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Abstract. By using exclusively the customary adjacency relations on Z
3,

we generalize the notion of a simple surface point given by Morgenthaler
in the 80s. A new definition of simple surface arises, and we show that
simple surfaces coincide with the strong separating family of a certain
class of digital surfaces defined by means of continuous analogues that,
in turn, contains several families of discrete surfaces in the literature.

1 Introduction

It is commonly accepted that the first notion of a discrete surface, as a “thin”
subset of voxels of the grid Z

3, is due to Morgenthaler and Rosenfeld [8]. They
define S ⊆ Z

3 to be a simple closed surface if all voxels in S are simple surface
points, where such points are determined by three properties which are exclu-
sively given in terms of the usual adjacency relations between voxels and subsets
of voxels of Z3. Moreover, the notion of a simple surface point is local since it
depends only on the 26-neighbourhood of each voxel σ ∈ S.

Nevertheless, this definition of surface is widely considered to be too restric-
tive, especially for the (26, 6)-adjacency, since only 13 different configurations,
up to rotations and symmetries, may appear in the 26-neighbourhood of a voxel.
In fact, relevant classes of discrete surfaces extending the class of Morgenthaler-
Rosenfeld surfaces have appeared in the literature since then; as instances, recall
the strong surfaces [2] and the simplicity surfaces [6]. Furthermore, these classes
are strictly contained in the family of the so-called (k, k)-surfaces introduced in
[3] (for any adjacency pair (k, k) �= (6, 6), k, k ∈ {6, 18, 26}) via a plate-based
definition. It worth pointing out that (26, 6)-surfaces admit up to 10,580 different
configurations in the 26-neighbourhood of a voxel for the (26, 6)-adjacency.

Besides the usual adjacency pairs, any of the classes of discrete surfaces above
is defined by a local or global additional notion or property (the definition of a
new graph, homotopic properties,. . . ). Our aim in this paper is to give a gener-
alized notion of a simple surface point, based solely on the adjacency relations
between voxels and sets of voxels, for which the (k, k)-surfaces given in [3], in
particular the strong and simplicity surfaces, are characterized as sets of sim-
ple surface points. This will be achieved as an application of the framework for
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digital topology in [1]. More precisely, we will use crucially the fact that the
(k, k)-surfaces in [3] are exactly the strong separating surfaces of certain univer-
sal digital space in the sense of [1]; see [5].

2 Simple Surface Points

In this section we introduce a new notion of simple surface point that extends
the original definition of Morgenthaler [8], and find some properties of subsets
consisting entirely of voxels of this class. For this we start by recalling some basic
definitions of the graph–theoretical approach to the digital topology of Z3.

Two voxels σ = (xσ
1 , x

σ
2 , x

σ
3 ), τ = (xτ

1 , x
τ
2 , x

τ
3) ∈ Z

3 are said to be 6-, 18- or 26-
adjacent if max{|xσ

i − xτ
i |; 1 ≤ i ≤ 3} ≤ 1 and they differ in, at most, one, two or

three of their coordinates, respectively. The k-neighbourhood of σ ∈ Z
3 is the set

Nk(σ) of all voxels k-adjacent to σ. Moreover, we say that two n-adjacent voxels
σ, τ are strictly n-adjacent if they are not m-adjacent for any m < n, where
n,m ∈ {6, 18, 26}. Two voxels σ, τ ∈ X are said to be purely n-adjacent in X
(nX-adjacent, for short) if they are strictly n-adjacent and no other voxel ρ ∈ X
is m-adjacent to both σ and τ for m < n. Finally, two distinct subsets X and Y
are said to be k-adjacent if some voxel of X is k-adjacent to some voxel of Y .

For k ∈ {6, 18, 26} the transitive closure of the k-adjacency relation defines
an equivalence relation on each subset X ⊆ Z

3, whose classes are called the k-
components of X . Subsets with only one k-component are termed k-connected.
The set X is said to be k-separating if its complement X = Z

3 − X consists
of two k-components, and it is a strong k-separating set if each voxel σ ∈ X is
k-adjacent to both of them. Finally, X is said to be k-thin at a voxel σ ∈ X if
Xσ = N26(σ) −X has exactly two k-components, Aσ and Bσ, k-adjacent to σ,
and it is simply called a k-thin set if this property holds at each of its voxels.

A unit cube of Z3 is any subset of eight mutually 26-adjacent voxels. Similarly,
a unit square of Z3 is any subset of four mutually 18-adjacent voxels arising from
the intersection of two aligned unit cubes.

Given S ⊆ Z
3 and an adjacency pair (k, k), k, k ∈ {6, 18, 26}, Morgenthaler’s

definition [8] states that σ ∈ S is a (simple) surface point if the following condi-
tions hold: (a) exactly one k-component of N26(σ) ∩ S − {σ} is k-adjacent to σ;
(b) S is k-thin at σ; and, (c) every voxel τ ∈ S k-adjacent to σ is k-adjacent to
the k-components Aσ and Bσ of Sσ. In fact, Kong and Roscoe [7] showed that
property (a) is redundant for all sets consisting entirely of surface points.

As announced in the introduction we aim at weakening the original definition
of Morgenthaler and Rosenfeld to characterize the remarkably large class of
(k, k)-surfaces in [3]. Since it seems quite reasonable to keep property (b) to
guarantee suitable separation properties, our goal will be attained by finding a
less restrictive version of property (c). For this, notice that if S ⊆ Z

3 is k-thin
and σ ∈ S is a surface point then, for each voxel τ ∈ S k-adjacent to σ, property
(c) implies that Aσ ∩ (Aτ ∪ Bτ ) �= ∅ �= Bσ ∩ (Aτ ∪ Bτ ). This fact suggests the
following preliminary definition.
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Definition 1. Let O ⊆ Z
3 be k-thin at two 26-adjacent voxels σ, τ ∈ O. We

say that σ is k6-linked to τ in O if the k-components Aσ and Bσ of Oσ meet
Aτ ∪Bτ . A sequence σ′ = ρ0, ρ1, . . . , ρn = τ ′ of voxels such that ρi−1 is k6-linked
to ρi in O, for 1 ≤ i ≤ n, will be termed a k6-path from σ′ to τ ′ in O.

Remark 2. If O ⊆ Z
3 is both k-thin and strong k-separating then, for each voxel

σ ∈ O, the k-componentes Aσ and Bσ of Oσ are representing the k-componentes,
A and B, of Z3−O. Therefore, if σ is k6-linked to τ then Aσ∩Bτ = ∅ = Bσ∩Aτ

and, thus, Aσ ∩ Aτ �= ∅ �= Bσ ∩ Bτ . Moreover, if (σi)
n
i=0 is a k6-path in O then

∪n
i=1Aσi ⊆ A and ∪n

i=1Bσi ⊆ B are k-connected.

Lemma 3. If σ ∈ O is k6-linked to τ then Oσ ∩ Oτ contains voxels of Aσ and
Bσ and thus it is not k-connected. In particular, σ and τ are not k6-linked if
they are k

O
-adjacent for k ∈ {18, 26}.

Any surface point σ ∈ O in the sense of Morgenthaler is trivially k6-linked to
each of its k-neighbours provided O is also k-thin at them. Next result is a partial
converse for k ∈ {18, 26}.
Proposition 4. Assume O is k-thin at two 26-adjacent voxels σ, τ ∈ O, k ∈
{18, 26}. Then σ is k6-linked to τ if and only if τ is k-adjacent to Aσ and Bσ.

Proof. Assume the k6-linking of σ and τ , and take ρ ∈ Aσ∩(Aτ ∪Bτ ). The result
is obvious if ρ is k-adjacent to τ , in particular for k = 26 since Aτ ∪Bτ ⊆ N26(τ).
So, assume k = 18 and ρ is strictly 26-adjacent to τ , and let Kρτ the only
unit cube of Z

3 containing {ρ, τ}. Since ρ ∈ Aτ , there exists another voxel
ρ′ ∈ Kρτ − (O∪{ρ}) which is 18-adjacent to both ρ and τ ; in particular Kρτ −O
is 18-connected. On the other hand, σ also belongs to Kρτ since it is 26-adjacent
to τ and ρ. Moreover, ρ is necessarily 18-adjacent to σ and the result follows
since ρ′ ∈ Kρτ − O ⊆ Aσ. The converse is obvious since any voxel ρ ∈ Aσ k-
adjacent to τ is necessarily in Aτ ∪Bτ . 	

Example 5. Although weaker than property (c) of Morgenthaler’s surface points,
the k6-linking requirement in Def. 1 is still too restrictive for adjacency pairs
(k, k) with k ∈ {18, 26}. For example, let us consider the subsets O1, O2, O3 ⊆ Z

3

shown in Fig. 1, which are pieces of a simplicity 26-surface S1, a (26, 6)-surface
S2 in the sense of [3] (but no simplicity 26-surface contains O2) and a pinched
torus S3, respectively. Notice that, in all of them, the 26-adjacent voxels σ and τ
are not k6-linked to each other for (k, k) = (26, 6), while the sequences (σ, ρ, τ)
and (σ, ρ2, ρ1, τ) are k6-paths in O1 and O2; that is, according to the following
definition, σ and τ are k18-linked in O1 and k26-linked in O2. In contrast with
S1 and S2, despite there exist k6-paths from σ to τ in the pinched torus S3, they
can not be found within the two unit cubes containing them, and so they are
not k26-linked in O3.

Definition 6. A voxel σ ∈ O is k18-linked to τ in O if there exists a unit cube
K ⊆ Z

3 containing a k6-path from σ to τ in O; while σ is k26-linked to τ in O if
such a k6-path is found in the union of two unit cubes that meet in a unit square.
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Fig. 1. See Example 5
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Fig. 2. Some of the patterns that may appear in any digital object O ⊆ Z
3. Each

picture represents a unit cube K ⊆ Z
3, and the black dots are the set of voxels in

O ∩ K. The patterns in the lower row cannot appear in O if it consists entirely of
simple (26, 6)-surface points.

Definition 7. A voxel σ ∈ S is a simple (k, k)-surface point if the two following
conditions are satisfied:

1. S is k-thin at σ, and also at each voxel τ ∈ S k-adjacent to σ.
2. For every voxel τ ∈ Nk(σ) ∩ S, σ is kt-linked to τ in O whenever σ and τ

are strictly t-adjacent, where t ∈ {6, 18, 26} and t ≤ k.

This new notion of simple surface point leads to the following definition.

Definition 8. A simple closed (k, k)-surface is a subset S ⊆ Z
3 consisting en-

tirely of simple (k, k)-surface points such that if K −S is not k-connected, for a
given unit cube K, then it meets Aσ and Bσ for each voxel σ ∈ K ∩ S.

As a preparatory work for the main result of the paper (Th. 19), we next prove
that some of the 22 non-empty patterns that, up to rotations and symmetries,
may appear in the intersection K∩O of a unit cube K and an arbitrary subset O
are not allowed in objects consisting entirely of simple (k, k)-surface points (see
Fig. 2). The proof of the next proposition requires a tedious analysis of cases
that we skip in order to keep the length of the paper within the required size.

Proposition 9. Let O ⊆ Z
3 be a k-thin set such that any pair of 6-adjacent

voxels σ, τ ∈ O are k6-linked to each other. Then K ∩ O /∈ FCk for each unit
cube K of Z3, where FC6 = {Pc

5,P
b
6,P7,P8}, FC18 = {P7,P8} and FC26 = {P8}.
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Proposition 10. Let σ, τ ∈ O be two 26O-adjacent voxels. Then σ and τ are
not k26-linked for any k ∈ {6, 18, 26}.

Proof. Let K ⊆ Z
3 the only unit cube containing {σ, τ}. Notice that K ∩ O =

{σ, τ} and thus K − O is 6-connected. Therefore these voxels are not k6-linked
by Lemma 3. And the result follows since σ and τ are consecutive elements in
any 26-path contained in (K ∪K ′)∩O, where K ′ is another unit cube of Z3. 	


3 Universal (k, k)-Spaces and Digital Surfaces

This section collects the terminology and main results from [5] needed in this
paper. They are established within the framework for Digital Topology intro-
duced in [1], where we refer to for the precise definitions in a general setting.
The reader should be aware that some of the material referred to [5] and [1] has
been restated here in terms of the notation introduced in Section 2.

In this paper we will only deal with the polyhedral complex R3 determined by
the collection of unit cubical cells in the Euclidean space R

3 centred at points of
integer coordinates. More precisely, let Z = {z+ 1

2 ; z ∈ Z} and L = {[l, l+1] ; l ∈
Z}, then a (cubical) d-cell δ ∈ R3, 0 ≤ d ≤ 3, is the cartesian product of d
elements of L and 3− d elements of Z. As usual, if δ ∈ R3 is a d-cell we say that
d is the dimension of δ and write dim δ = d. Given two cells α, β ∈ R3 we write
α ≤ β if α is a face of β (i.e., if α ⊆ β), and α < β if in addition α �= β.

Notice that each d-cell δ ∈ R3 can be associated to its centre c(δ) which, in
particular, belongs to Z

3 whenever dim δ = 3. This way, the complex R3 can be
regarded as a dual representation of the discrete space provided by Z

3, in which
each 3-cell represents a voxel, and so any subset of Z3 is identified with a subset of
the set cell3(R3) of 3-cells in R3. This identification, that will be used henceforth
without further comment, gives us a one–to–one correspondence between 0-cells
(1-cells) and discrete unit cubes (squares, respectively) of Z3. Namely, for each
0-cell (1-cell) α ∈ R3 the set of voxels Kα = {σ ∈ cell3(R

3) ; α ≤ σ} is the
unit cube (square, respectively) centred at c(α). Moreover, if dimα = 2 then
Kα = {σ, τ}, where σ and τ are 6-adjacent and α = σ ∩ τ , while Kα = {α} if
dimα = 3. In any case, we will refer to α as the centre of Kα.

According to [1] a digital space based on R3 is a pair (R3, f) where f is a light-
ing function: a certain map of the form f : P(cell3(R

3))×R3 → {0, 1} satisfying
five axioms, where P(cell3(R

3)) stands for the family of all subsets of cell3(R3).
Here we simply recall that lighting functions are devised as procedures for asso-
ciating a continuous analogue to a digital object. More precisely, given a lighting
function f as above, the continuous analogue of an object O ⊆ cell3(R

3) is the
polyhedron |Af

O | ⊆ R
3 triangulated by the simplicial complex 1 Af

O consisting
of all simplexes 〈c(σ0), c(σ1), . . . , c(σn)〉 whose vertices are centres c(σi) of cells
σ0 < σ1 < · · · < σn ∈ R3 such that f(O, σi) = 1 (that is, f “lights” σi in O).

1 We will drop the “f ” from the notation and write AO instead Af
O whenever the light-

ing function involved is clear from the context. Also we write AR3 instead Acell3(R3).
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Regarding continuous analogues as “continuous interpretations” of digital im-
ages, we introduce digital notions in terms of the corresponding continuous
ones. In particular, an object S ⊆ cell3(R

3) is a digital surface in (R3, f) if
its continuous analogue |AS | is a combinatorial surface; that is, if the link
lk(v;AS) = {A ∈ AS ; v,A < B ∈ AS and v /∈ A} is a 1-sphere for each vertex
v ∈ AS . The scope of this paper is restricted to surfaces in digital spaces for
which the connectedness of the continuous analogues is coherent with the con-
nectedness induced by an adjacency pair (k, k) on the grid Z

3. More precisely,
(R3, f) is said to be a (k, k)-space if the two following conditions hold for any
subset O ⊆ Z

3: (a) O is k-connected if and only if |AO | is a connected polyhe-
dron; and (b) the complement Z3−O is k-connected if and only if |AR3 |− |AO |
is connected. As a consequence of the well-known Jordan-Brouwer theorem one
gets the following separation result; see [5].

Theorem 11 (Th. 2 in [5]). Let (R3, f) be a (k, k)-space such that |AR3 | =
R

3. Then, each k-connected digital surface S in (R3, f) is a k-separating set.

Several different examples of (k, k)-spaces for each adjacency pair can be found
in [3] and its references. Nevertheless, one particular among them, the so-called
universal (k, k)-space, (R3, fkk), captures the essence of all digital surfaces for
the pair (k, k). More precisely, the main result in [5] states that any digital
surface in a (k, k)-space is also a digital surface in (R3, fkk). Next we recall the
definition of the lighting functions fkk and some immediate properties.

Definition 12. For (k, k) �= (6, 6), k, k ∈ {6, 18, 26}, the lighting functions fkk
are defined as follows. Given O ⊆ cell3(R

3) and a cell δ ∈ R3, fkk(O, δ) = 1 if
either Kδ ⊆ O or one of the following conditions holds:

1. dim δ = 0 and Kδ ∩O corresponds (up to rotations and symmetries) to some
pattern in the set Pk ∪ FPkk, where P6 = {Pc

3,P
b
4,P

e
4,P

f
4 ,P

b
5,P

c
6}, P18 =

{Pc
6}, P26 = ∅ and FP26,6 = {Pc

2,P
c
5,P

b
6,P8}, FP26,k = {Pc

2,P8} if k �= 6,
FP18,6 = {Pc

5,P
b
6,P8}, and FPkk = {P8} otherwise; see Fig. 2

2. dim δ = 1, Kδ ∩O = {σ, τ} consists of two 18O-adjacent voxels, and one of
the next further conditions also holds: (a) for k = 6, and k �= 6, fk,6(O,α1) =
fk,6(O,α2), where α1, α2 are the two vertices of the 1-cell δ; or (b) σ and τ
belong to distinct 6-components of (Kα1 ∪Kα2) ∩O, for k, k ∈ {18, 26}.

Remark 13. The non-empty difference K − O of a unit cube K and O ⊆ Z
3

is trivially 26−connected. Moreover, it is 18−connected if and only if K ∩ O
does not correspond to the pattern Pc

6, and it is 6−connected if and only if
K ∩ O /∈ P6 ∪ {Pc

5,P
b
6}. Moreover, it is easily checked that K − O has two

6-components whenever K ∩O ∈ P6 − {Pf
4}.

Lemma 14. If σ ∈ O and τ /∈ O are k-adjacent for a given set O ⊆ cell3(R
3),

then fkk(O, σ ∩ τ) = 0.

For the universal (k, k)-spaces, the Jordan-Brouwer theorem also yields the next
characterization of the two k-components of cell3(R3) − S in terms of the dif-
ference of polyhedra Dδ = |st(c(δ),AR3 ) | − |st(c(δ),AS) |, where δ ∈ R3 is any
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cell for which fkk(S, δ) = 1 and st(c(δ),AX) = {A ∈ AX ; c(δ), A < B ∈ AX} is
the star of c(δ) in the complex AX ; see [1, Appendix A] for details. This result
will be crucial in showing that strong k-separation is equivalent to k-thinness for
digital surfaces in (R3, fkk).

Theorem 15. Let S be a k-connected digital surface in (R3, fkk) and let δ ∈ R3

be a cell for which fkk(S, δ) = 1. Moreover, assume the voxels σ1, σ2 /∈ S have a
face αi < σi such that c(αi) ∈ Dδ, i = 1, 2. Then σ1 and σ2 belong to the same
k-component of cell3(R3)− S if and only if c(α1) and c(α2) are in a connected
component of Dδ. In particular, Dδ have two connected components.

Lemma 16. Let σ ∈ O. If fkk(O, δ) = 0 for a face δ < σ then Kδ −O �= ∅ and
it is contained in a k-component of Oσ = N26(σ) −O.

Proof. Firstly notice that δ ≤ σ ∩ τ for any voxel τ ∈ Kδ, so that σ and τ are
26-adjacent, and, moreover, Kδ �⊆ O by Def. 12. Then, if dim δ = 2, Kδ = {σ, τ}
and Kδ − O = {τ} is trivially k-connected. In case dim δ = 0 the result follows
from Remark 13 since Kδ ∩ O /∈ Pk ∪ FPkk by Def. 12. Finally, for dim δ = 1

the result is obvious if k ∈ {18, 26} since Kδ is a unit square. So, assume k = 6
and, moreover, Kδ − O is not 6-connected or, equivalently Kδ ∩ O = {σ, τ}
consists of two 18O-adjacent voxels. Given that fk6(O, δ) = 0, Def. 12 yields
that fk6(O,α) = 0 for some vertex α < δ, and then Kδ − O ⊆ Kα − O which
has already been proved to be k-connected. 	

Proposition 17. Let σ ∈ O be a voxel in an arbitrary set. Then, the set
∪c(δ)∈XKδ − O is contained in a k-component of Oσ for each component X
of Dσ = |st(c(σ),AR3 ) | − |st(c(σ),AO) |.
Proof. Given c(δ) ∈ X we have fkk(O, δ) = 0; hence Kδ − O is contained in a
k-component, Aδ, of Oσ by Lemma 16. It will suffice to check that Aδ = Aδ′ for
any two cells δ, δ′ ∈ R3 such that c(δ), c(δ′) ∈ X .

Indeed, there exists a sequence (δi)
n
i=0 of faces of σ whose centres connect

c(δ) and c(δ′) in X ; that is, δ0 = δ, δn = δ′ and either δi < δi+1 or δi > δi+1

for each 1 ≤ i ≤ n. By using an inductive argument we will show that Bi =
∪i
j=0Kδj − O ⊆ Aδ for 0 ≤ i ≤ n, and the result follows since Kδ′ − O ⊆ Bn.

For i = 0 the result is obvious. Then, assume Bi ⊆ Aδ for some index i < n. If
δi < δi+1 then Kδi+1 ⊆ Kδi and, henceforth, Bi+1 = Bi. On the other hand, if
δi+1 < δi then ∅ �= Kδi − O ⊆ Bi ∩ (Kδi+1 − O). Therefore Bi, Kδi+1 − O and
their union Bi+1 are contained in Aδ. 	

Theorem 18. A k-connected digital surface S in (R3, fkk) is strong k-separating
if and only if it is a k-thin object.

Proof. Assume τ1, τ2 /∈ S are voxels k-adjacent to a given voxel σ ∈ S, and let
αi = τi ∩ σ, i = 1, 2. By Lemma 14 and Th. 15 we know that τ1 and τ2 are in
the same k-component of cell3(R3)− S if and only if {c(α1), c(α2)} is contained
in a component of Dσ and, by Prop. 17, this occurs if and only if τ1 and τ2 are
also in a k-component of Sσ. 	
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4 Main Theorem

In this section we state and prove our main result (Th. 19 below). Doing that
we gain a third equivalent approach to the class Skk of strong separating digital
surfaces in the universal space (R3, fkk). From each approach distinct facets of
the family Skk are revealed. Namely, the original definition, based on continuous
analogues, allows to show that, among others, S26,6 strictly contains the classes
of strong 26-surfaces and simplicity 26-surfaces [1,4]. The equivalent plate-based
definition of a (k, k)-surface introduced in [3] provides a geometrical interpreta-
tion of the elements of Skk as well as a tool to compute the number of different
configurations that they may contain in the 26-neighbourhood of a voxel: up to
10,580 for S26,6. Nevertheless being the latter a local definition, with plates re-
sembling patches of the surface within unit cubes, it requires an auxiliary graph
for describing how these plates are glued to each other. As an advantage, the
new equivalence proved in Th. 19 in terms of simple (k, k)-surfaces relies solely
on the adjacency relations between voxels and subsets of voxels.

Theorem 19. For (k, k) �= (6, 6), k, k ∈ {6, 18, 26}, a subset S ⊆ Z
3 is a

k-connected simple (k, k)-surface if and only if it is a strong k-separating k-
connected digital surface in (R3, fkk).

Since the proofs of the two parts of Th. 19 use techniques quite different from
each other and they are, in addition, rather long, we have divided this section
into two subsections, one for each part of the proof.

4.1 Proof of the “if” Part of Theorem 19

Recall that if S is a k-connected strong k-separating digital surface in the uni-
versal (k, k)-space (R3, fkk), (k, k) �= (6, 6) and k, k ∈ {6, 18, 26}, then it is a
k-thin object by Th. 18. Moreover, given a voxel σ ∈ S, Th. 15 yields that
Dσ = |st(c(δ),AR3) | − |st(c(δ),AS) | has two connected components, CA, CB ,
that determine the two k-components of Sσ = N26(σ)− S which are k-adjacent
to σ. More precisely, from Th. 18 and Prop. 17 one gets ∪c(δ)∈CX

Kδ − S ⊆ Xσ,
X ∈ {A,B}. After these observations we are ready to prove the next proposition.

Proposition 20. Let Kα ⊆ Z
3 be a unit cube. Then, for each voxel σ ∈ Kα∩S,

Kα − S meets Aσ and Bσ whenever it is not k-connected.

Proof. If Kα − S �= ∅ is not k-connected then fkk(S, α) = 1, and k = 6, 18, by
Remark 13 and Def. 12. Then, Th. 15 yields that Dα has two connected compo-
nents, X1, X2, and the sets Ci = ∪c(δ)∈Xi

Kδ −S are in distinct k-components of
Z
3−S. Hence, for each voxel σ ∈ Kα∩S, C1 and C2 are in distinct k-components

of Oσ. And the result follows from the observations above since an immediate
checking shows that there exists a voxel σi ∈ Ci having a face δi ≤ σ ∩ σi such
that fkk(S, δi) = 0. i = 1, 2. 	

After this result we will be done if we show that each voxel in S is a simple
(k, k)-surface point. For this it will be enough to prove the following.
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Proposition 21. Let σ, τ ∈ S be two k-adjacent voxels which are strictly t-
adjacent, where t ≤ k and t ∈ {6, 18, 26}. Then σ is kt-linked to τ .

Proof. Let δ = σ∩τ . If σ and τ are 6-adjacent, then dim δ = 2 and fkk(S, δ) = 1
by Def. 12. Since any cell α < δ is also a face of σ and τ we have that Dδ ⊆
Dσ∩Dτ . Therefore, the observations above yield that ∪c(α)∈CX

Kα−S ⊆ Xσ∩Xτ ,
X ∈ {A,B}, where CA and CB are the two components of Dδ. Hence σ and τ
are k6-linked.

Assume k = 18, 26 and σ, τ are strictly 18-adjacent voxels. It is obvious that
they are k18-linked if we find a third voxel ρ ∈ S 6-adjacent to both, since we
have already proved that each pair of 6-adjacent voxels in S are k6-linked. So,
assume σ, τ are 18S-adjacent and let {σ′, τ ′} = Kδ−S. If k = 6 and fk6(S, δ) = 1
then it is readily checked that {c(σ′)} and {c(τ ′)} are the two components of Dδ.
Therefore, σ and τ are k6-linked since the observations above yield σ′ ∈ Aσ ∩Aτ

and τ ′ ∈ Bσ ∩ Bτ . On the other hand, if fk6(S, δ) = 0 then fk6(S, α) = 1 for
exactly one of the two vertices α < δ. Then it is not difficult to find a k6-path
in Kα ∩ S, which actually corresponds to pattern Pf

4 , from σ to τ . Finally, if
k = 18, 26, fkk(S, αi) = 0 for the two vertices αi of δ. Hence fkk(S, δ) = 0 and
Def. 12 yields a 6-path, from σ to τ in (Kα1 ∪Kα2)∩S. Notice that fkk(S, δ) = 1
is ruled out, since then lk(c(δ),AS) = {c(σ), c(τ)} is not a 1-sphere.

Finally, if k = 26 and σ, τ are strictly 26-adjacent then there exists at least
one more voxel in Kδ∩S and the result follows by the previous cases. Notice that
Kδ ∩ S = Pc

2 can not occur since, otherwise f26,k(S, δ) = 1 and lk(c(δ),AS) =
{c(σ), c(τ)} is not a 1-sphere and so S is not a digital surface. 	


4.2 Proof of the “only if” Part of Theorem 19

From now on, S will stand for a simple (k, k)-surface which in particular, is
a k-thin set. Therefore, by Th. 18, it will suffice to prove that its continuous
analogue |AS | is a combinatorial surface; that is, lk(c(δ),AS) is a 1-sphere for
each cell δ ∈ R3 such that fkk(S, δ) = 1. For this notice that lk(c(δ),AS) is the
full subcomplex of AR3 determined by the centres c(γ) of all cells γ < δ or γ > δ
with fkk(S, γ) = 1. The proof will consist in an analysis of cases according to
the dimension of the cell δ. This analysis benefits from the work already done in
Prop. 9 and uses the sets of patterns Pk involved in the definition of the function
fkk (Def. 12). Recall that if K ∩ S ∈ Pk for a given unit cube K ⊆ Z

3 then
K−S is not k-connected and, by the definition of simple (k, k)-surface, for each
σ ∈ K ∩ S, it contains voxels of the k-components, Aσ, Bσ, of Sσ which are
k-adjacent to σ; see Remark 13 and Def. 8.

Proposition 22. Let β ∈ R3 be a 1-cell with fkk(S, β) = 1, and let Kβ be the
unit square centred at β. Then, one of the two following properties holds, and in
both cases lk(c(β),AS) is a 1-sphere.

1. Kβ ⊆ S and fkk(S, α1) = 0 = fkk(S, α2) for the two vertices α1, α2 < β.
2. Kβ ∩ S = {σ, τ}, k = 6 and fkk(S, α1) = 1 = fkk(S, α2).
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Proof. It is immediate to check that if Kβ ⊆ S then Kαi ∩ S /∈ Pk, where Kαi

is the unit cube of Z3 centred at αi, i = 1, 2. Then, property (1) follows from
Prop. 9 and Def. 12. For (2) we know, by Lemma 3, that the 18S-adjacent voxels
σ, τ are not k6-linked if k = 18, 26 and, moreover, any k6-path between them is
actually a 6-path. Then, if fkk(S, β) = 1 and Kβ �⊆ S necessarily Kβ∩S = {σ, τ},
k = 6 and fkk(S, α1) = fkk(S, α2) by Def. 12. If fkk(S, αi) = 0 then Kαi∩S /∈ P6

and, besides σ and τ , it contains at most a third voxel which is 6-adjacent to one
of them by Prop. 9. Therefore, Kαi − S is 6-connected by Remark 13 and it is
easily checked that it does not contain a k6-path from σ to τ . Hence, σ, τ are not
k6-linked, since Oσ ∩Oτ = (Kαi ∪Kαi) ∩ S is 6-connected, nor k18-linked. 	

Proposition 23. Let α ∈ R3 be a 0-cell with fkk(S, α) = 1, and let Kα be the
unit square centred at α. Then, one of the following properties holds, and in all
these cases lk(c(α),AS) is readily checked to be a 1-sphere.

1. k ∈ {6, 18} and Kα ∩ S corresponds to pattern Pc
6.

2. k = 6 and Kα ∩ S corresponds to a pattern in the set P6 − {Pf
4 ,P

c
6}; then

fk6(S, σ ∩ τ) = 1 for each pair of 18S-adjacent voxels σ, τ ∈ Kα ∩ S.
3. k = 6 and Kα ∩ S = {σ0, σ1, σ2, σ3} corresponds to the pattern Pf

4 ; then
fk6(S, σi∩σi+1mod 4) = 1, 0 ≤ i ≤ 3, while fk6(S, σj ∩σj+2) = 0 for j = 0, 1.

Proof. By Prop. 9 and Def. 12 we know that Kα ∩ S ∈ Pk and hence k = 6 if
Kα∩S �= Pc

6. Given σ, τ ∈ Kα∩S two 18S-adjacent voxels, let α, α′ the vertices
of the 1-cell σ ∩ τ . Notice that Kα − S has exactly two 6-components whenever
Kα ∩ S ∈ P6 − {Pf

4}, one contained in Aσ and the other in Bσ since S is simple
(k, 6)-surface. Therefore Kα′ − S is not 6-connected too. Hence Kα′ ∩ S ∈ P6

and (2) follows by the definition of fk6.
For the proof of (3) we have some choices to make. Let ρi ∈ Kα − S be the

voxel strictly 26-adjacent to σi and notice that ρi /∈ Aσi ∪ Bσi , while Aσi and
Bσi contain at least one of the other three voxels in Kα−S, which are 6-adjacent
to σi. Without loss of generality assume that ρ1, ρ3 ∈ Aσ0 and ρ2 ∈ Bσ0 . The
argument used in the previous case also shows that fk6(S, σ0 ∩ σi) = 1 for
i = 1, 3. To check that fk6(S, σ0 ∩ σ2) = 0 it suffices to prove that Kα′ − S is
6-connected, where α′ �= α is the other vertex of the 1-cell σ0 ∩ σ2. Otherwise,
if Kα′ − S is not 6-connected, the voxels in Kα′ −Kα which are 6-adjacent to
ρ1 and ρ2 are necessarily in S, while the voxel τ0 ∈ Kα′ −Kα 6-adjacent to σ0

is in Bσ. However, under these conditions it is not difficult to check that any
6-path in Oσ0 from ρ2 to τ0 crosses any 6-path from ρ1 to ρ3. Now, the same
argument applied to σ2 and σ1 yields that fk6(S, σ2 ∩ σi) = 1, for i = 1, 3 (since
fk6(S, σ0 ∩ σ2) = 0) and fk6(S, σ1 ∩ σ3) = 0, respectively. 	

Lemma 24. Let β ∈ R3 be a 1-cell with vertices α1, α2. If Kβ ⊆ S then Kα1−S
and Kα2 − S are k-connected and, for any voxel σ ∈ Kβ, these differences are
contained in distinct k-components of Oσ k-adjacent to σ.

Proposition 25. Let γ ∈ R3 be a 2-cell with fkk(S, α) = 1; that is, γ is the
intersection of two 6-adjacent voxels, σ, τ ∈ S. Then fkk(S, δi) = 1 for exactly
two faces δ1, δ2 < γ and, moreover, δ1 �< δ2.
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Proof. Notice that Dγ = |st(c(γ),AR3) | − |st(c(γ),AS) | ⊆ Dσ ∩ Dτ since any
face of γ is also a face of σ and τ . Then, if Dγ is connected ∪c(δ)∈Dγ

Kδ−S = Oσ∩
Oτ is contained in a k-component of both Oσ and Oτ , which is a contradiction
with Lemma 3. Therefore, fkk(S, δ) = 1 for, at least, two faces of γ.

Let αi and βi be the vertices and edges of γ, respectively, with αi, αi+1mod 4 <
βi, 0 ≤ i ≤ 3. If fkk(S, βi) = 1 then the unit square Kβi is contained in S and
we know, by Prop. 22, that fkk(S, αi) = 0 = fkk(S, αi+1) and Kαi − S ⊆ Aσ,
Kαi+1 − S ⊆ Bσ by Lemma 24. On the other hand, if fkk(S, αi) = 1, then
k = 6, 18 and fkk(S, βi) = 0 = fkk(S, βi−1). Moreover, it is readily checked that
Kβi − S and Kβi−1 − S are in distinct 6-components of Kγ − S and thus one
is contained in Aσ while Bσ contains the other. Therefore, if fkk lights more
than two faces of γ then it lights exactly either all its vertices or all its edges.
Moreover, in the second case Kα0 ∪Kα2 − S ⊆ Aσ while Kα1 ∪Kα3 − S ⊆ Bσ.
However, ones easily check that any k-path from Kα0 − S to Kα2 − S must
be contained in Oσ − N26(τ) and then it crosses any k-path from Kα1 − S to
Kα3 − S, which is a contradiction. 	

Lemma 26. Let β ∈ R3 be a 1-cell which is a face of some voxel σ ∈ S. The
two following properties hold for the subset of simplices Xβ ⊆ lk(c(σ),AS) whose
vertices are in {c(δ) ; Kδ ⊆ Kα1 ∪Kα2}, where α1, α2 are the two vertices of β.

1. If k = 6 then Xβ is not a 1-sphere.
2. If k ∈ {18, 26} and Xβ is a 1-sphere then ∪αKα − S is contained in one of

the k-components of Oσ which are k-adjacent to σ, where α ranges over the
vertices of σ distinct from α1 and α2.

Proof (Sketch). There are exactly three configurations in (Kα1 ∪ Kα2) ∩ S for
which Xβ is a 1-sphere:

(a) For some i = 1, 2, Kαi ∩ S = P7 consists of three unit squares containing σ.
(b) (Kα1 ∪Kα2)∩S consists of four unit squares, distinct from Kβ, containing σ.
(c) Kα1 ∩S ∈ Pk while Kα2 ∩S is either in Pk or it consists of two unit squares.

From the definition of fkk we know that case (c) is not possible for k = 26 while,
by Prop. 9, case (a) is only posible for this adjacency. Then Kαi − S = {μ} is
a 26-component of Oσ and property (2) follows in this case. On the other hand,
in cases (b) and (c) the voxel τ ∈ Kβ strictly 18-adjacent to σ is not in S and
it can be checked that it belongs to a k-component C of Oσ which is contained
in (Kα1 ∪Kα2) − S. Therefore, C ∈ {Aσ, Bσ} if k ∈ {18, 26} and the proof of
(2) is completed. However, C is not 6-adjacent to σ. Therefore, case (c) is not
possible for k = 6 since τ ∈ Kα1 ∩ S and this set corresponds to a pattern in
P6−{Pf

4}; hence Kα1 −S has exactly two 6-components which are contained in
Aσ and Bσ by Def. 8.

To complete the proof of (1) it suffices to find a 2-cell γ < σ such that c(γ)
belongs to three segments in lk(c(σ),AS), which is a contradiction with Prop. 25.
This is readily checked from the fact that Aσ and Bσ share the two only voxels
in N26(σ) − (Kα1 ∪Kα2) which are 6-adjacent to σ. 	
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Proposition 27. The link lk(c(σ),AS) is a 1-sphere for each voxel σ ∈ S.

Proof (Sketch). It is not hard to derive from Prop. 22, 23 and 25 that lk(c(σ),AS)
is the disjoint union of a non-empty set of 1-spheres. Next we check that this set
consists of just one 1-sphere.

Firstly, assume that there exists a voxel τ ∈ S 6-adjacent to σ, and let Lγ ⊆
lk(c(σ),AS) be the 1-sphere that contains the centre c(γ) of the 2-cell γ = σ∩τ .
In addition, let δ < γ be one of the two cells with fkk(S, δ) = 1 provided by
Prop. 25. Then c(γ), c(δ), c(σ ∩ ρ) ∈ Lγ for any other voxel ρ ∈ S 6-adjacent
to σ and such that δ < ρ. Moreover, c(δ′) ∈ Lγ for any face of γ or σ ∩ ρ with
fkk(S, δ

′) = 1. Hence, the vertices of some other 1-sphere in lk(c(σ),AS) should
be centres of cells which are the intersection of voxels in Kα1 ∪Kα2 , where α1, α2

are the two vertices of σ which are not vertices of τ or ρ. However, notice that
if δ is a 0-cell then Kδ − S is not k-connected, by Remark 13, and it contains
voxels of Aσ and Bσ by Def. 8. Otherwise, if δ is a 1-cell then it is the centre of
the unit square Kδ and, according to Lemma 24, Kα3 −S ⊆ Aσ, Kα4 −S ⊆ Bσ,
where α3, α4 are the vertices of δ. Therefore, Lemma 26 yields that no other
1-sphere in lk(c(σ),AS) can be determined by the voxels in Kα1 ∪Kα2 .

Using a similar but more elaborate argument we reach the same conclusion
if the voxel ρ > δ is strictly 18-adjacent to σ. Thus, we are done if we prove
that lk(c(σ),AS) consists of a single 1-sphere in case the six voxels {τi}6i=1 =
N6(σ)−{σ} are not in S and, thus, they are shared by Aσ and Bσ. This follows
by analysing the four possible configurations: (1) Aσ contains just the voxel τ1;
(2) {τ1, τ2} ⊆ Aσ where, in addition, τ1 and τ2 are proved to be 18-adjacent;
(3) {τi}3i=1 ⊆ Aσ (two configurations). All these configurations are easily worked
out by taking into account that if τi ∈ Aσ and τj ∈ Bσ then any voxel which is
6-adjacent to both lies in S since this case can occur only if k = 6. 	
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