))

,

with g(t) =
∑

r t
−rΓ (r)ζ(r + 1)ζ(r − 1) where r runs over the non-trivial zeros

of the Riemann zeta function and
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α =
1

6

25/9e
(5/2) ζ(3)−2 ζ′(−1)π2

π2 9
√
ζ (3)3

11
18

π
8
9

∼ 0.3338488807...

and β =
3

22/3

(
ζ(3)

ζ(2)

)1/3

=
2−1/334/3ζ(3)1/3

π2/3
∼ 1.702263426...

Remark 1. The contribution of g

((
12ζ(3)
nπ2

)1/3
)

is a fluctuation of very small

amplitude. In particular, this contribution is imperceptible on the first 1000
coefficients.

Now, we focus on the study of the average number of initial vertical steps (which
corresponds to the size of the first block of 1 in its associated word) in a NW-
convex path.

Lemma 2. The average number of initial steps is equivalent to
3√
18π2n

6 3
√

ζ(3)
.

In particular, if we renormalize the NW-convex path by 1/n, the contribution
of the initial steps for the limit shape is null.

Now, we are interested in the average position of the terminating point of a
random NW-convex path. If we consider NW-convex path without their initial
vertical steps, then by symmetry, we can conclude that the average ending po-
sition is (xn ∼ n

2 , yn ∼ n
2 ). But by lemma 2 and the fact that the length of the

renormalized initial vertical steps is o(1), it follows that:

Lemma 3. The average position of the ending point of a random NW-convex
path of size n is (xn ∼ n

2 , yn ∼ n
2 ).

Following the same approach, with a little more work, we can prove that:

Proposition 2. The average abscissa of the point of slope x in a renormalized

by 1/n NW-convex path of size n is
1

2

(

1−
(

x

1 + x

)2
)

.

At this stage, to prove that the limit shape is deterministic, we need to show
that the standard deviation of the abscissa is in o(n). This proof is long and
technical, but follows the same way that we do for the expectation. We conclude

by solving the differential equation:

{

f (0) = 0, 2f (z) = 1− ( d
dz f(z))

2

(1+ d
dz f(z))

2

}

which

explains the fact that the slope of f(z) is x at the abscissa
1

2

(

1−
(

x

1 + x

)2
)

.

Consequently, we have:

Theorem 2. The limit shape for the renormalized by 1/n NW-convex path of
size n as n tends to the infinity is the curve of equation f(z) =

√
2z − z.
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3 Boltzmann Samplers for NW-Convex Paths

Boltzmann samplers have been introduced in 2004 by Duchon et al. [8] as a
general framework to generate uniformly at random specifiable combinatorial
structures. These samplers are very efficient, their expected complexity is typ-
ically linear. In comparison with the recursive method of sampling, the princi-
ple of Boltzmann samplers essentially deals with evaluations of the generating
function of the structures, and avoids counting coefficient (which need to be
pre-computed in the recursive method). Quite a few papers have been written
to extend and optimize Boltzmann samplers [13,2,5,4,6,1,3].

Consequently, we choose Boltzmann sampling for the class of digitally convex
polyominoes. After a short introduction to the method, we analyze the com-
plexity of the sampler. This part is based on an analysis by Mellin transform
techniques.

3.1 A Short Introduction to Boltzmann Samplers

Let us recall the definitions and the main ideas of Boltzmann sampling.

Definition 5. Let A be a combinatorial class and A(x) its ordinary generating
function. A (free) Boltzmann sampler with parameter x for the class A is a
random algorithm ΓxA that draws each object γ ∈ A with probability:

Px(γ) =
x|γ|

A(x)
.

Notice that this definition is consistent only if x is a positive real number taken
within the disk of convergence of the series A(x).

The great advantage of choosing the Boltzmann distribution for the output size
is to allow simple and automatic rules to design Boltzmann samplers from a
specification of the class.

Note that from free Boltzmann samplers, we easily define two variants: the
exact-size Boltzmann sampler and the approximate-size one, just by rejecting the
inappropriate outputs until we obtain respectively a targeted size or a targeted
interval of type [(1 − ε)n, (1 + ε)n]. In order to optimize this rejection phase, it
is crucial to tune efficiently the parameter x. A good choice is generally to take
the unique positive real solution xn (or an approximation of it when n tends to

infinity) of the equation
xA′(x)
A(x)

= n which means that the expected size of the

output tuned by xn equals n.
To conclude, let us recall that authors of the seminal paper [8] distinguished

a special case where Boltzmann samplers are particularly efficient (and we prove
in the sequel, that we are in this situation). This case arises when the Boltzmann
distribution of the output is bumpy, that is to say, when the following conditions
are satisfied:
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– μ1(x) → ∞ when x → ρ−
– σ(x)/μ1(x) → 0 when x → ρ−,

where μ1(x) (resp. σ
2(x)) is the expected size (resp. the variance) of the output,

and ρ is the dominant singularity of A(x).

3.2 The Class of the Digitally Convex Polyominoes

Let us recall that the digitally convex polyominoes can be decomposed into
four NW-convex paths, each of them being a multiset of discrete irreducible
segments. Moreover, according to the previous section, we have a specification
for the discrete irreducible segments in terms of word theory. This brings us the
generating function associated to a NW-convex path:

S(z) =
∞∏

n=1

(1− zn)−ϕ(n),

where ϕ(n) designs the Euler’s totient function.
The first question that occurs concerns the determination of the parameter xn

which is a central point for the tuning of the sampler. In order to approximate
xn as n tends to infinity, we need to apply the asymptotic of S(z) as z → 1, we
already calculate for the asymptotic of the NW-convex paths.

3.3 The Boltzmann Distribution of the NW-Convex Paths

The first step to analyze the complexity of exact- and approximate-size Boltz-
mann sampler is to characterize the type of the Boltzmann distribution. In this
subsection we prove that the Boltzmann distribution is bumpy. This ensures
that we only need on average a constant number of trials to draw an object of
approximate-size. Moreover, a precise analysis allows us to give the complexity
of the exact-size sampling.

Firstly, we derive from the equivalence of S(z) close to its dominant singularity
ρ = 1, an expression for the tuning of the Boltzmann parameter:

Corollary 1. A good choice for the Boltzmann parameter xn in order to draw

a large NW-convex paths of size n is xn = 1− 3

√
12ζ (3)

nπ2
.

So, the first condition for the bumpy distribution is clearly verified. We now
focus our attention on the fraction σ(x)/μ1(x).

Lemma 4. The expected size of the Boltzmann output satisfies:

μ1(x) ∼ 12ζ (3)

(1− x)
3
π2

as x tends to 1.

The variance of the size of the Boltzmann output satisfies:

σ(x) ∼ 6
√
ζ (3)x

π(1− x)
2 as x tends to 1.

So, the Boltzmann distribution of the NW-convex paths is bumpy.
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Finally, we describe the sampler for digitally convex polyominoes. This needs
some care during the stage when we glue the NW-convex paths together.

3.4 Random Sampler to Draw Christoffel Primitive Words

We now look more precisely how to implement the samplers. Firstly, we address
the question of drawing two coprime integers which is non-classical in Boltzmann
sampling, from which we derive a Boltzmann sampler for NW-convex paths. The
first step to generate NW-convex paths is to draw Christoffel primitive words
with Boltzmann probability. We recall that this is equivalent to draw two coprime

integers p, q with probability xp+q
∑

n≥1 ϕ(n)xn .

Let b(x, n) :=
ϕ(n)xn

∞∑

n=1
ϕ(n)xn

. The following algorithm is an elementary way to

answer the question posed above:

Algorithm 1. ΓCP

Input: a parameter x
Output: Two coprime integers
Draw n with Boltzmann probability b(x, n)1

Do Draw p uniformly in {1, ..., n}2

While p, n not coprime3

return (p, n− p)4

The average complexity of the algorithm is in O(n ln ln(n)).

3.5 Random Sampler Drawing a NW-Convex Path

To draw a NW-convex path, we use the isomorphism between NW-convex paths
and multisets of Christoffel primitive words. The multiset is a classical construc-
tor, for which its Boltzmann sampler in the unlabelled case had been given in [9].
The idea is to draw with an appropriate distribution (called IndexMax distri-
bution) an integer M , and then draw a random number of Christoffel primitive
words with a Boltzmann sampler of parameter xi and to replicate each drawn ob-
ject i times, for all 1 ≤ i ≤ M . Well chosen probabilities ensures the Boltzmann
distribution.

Once we get a multiset of pairs of coprime integers, we can transform it into
a NW-convex path coded on {0, 1} as follows:

– Draw a multiset m in MSet(PC),
– Sort the elements (p, q) of m in decreasing order according to q/p,
– Transform each element into the discrete line of slope q/p coded on {0, 1},
– add a 1 at the beginning.

Clearly, this transformation has a complexity in O(n ln(n)), due to the sorting.
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3.6 Complexity of Sampling a NW-Convex Path in Approximate
and Exact Size

The previous sections bring all needed elements to determine the complexity
of the Boltzmann sampler for a NW-convex path. The two following theorems
respectively tackle the complexity of the sampling in the case of approximate-size
output or exact size output.

Theorem 3. An approximate-size Boltzmann sampler for NW-convex paths suc-
ceeds in one trial with probability tending to 1 as n tends to infinity. The overall
cost of approximate-size sampling is O(n ln(n)) on average.

Theorem 4. An exact-size Boltzmann sampler for NW-convex paths succeeds

in mean number of trials tending to κ·n2/3 with κ =
6
√
2 3
√
3π5/6

6
√
ζ (3)

≈ 4.075517917...

as n tends to infinity. The overall cost of exact-size sampling is O(n5/3 ln(ln(n)))
on average.

Remark 2. Since ϕ(n) grows slowly, the parameter xn tuned to draw large ob-
jects will be close to 1, which gives big replication orders. A consequence is that
we do not need to calculate the generating function of primitive Christoffel words
to a huge order to have a good approximation of our probabilities.

3.7 Random Sampler Drawing Digitally Convex Polyominoes

We can now sample independent NW-convex paths with Boltzmann probability.
We want to obtain an entire polyomino by gluing four (rotated) NW-convex
path.

However, gluing a 4-tuple of NW-convex paths, we do not necessarily obtain
the contour of a polyomino. Indeed, we need the following extra conditions: the
four NW-convex paths should be non-crossing, and they need to form a closed
walk with no half-turn.

Algorithm 2. ΓP

Input: a parameter x
Output: a quadruple of compatible NW-convex paths.
Repeat:1

Draw WN, NE, ES, SW using independent calls to a Boltzmann sampler of2

NW-convex path of parameter x.3

If |WN |0 + |NE|1 = |ES|0 + |SW |1 and |NE|0 + |ES|1 = |SW |0 + |WN |14

then return (WN,NE,ES, SW )5

The non-crossing and no half-turn conditions are trivially satisfied when the
four paths are NW-convex. Then the closing problem stays and we need to add
a rejection phase at this step. More precisely, to be closed, we need to have as
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much horizontal steps in the upper part from W to E as in the lower part from E
to W, and as much vertical steps in the left part from S to N as in the right part
from N to S. A naive way to sample DCP according to a Boltzmann distribution
is presented in Algorithm 2. A more efficient uniform sampler can probably be
adapted from [1] and is currently under development.

Fig. 4. To the left, a random polyomino of perimeter 81109 drawn with parameter
x = 0.98. To the right perimeter distribution of a NW-convex path drawn with x =
0.8908086616.

Conclusion

We proposed in this paper an effective way to draw uniformly at random digitally
convex polyominoes. Our approach is based on Boltzmann generators which
allows us to build large digitally convex polyomioes. These samples point out
the fact that random digitally convex polyominoes admit a limit shape as their
size tends to infinity. The limit shape of the NW-convex paths we proved in
this paper seems to be also the limit shape for NW part of the digitally convex
polyominoes. The tools to tackle it are for the moment beyond our reach. Even,
the simpler question of a precise asymptotic enumeration of the digitally convex
polyominoes (the order of magnitude is proven [12]) is currently a challenge.
We conclude by noting that our work could certainly be extended to higher
dimensions. But, this is a work ahead...
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