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Abstract. We study some variants of Conway’s thrackle conjecture. A
tangle is a graph drawn in the plane such that its edges are represented
by continuous arcs, and any two edges share precisely one point, which
is either a common endpoint or an interior point at which the two edges
are tangent to each other. These points of tangencies are assumed to be
distinct. If we drop the last assumption, that is, more than two edges
may touch one another at the same point, then the drawing is called a
degenerate tangle. We settle a problem of Pach, Radoičić, and Tóth [7],
by showing that every degenerate tangle has at most as many edges as
vertices. We also give a complete characterization of tangles.
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1 Introduction

A drawing of a graph (or a topological graph) is a representation of the graph in
the plane where the vertices are represented by different points of the plane, and
the edges by simple continuous curves connecting their corresponding vertices
while avoiding any other vertices. When it is clear by the context, we will make
no distinction between the drawing of a graph and the graph itself. Similarly, we
use V (G) to refer both to the vertices and their corresponding points and E(G)
to refer both to the edges and their corresponding curves.

A drawing of G is called a thrackle if every pair of edges meets exactly once,
either at an endpoint or at a proper crossing (a proper crossing of two edges
is a crossing where one of the edges passes from one side of the other edge to
its other side). Conway conjectured, in the sixties, that a thrackle cannot have
more edges than vertices [2][1][9]. Since then, there have been many results. The
first, by Lovász, Pach, and Szegedy [6], established that the number of edges of
a thrackle with n vertices is at most 2n− 3. This was improved, by Cairns and
Nikolayevsky, to 1.5n [3], and again improved, by Fulek and Pach, to a bit less
than 1.428n [4].

In 2011 going along a similar direction, Pach, Radoičić, and Tóth [7] coined
the term tangle, degenerate tangle, and tangled thrackle.
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Definition 1. A tangle is a graph drawn in the plane such that its edges are
represented by continuous arcs, and any two edges share precisely one point,
which is either a common endpoint or an interior point at which the two edges
are tangent to each other. These points of tangencies are assumed to be distinct.

Definition 2. A degenerate tangle is a graph drawn in the plane such that its
edges are represented by continuous arcs, and any two edges share precisely one
point, which is either a common endpoint or an interior point at which the two
edges are tangent to each other. These points of tangencies are not assumed
to be distinct.

The only difference between a tangle and a degenerate tangle is that for the
latter, more than two edges may touch one another at the same point.

Definition 3. A tangled thrackle is a topological graph where any two edges
shares precisely one point, either an endpoint, a point of tangency, or a proper
crossing. These points of tangencies, and crossings, are assumed to be distinct.

Definition 4. A degenerate tangled thrackle is a topological graph where any
two edges share precisely one point, either an endpoint, a point of tangency, or
a proper crossing. More than two edges may touch at the same interior point,
but no crossing and touching point can coincide.

In [7] Pach et al. proved that every tangle with n vertices has at most n edges.
And using a lemma from [8], which bounds the number of edges of a simple topo-
logical graph with n vertices and no k pairwise disjoint edges, they proved that
the number of edges of a tangled thrackle with n vertices is at most cn log12 n,
for a fixed constant c. It is conjectured, [7] that the number of edges of a tangled
thrackle with n vertices is O(n), however none of the current techniques seem to
work for this problem. For the case of degenerate tangled thrackles, no bounds
are known.

In [7], it is also mentioned that a degenerate tangle with n vertices has at
most 3n − 6 edges. We improve this bound, showing that the number of edges
of a degenerate tangle is at most the number of vertices, and this is tight, just
as in the case of tangles.

In this paper, in an attempt to further understand the nature of tangles,
degenerate tangles, thrackles, and tangled thrackles, we characterize tangles.
We say that a graph is a star graph if it is the same as K1,k for some integer k.
We do not consider graphs with vertices of degree zero.

Theorem 1. A graph G can be drawn as a tangle if and only if G is:
1. a graph with at most four edges; or
2. a graph that can be turned into a star graph by the removal of an edge and
some isolated vertices.

Theorem 2. Every degenerate tangle with n vertices has at most n edges.
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2 Tools and Definitions

Our main tool of this paper, is the following lemma together with the definition
of semi-dual of a tangle.

Lemma 1. Let D be the family of graphs consisting of the graphs with exactly 5
edges and where every vertex has degree 3 or less. Then, no tangle can contain
a graph from D as a subgraph.

Before proving this Lemma, let us define the semi-dual graph of certain tangles.
The semi-dual together with Kuratowski’s theorem [5], will be used extensively
throughout the proofs of this paper.

Fig. 1. From left to right: a drawing of a tangle and its semi-dual. The small points
represent the fixed points of each edge, while the large point is a vertex.

Consider a tangle G where each vertex has degree 3 or less. For each edge, fix
an interior point. For every pair of points, connect them using two pieces of the
corresponding curves that meet, either at an endpoint or at a point of tangency.
We further perturb this drawing to eliminate overlapping of edges, and hence
obtain a planar graph. Note that this can be perturbed into a planar drawing
because all vertices have degree three or less, see Figure 1. We call this resulting
drawing the semi-dual of G and denote it Gs.

For a degenerate tangle, we say that x is a degenerate point if it is in the
relative interior of at least 3 edges. We say that the edges that meet in x, a
degenerate point, are its corresponding or adjacent edges. We say that a vertex
is adjacent to x, if one of its edges passes through x; otherwise we say that it is
non-adjacent to x.

Let us return to Lemma 1.

Proof. Suppose, for a contradiction, that there exists a tangle G with H ∈ D a
subgraph of G. By deleting all edges of G except the ones in H , we are left with
a tangle drawing of H . Consider the planar graph Hs, semi-dual of H . Then it is
clear that Hs is a planar drawing of K5, which is a contradiction to Kuratowski’s
theorem. ��
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3 Tangles

In [7] it was proved that every tangle with n vertices has at most n edges. As
an application of Lemma 1 we reprove, in a different way to Pach et al., the
following theorem.

Theorem 3. [7] Every tangle with n vertices has at most n edges.

Proof. For a contradiction, consider a minimal counterexample, that is, let G be
a tangle with n vertices, n+ 1 edges and such that every proper subgraph of G
has no more edges than vertices. If G has a vertex of degree 1, we could delete
it, and get a tangle with n−1 vertices and n edges, contradicting the minimality
of G. Hence every vertex of G has degree at least 2. Therefore, G has one of the
following properties:

– 1. All vertices have degree 2, except for a vertex of degree 4.
– 2. All vertices have degree 2, except for 2 vertices of degree 3.

Case 1
Let v be a vertex of degree 4. Delete one of its edges. Hence we have a graph
where every vertex has degree at most 3. Note that this graph has at least 5
vertices, hence it has at least 5 edges. This is a contradiction to Lemma 1.

Case 2
In this case, all vertices have degree at most 3. Because there are two vertices of
degree 3, then there are at least 4 vertices, hence at least 5 edges, which is again
a contradiction to Lemma 1. ��

3.1 Proof of Theorem 1

Proof. Let G be a tangle. If G has a vertex v of degree 3 or more then, by Lemma
1, it follows that there is at most one edge not adjacent to v. If all the vertices
of G have degree less or equal to 2, then, again by Lemma 1, it follows that it
cannot have more than 4 edges.

Graphs with at most four edges and graphs that can be turned into a star
graph by the removal of an edge can be drawn as tangles, see Figure 2. ��

Fig. 2. From left to right, a tangle drawing of a star graph with an extra edge, a cycle
of length four, a matching of size four, and a triangle with an extra edge. All four-edge
graphs with no cycles can be drawn from the drawing of a matching of size four.
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4 Degenerate Tangles

4.1 Proof of Theorem 2

Proof. For a contradiction, consider a minimal counterexample, that is, let G =
(V,E) be a degenerate tangle with n vertices, n + 1 edges and such that every
proper subgraph of G has no more edges than vertices. Every vertex will have
degree at least 2, since a vertex of degree one could be removed contradicting
the assumptions of G. Hence, just as in the proof of Theorem 3, there are two
cases to consider:

– 1. All vertices have degree 2, except for a vertex of degree 4.
– 2. All vertices have degree 2, except for 2 vertices of degree 3.

Since G has more edges than vertices, Theorem 3 implies that there exists a
degenerate point x where edges a, b, c ∈ E meet. Denote by a1, a2; b1, b2; c1, c2
the endpoints of a, b, c; respectively. We will show that neither of the two cases is
possible. For the latter, we will get a contradiction to Lemma 1 by finding 5 edges
that form a tangle, with no vertex having degree greater than three. However,
one thing must be noted: because we are now dealing with degenerate tangles,
one of the key things is to find such five edges where no three pass through the
same point, that is between the 5 edges no degenerate point is made.

Case 1
Suppose first that v, the vertex of degree four, is not adjacent to x. Then any
three edges from the adjacent edges to v, together with any two edges from
{a,b,c} give a contradiction to Lemma 1. Now, let us consider the case where v
is adjacent to x, and without loss of generality let us assume that v = a1. In this
case, edges b, c together with the 3 edges of v that are not adjacent to x, give a
contradiction to Lemma 1, this is because between those 5 edges no degenerate
point is formed.

Case 2
Let u and v be the vertices of degree 3. Then, there are at least 5 edges with an
endpoint in either u,v, or both. These 5 edges are a contradiction to Lemma 1,
again because between those 5 edges no degenerate point is formed. ��
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