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Abstract. Online metric learning using margin maximization has been
introduced as a way to learn appropriate dissimilarity measures in an
efficient way when information as pairs of examples is given to the learn-
ing system in a progressive way. These schemes have several practical
advantages with regard to global ones in which a training set needs to be
processed. On the other hand, they may suffer from a poor performance
depending on the quality of the examples and the particular tuning or
other implementation details. This paper formulates several online met-
ric learning alternatives using a passive-aggressive schema. A new for-
mulation of the online problem using least squares is also introduced.
The relative behavior of the different alternatives is studied and com-
parative experimentation is carried out to put forward the benefits and
weaknesses of each alternative.

1 Introduction

Organizing, classifying and/or representing sets of data is of key importance
in many different application domains from fields like image analysis, pattern
recognition or data mining. Distance-based methods form a well established
group of approaches to tackle classification, regression, estimation and clustering
problems. The performance of such methods, depends on the metric that relates
input instances which is intimately tied to the way objects are represented.

In recent years, Distance Metric Learning (DML) has been an active area
of research. In most cases, DML aims at learning an appropriate Mahalanobis-
like distance matrix. Although there are many approaches, the most common is
to define a (usually convex) criterion function which expresses the desired goal
[1,2] which basically consists of keeping similar objects close and dissimilar ones
far away at the same time. Determining the solution of such global optimiza-
tion problems can be computationally expensive specially when dealing with
large-scale problems [3]. Consequently, the need of effective and efficient learn-
ing methods has led to the emergence of sequential methods [4,5], mainly based
on optimizing a convenient criterion over only one instance (pair of objects) that
is made available for learning at every time step.
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Unfortunately, many practical and theoretical problems arise. On one hand,
different ways of sequentially enforcing additional constraints may lead to dif-
ferent solutions requiring different amount of computation. On the other hand,
the performance of the final solution may deviate significantly from the ideal
(global) goal depending of the particular instances used in the last iterations.

The present work jointly introduces a family of online metric learning al-
gorithms which use margin maximization [4]. A novel formulation of the same
online optimization problem is proposed using a least square formulation instead
of the passive-aggressive schema [6]. Exhaustive comparative experimentation is
carried out in order to fully characterize the advantages and drawbacks of each
online algorithm with regard to other state of the art alternatives.

2 Online Metric Learning

Assume Rd is a real d−dimensional feature space and consider a set of points
{xi}Ni=1 ∈ Rd, and a labeling function yij which indicates when a pair of points
xi, xj is similar (yij = 1), or dissimilar (yij = −1). This labeling can come from
a user or an appropriate oracle according to the practical problem at hand.
A distance function (or simply distance) is a real function defined on Rd × Rd

satisfying nonnegativity, identity and triangle equality. This function is a pseudo-
metric if identity (it can be zero even for different objects) is not enforced. It
is possible to represent a vast family of pseudo-metrics (including the Euclidean
distance) by using a Positive Semi Definite (PSD) matrix M as:1

dMij = dM (xi, xj) = (xi − xj)
�M(xi − xj). (1)

The main goal of metric learning is to obtain a matrix M that reflects the
(dis)similarity between pairs of points, xi, xj , leading to appropriately different
distance values depending on whether these points are really (dis)similar or not.
An idealized situation can be visualized as having a convenient threshold value,
b, in such a way that all similar distance values are under b and all dissimilar
distance values are above b.

2.1 The Separable Case

A pseudo-metric function is better if the corresponding separation between
(dis)similar distance values is bigger. This condition can be expressed as max-
imizing the margin around the threshold value, b. In the separable case and
following a similar approach as with support vector machines [7], maximizing
the margin can be turned into fixing a margin value and minimizing the (Frobe-
nius) norm of the matrix M . Setting a fixed value of 2 between both kind of
distance values can be compactly expressed as

yij(b − dMij ) ≥ 1. (2)

1 By convenience, we consider in this work squared versions of the distances.
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Instead of considering constrained optimization using all information (examples)
available, the above problem can be solved in a more convenient way both from
the point of view of computation and robustness by using an online learning
approach [4,8] . Under this sequential scheme, at each step k, a particular model
formed by the pair (Mk, bk) is available to make a prediction over the labeled
pair tk = (xi, xj , yij) which is revealed to the system at this step. First, a pre-
diction with the previous model (Mk, bk) is made and a loss corresponding to
the violation of this particular constraint is measured. In particular, the hinge
loss is used

�H(M, b, tk) = max
{
0, 1− yij(b− dMij )

}
. (3)

Only in the case when the predictor (Mk, bk) fails, i.e. the hinge-loss is greater
than zero, �H(Mk, bk, tk) > 0, the system is forced to retrain their current model.

The aim is to find the nearest model (M̂k+1, b̂k+1) to the previous one that
attains zero loss in the received pair (provided that it exists). This can be written
as the following (online) optimization problem

(M̂k+1, b̂k+1) = argmin
M,b

1

2
‖M −Mk‖2Fro +

1

2
(b− bk)2, (4)

s.t. �H(M, b, tk) = 0, (5)

where ‖ . ‖Fro is the Frobenius norm. As was shown in [4] the corresponding
update becomes:

M̂k+1 = Mk − τyij(xi − xj)(xi − xj)
�, (6)

b̂k+1 = bk + τyij , (7)

where

τ =
�H(Mk, bk, tk)

1 + ‖(xi − xj)(xi − xj)�‖2Fro
. (8)

Two additional constraints are needed in the definition of the problem [4]. The
first one is that the matrixM must be Positive Semi Definite (PSD),that is, M �
0 and consequently the threshold bmust be above 1, b ≥ 1. Since τ is nonnegative,
the constraint M � 0 is straightforwardly taken taken into account if yij = −1
when using the rank-one update in Eq. (6). In the case yij = 1, this update may
introduce one negative eigenvalue in M at most. The closest PSD matrix can
be found by setting this negative eigenvalue to zero after eigendecomposing M .
Alternatively and equivalently, both the eigenvalue along with its corresponding
eigenvector can be added to M after computing them using the Lanczos method
[4].

2.2 Soft Margin Formulation

The previous formulation only makes sense if feasible solutions exist. Which
means that similar/dissimilar pairs can be strictly separated. As in [6], different
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alternatives for the inseparable case can be considered. In particular, the insep-
arable case can be solved by adding the slack variable ξij ∈ R to the original
formulation and enforcing its positiveness by adding a new constraint to the
problem. This slack variable ξij is weighted by a hyper-parameter C ∈ [0,+∞[,
that preserves the trade off between closeness to the previous model and loss
minimization. Following the passive-aggressive approach [6] the corresponding
online optimization problem can be stated as:

(Mk+1, bk+1) = argmin
M,b,ξij

1

2
‖M −Mk‖2Fro +

1

2
(b − bk)2 + Cξij , (9)

s.t. �H(M, b, tk) ≤ ξij , ξij ≥ 0 (10)

Alternatively, the objective function can be scaled quadratically with respect to
ξij . This fact avoids the need to restrict ξij to be nonnegative. That is,

(Mk+1, bk+1) = argmin
M,b,ξij

1

2
‖M −Mk‖2Fro +

1

2
(b − bk)2 + Cξ2ij , (11)

s.t. �H(M, b, tk) ≤ ξij . (12)

These two formulations lead to different update rules that will be referred to
as PA-I and PA-II, respectively as in [6]. These update rules are the ones in
Equations (6) and (7) but changing the rate τ by τ1 and τ2, respectively.

τ1 = min

{
C,

�H(Mk, bk, tk)

1 + ‖(xi − xj)(xi − xj)�‖2Fro

}
, τ2 = �H(Mk,bk,tk)

1+ 1
2C

+‖(xi−xj)(xi−xj)
�‖2

Fro

. (13)

2.3 Least Squares Formulation

An alternative formulation inspired on a Least-Squares approach [9] is also pos-
sible. Instead of forcing a soft margin and minimize the amount of violation on
this condition, it is possible to force similar and dissimilar distance values to
fall close to the “representative” values b − 1 and b + 1, respectively. To this
end, one can sequentially minimize the corresponding squared error. This can
be formulated as:

(Mk+1, bk+1) = argmin
M,b,ξij

1

2
‖M −Mk‖2Fro +

1

2
(b − bk)2 + Cξ2ij , (14)

s.t. 1− yij(b − dMij ) = ξij . (15)

The main change in this formulation is that the inequality in the restriction (12)
has been changed by an equality at restriction (15) and, the loss function is now
a function which measures how far is the distance value from its corresponding
idealized one (b−1 or b+1). This fact brings more aggressiveness to the problem
formulation and the final number of updates will consequently expected to be
greater. In fact, the update rule can be derived in a very similar way as in the
previous cases leading to a different rate given by
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τ3 =
1− yij(b

k − dM
k

ij )

1 + 1
2C + ‖(xi − xj)(xi − xj)�‖2Fro

. (16)

Note that τ3 can take negative values and it holds that τ2 = max{0, τ3}.
The corresponding algorithm will be referred to as PA-LS here, although it

cannot be properly considered as passive-aggressive because only in the partic-
ular case when it holds 1− yij(b − dMij ) = 0, the system does a passive step (do
nothing) and this only occurs when the distance value takes exactly its desired
value. This is in contrast with the above PA-I and PA-II approaches which perform
a passive step in the case when �H = 0 that corresponds to 1− yij(b− dMij ) ≤ 0.

2.4 Tuning and Implementation Details

The performance of the different online learning algorithms using the above
update rules strongly depend on the value of the parameter C (which needs to
be adapted for each database) and also on the initial model given by M and b
(that have been set to the zero matrix and 0 following considerations in [4]).

On the other hand, the PSD constraint needs to be enforced at each learning
step but it is possible to relax this by allowing negative models during a fixed
amount of learning steps after enforcing positiveness [3]. In fact, in our exper-
iments we have obtained better results in general if the PSD constraint is not
enforced until the end of the online learning process. Consequently, for each one
of the above algorithms we consider a positive (+) version in which the PSD
constraint (and b ≥ 1) are enforced at each iteration, and a negative (-) one in
which these constraints are only enforced at the end of the process.

3 Experiments and Results

In order to compare all the above online methods, an exhaustive experimen-
tation has been designed. It has been mainly focused on classification, time
execution and convergence-optimality trade off. Several different publicly avail-
able databases from [10,11] are taken into account. Moreover, a more realistic
database previously used in CBIR tasks [12] has also been selected. This database
is extracted from a commercial collection called “Art Explosion”, distributed by
the company Nova Development (http://www.novadevelopment.com). To per-
form more meaningful classification experiments, only classes with more than
100 elements have been selected. In all cases, objects are considered similar only
if they share the same class label. Datasets used in the comparative study and
their particular characteristics are shown in Table 1.

Table 1. Characteristics of Databases

wine ionosphere balance soybean BDG100 nist16
Size 178 351 625 266 1710 2000

Dimension 13 34 4 35 104 256
no. of classes 3 2 3 15 10 10

http://www.novadevelopment.com


378 A. Perez-Suay and F.J. Ferri

Experimentation setup has been fixed as suggested in the work [5], where
one of the most competitive metric learning algorithms has been introduced
and studied. Precisely this algorithm, the Information Theoretic Metric Learn-
ing (ITML), has been adopted in the present study as a baseline. The ITML
algorithm has been used as suggested in [5] using the software made available
by the authors that has its own tuning mechanism which assigns appropriate
parameters to the algorithm.

To study the behavior of all the online methods, initial values have been fixed
as (M0, b0) = 0. In all cases, C is tuned using a validation set taking from
the available training set. In particular, exponentially spaced values between
[10−4, 102], have been considered. In order to feed all the methods considered
with the same amount of information, a subset of 40c(c − 1) pairs has been
randomly selected for each run on each of the databases. The online algorithms
are feed with random pairs from this subset. The subset of pairs is presented
several times with different random order until the total number of time steps
exceeds 20% of total number of pairs in each training set. As will be shown in the
following, this amount of iterations has been proved as a good trade off between
computational cost and performance. All results presented are the average of
10 independent runs with different random initializations but with exactly the
same data for each one of the alternative algorithms.

To illustrate the behavior of the different approaches throughout the learn-
ing process, several loss and performance measures have been taken during
the learning process. First, Figure 1 shows the predictive 0-1 loss defined as
� = 1

2T

∑T
k=1 |yk − ŷk|, where T is the learning sequence length, k represents the

corresponding pair supplied at (k + 1)-th step and yk and ŷk are the true and
predicted labels using the model (Mk, bk). This measure illustrates the behavior
of the different online algorithms throughout time when discriminating between
similar and dissimilar objects.

All online learning algorithms have lead to reasonably good behavior in the
experiments carried out according to this loss measure. In 5 out of 6 databases,
negative methods have led to better results compared to positive versions of the
same methods. The case of the two biggest databases is specially remarkable.
On the other hand, the LS methods exhibit significantly worse behavior in wine,
balance, soybean and BDG10 databases.

To measure the quality of the final outcome of the different algorithms, the
corresponding matrices, M , have been used to construct a k-NN classifier. The
classification error using up to the first 25 neighbors has been computed and the
best results for each database and method are shown in Table 2.

The classification errors obtained with all algorithms including ITML, are all
good classification results in the context of the experimentation carried out in
this work. It must be noted that the differences among different classification
results are not significant in most of the cases. Nevertheless, it can be concluded
that all algorithms lead to very competitive results. Also worth noting is the
fact that the combination of LS approach with negative matrices lead to the
best results in the three last databases.
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Fig. 1. Predictive error of the online algorithms
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Table 2. Average classification errors and best number of neighbors (in brackets). Best
result for each database is shown in bold.

ITML PA-I+ PA-I− PA-II+ PA-II− PA-LS+ PA-LS−

wine 3.33(3) 1.76(5) 1.68(6) 1.59(3) 1.68(9) 2.42(7) 1.87(3)
ionosphere 15.46(2) 12.87(2) 13.59(2) 14.00(2) 13.87(2) 14.26(2) 13.84(2)
balance 26.27(3) 21.88(3) 21.92(2) 25.81(3) 23.40(2) 31.23(6) 25.79(6)
soybean 8.63(1) 10.73(1) 10.00(1) 9.87(1) 9.70(1) 9.77(1) 8.27(1)
BDG10 20.27(6) 20.93(7) 21.74(6) 20.72(7) 21.40(7) 20.25(9) 20.20(9)
nist16 5.65(1) 5.67(1) 5.86(1) 5.67(1) 6.03(1) 6.64(1) 5.62(1)

All experiments on all databases have been run using the same computer. In
particular, an AMD Athlon(tm) 64 X2 Dual Core Processor 4200+ has been
used but restricting the code to use only one CPU to obtain more accurate
measurements (except for the two biggest databases). Figure 2 shows the relative
averaged running time spent by each online learning algorithm with regard to
the time used by the ITML algorithm.
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Fig. 2. Relative averaged execution CPU time with regard to ITML

From the running times shown, it can be seen that all online algorithms are
very efficient compared to ITML. The case of positive versions on ionosphere,
BDG10 and nist16 databases that get close to 200% is an exception. But more
importantly, we see that the negative online algorithms reduce dramatically the
time spent by their corresponding positive versions while preserving good per-
formance results. The running times are kepts relatively low even in the case of
PA-LS(-) that need about twice the number of updates with regard to the other
negative online algorithms.

4 Concluding Remarks and Further Work

A family of online metric learning algorithms has been considered. The formula-
tion using a soft margin and a passive-aggressive scheme has been extended by
considering a least squares formulation. The algorithms have been implemented
as positive versions in which the PSD constraint is enforced at each iteration,
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and negative ones in which the constraint is enforced only at the end. Perfor-
mance results show that under an appropriate implementation and tuning, all
online methods are able to arrive at good results, but the negative versions are
appealing due to their low running times. All online methods presented in this
work still have room for improvement. In particular, the number of iterations
can be adapted by introducing convergence criteria that are now under study.
Also, with regard to LS methods, we are currently improving its running time
by adding an updating tolerance when the value of τ3 is close enough to zero.
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