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Abstract. This paper investigates the feature selection and contextual
classification of hyperspectral images through the sparse conditional ran-
dom field (SCRF) model. To relieve the heavy degeneration of classifi-
cation performance caused by the characteristics of the hyperspectral
data and the oversparsity when SCRF selects a small feature subset, we
develop a dynamic learning framework to train the SCRF. Under the
piecewise training framework, the proposed dynamic learning method of
SCRF can be implemented efficiently through separated dynamic sparse
trainings of simple classifiers defined by corresponding potentials. Exper-
iments on the real-world hyperspectral images attest to the effectiveness
of the proposed method.
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1 Introduction

Hyperspectral image analysis is attracting a growing interest in real world appli-
cations, such as urban planning, mapping, agriculture, forestry, and disaster pre-
vention and monitoring. Many these applications can be finally transformed into
some classification tasks. In the literature, many techniques have been developed
for the classification purpose, including support vector machines [1, 2], neural
networks[3], graph method[4–6], and others. Many algorithms take into consid-
eration only spectral variations, ignore spatial correlations, and treat each site
independently. However, hyperspectral images show strong correlations across
spatial and spectral neighbors[6], which have been proved to be very useful for
image analysis in both the remote sensing and computer vision communities.

Markov random fields (MRFs) are the classical probabilistic approaches for
modeling the contextual information in label images. However, for computational
tractability, the observed data are assumed to be conditional independent, which
neglects the contextual information in the observed data of a given class. Con-
ditional random fields (CRFs) have recently gained popularity since they have
the ability to incorporate contextual information in the labels as well as the
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observations[7]. But as for other supervised classifiers, excessive large number of
spectral features may bring on the well-known overfitting problem for CRFs[8, 9].
Moreover, it is inefficient to use many irrelevant features due to the increased
computational complexity.

Reduction in the number of features thus can be a direct way to overcome
the overfitting and save the computational cost. Recently, there have several
approaches to select the relevant features for the classical log-linear CRFs with
potentials defined as simple linear combinations of features. But for the extended
CRF with potentials defined as discriminative classifiers, the log-likelihood can-
not guarantees to be an additive function of features. Thus it may be difficult to
use the methods directly to select features for the extended CRFs. In contrast,
we addressed the feature selection problem during training by adding a sparsity-
promoting regularizer to the log-likelihood in the form of a log Laplacian prior
on the model parameters[9]. The trained sparse model is named sparse CRF
(SCRF) model.

In this work, we go one step further to demonstrate that as the generalized
linear models (GLMs), SCRFs may suffer from the heavy degeneration of classi-
fication performance when they select small feature subset. This work develops
a dynamic learning method of the SCRF (D-SCRF, for short) to relieve the
negative effects of the problem on the classification performance. Moreover, we
will show that under the piecewise training framework, the dynamic learning of
SCRF can be efficiently implemented through two separated dynamic trainings
of Sparse Multinomial Logistic Regression (SMLR) models.

2 SCRF for Feature Selection and Classification

In hyperspectral image classification, the observed data y is considered to be
a set of spectral vectors {y1, y2, ..., yI}, where yi = [yi1, yi2, ..., yiD]

T
denotes a

spectral vector associated with an image site i ∈ S. D is the number of spectral
bands and S = {1, 2, ..., I} is the set of image sites. The label set is given by
x = {x1, x2, ..., xI}, where xi ∈ {1, 2, ..., L} and L is the number of classes.

The CRF for hyperspectral image classification directly models the posterior
as

P (x|y, θ) = 1

Z
exp

⎧
⎨

⎩

∑

i∈S

φi (xi, y, w) +
∑

i∈S
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ξij (xi, xj , y, v)

⎫
⎬

⎭
(1)

where Z is a normalizing constant known as the partition function. The unary
clique potential φi (.) is defined as multinomial logistic regression (MLR) model:

φi (xi, y, w) =

L∑

l=1

δ (xi = l) logP (xi = l|y, w) (2)
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wk is the parameter vector [wk1, ..., wkD]T for k th class. The pairwise clique
potential ξij (.) is defined as a generalization of the Ising model[10]:

ξij (xi, xj , y, v) =
∑

k,l∈{1,...,L}
vTklμij (y) δ (xi = k) δ (xj = l) (4)

where vkl is the parameter vector and μij (y) is a spectral feature vector obtained
by concatenating all elements of two vectors yi and yj .

The parameters θ = {v, w} is said to be sparse if and only if many of its
entries are exactly zero. The sparsity is associated with the definition of feature
selection. So the feature selection can be implemented by the sparse trainings of
the model parameters. Let {x̃, ỹ} = {x̃c, ỹc}c∈C̃ be the selected training samples.
The sparse training is implemented as a maximum a posteriori (MAP) estimate

θ̃ = argmax
θ

Q (θ) = argmax
θ

(L (θ)− λθ ‖θ‖1) (5)

where ‖θ‖1 =
∑

n |θn| denotes the l1 norm of the parameters θ in the sparsity-
promoting Laplacian distribution and L (θ) is the log-likelihood.

3 Dynamic Learning of SCRF

The sparsity of the parameter set θ is controlled by the regularization param-
eter λθ. The larger is λθ, the greater is sparsity. Excessively large values of
λθwill result in under-fitting, while excessively small values of λθ could result
in over-fitting. In the literature of l1 regularization, the cross-validation method
is usually used to select the optimum λθ from predefined values [11], which are
fixed through the whole training procedures. However, as for the generalized lin-
ear model (GLM), the fixed-value-based method may bring two problems for the
SCRF. Firstly, to select relative small feature subset, SCRF should be trained
with large values of λθ. But the fixed excessively large parameter can result in
the over-sparsity. Secondly, each band of hyperspectral data contains some in-
formation but only some of the bands have significant effects on output. Such
characteristics also prevent the optimal λθ derived from fixed-value-based meth-
ods from obtaining high level of performances[12].

Both the problems are derived essentially from negative effects of the too many
irrelevant or weakly relevant features on the classifier. So a direct method dealing
with the problems is to get rid of the obvious irrelevant features on the basis of
their relevance or discriminant powers with regard to the targeted classes before
training. But the primary feature selection procedure is not correlated to the
SCRF model. In contrast, we develop a dynamic learning method to incorporate
the primary feature selection procedure into the training of SCRF. As mentioned
earlier, the larger is λθ, the greater is the sparsity, which means more features
are discarded. Based on this conclusion, the dynamic learning makes the λθ vary
during iterative training: the large values of the λθ are utilized to get rid of the
obvious irrelevant or weakly relevant features at the earlier iterations; then the
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later iterations arrives the convergence and obtains the superior classifier. For
the remainder of this work, the variable parameter is denoted as λαθ , and then
we get the objective function of dynamic learning framework as

Qα (θ) = L (θ)− λαθ ‖θ‖1 (6)

3.1 Piecewise Implementation of Dynamic Learning

Because ‖θ‖1 =
∑

n |θn| is a nondifferentiable term at the origin, the usual
gradient-based methods cannot be directly utilized to maximize the objective
function. In this work, we develop an efficient sparse training method under the
piecewise training framework. Firstly, L (θ) is divided according to the types
of the cliques. Let C̃m be the set of the type of cliques with m sites selected
for model training. Then the divided graph factor a is a clique c in the set

A =
{
C̃m

}

m=1,2,...
� C̃, and consequently, the divided factor fa (x̃a, y) of L (θ)

is exactly the potential ψc (x̃c, ỹ, θ). Finally, the piecewise dynamic training of
SCRF with the special division is to maximize the objective function

Qα
PW (θ) =

∑

c∈C̃

log
ψc (x̃c, ỹ, θ)

∑
xc
ψc (xc, ỹ, θ)

− λαθ ‖θ‖1 (7)

Consider only up to pairwise clique potentials, then Eq. (7) can be rewritten as

Qα
PW (w, v) =

⎛

⎝
∑

i∈C̃1

log
exp {φi (x̃i, ỹ, w)}
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⎠

︸ ︷︷ ︸
Qα

w

+

⎛
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log
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∑
xi,xj

exp {ξij (xi, xj , ỹ, v)} − λαv ‖v‖1

⎞

⎠

︸ ︷︷ ︸
Qα

v

(8)

Eq. (8) shows that under piecewise training framework with the special division,
D-SCRF can be trained by independently dynamic training the local sparse
classifiers over each kind of cliques.

In the first term in Eq.(8), the unary potential modeled as MLR in Eq. (3) has

the normalization condition as
∑L

l=1 P (xi = l|y, w) = 1. So the denominator of
the first term in Eq. (8) is just the constant one. We then immediately have

Qα
w =

∑

i∈C̃1

logP (x̃i|ỹ, w)− λαw ‖w‖1 � LMLR (w) − λαw ‖w‖1 (9)

Since P (x̃i|ỹ, w) is defined as MLR (Eq. (4)), LMLR (w) is log-likelihood of MLR
and then Eq. (9) is exactly the objective function of D-SMLR [13].
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In the second term in Eq.(8), Qα
v can be written as

Qα
v =

∑

i,j∈C̃2

logP (x̃i, x̃j |μij (ỹ) , v)− λαv ‖v‖1 � LMLR (v)− λαv ‖v‖1 (10)

where

P (x̃i = k, x̃j = l|μij (ỹ) , v) =
exp

(
vTklμij (ỹ)

)

∑L
m=1

∑L
n=1 exp

(
vTmnμij (ỹ)

) (11)

Eq. (11) shows that P (x̃i, x̃j |μij (ỹ) , v) acts as a MLR model with L2 classes,
and then LMLR (v) is also the log-likelihood of MLR and Eq. (10) is exactly the
objective function of D-SMLR.

Therefore, we can draw the conclusion that with the potentials defined as Eq.
(3) and (4), the dynamic training of the SCRF can be implemented as exactly two
kinds of dynamic sparse MLR (D-SMLR) models under the piecewise training
framework. The D-SMLR is implemented through changing the hyperparameter
λαθ under the iterative training framework.Then the varied hyperparameter is

relevant to the iterations and λαθ can be further denoted as λ
(t)
θ . In this work,

we use the following function of varied hyperparameter with the variable t

λ
(t)
θ = ρθ,1 ∗ βt + ρθ,2 (12)

where 0 ≤ β < 1, ρθ,1 and ρθ,2 are positive constants. More details of derivation
of the D-SMLR algorithm can be found in [13].

3.2 Model Combination in Inference

We noted that the D-SCRF training through independent D-SMLR trainings
may leads to problems with over-counting during inference[14].We introduce
scalar powers for each term, and then combine the independently trained models
during inference as

P (x|y) ∝ exp

⎧
⎨

⎩
γ1

[
∑

i∈S

φi (xi, y, w̃)

]

+

⎡

⎣
∑

i∈S

∑

j∈ηi

ξij (xi, xj , μij (y) , ṽ)

⎤

⎦

⎫
⎬

⎭
(13)

where w̃ and ṽ are the optimal D-SMLR parameters learned independently, and
γ1 is the fixed power for the unary potential. The inference of the form (13) can
be efficiently implemented by loopy belief propagation (LBP).

4 Experimental Results

4.1 Data Set for Experiments

The proposed algorithm was tested on real world hyperspectral image. The data
consist of a 145x145 pixels portion of an AVIRIS image acquired over NW Indian
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Fig. 1. Indian Pine data set. (a) is original image produced by the mixture of three
bands. (b) is ground truth with five classes. (c) is map colour and number of samples.

Table 1. Number of total, training, and test Samples in Indian Pine data set

class Name total training test

corn-notill 1434 500 934

grass/Tree 747 260 487

hay-windrowed 489 172 317

soybeans-notill 968 340 628

woods 1294 452 842

total 4932 1724 3208

Pine in June 1992[15]. In our experiments, all of the 220 original spectral channels
were employed and five classes were selected from the efficiency point of view
only (see Fig. 1). We randomly select the spatially joint pairwise pixels to create
the training dataset. The details of training and testing pixels for each class are
listed in table 1.

4.2 Convergence

At first, we evaluate performances of the dynamic training method. The con-
vergence property of the training method is illustrated in Fig. 2 through the
plots of gradients with change of iteration times. Since there are total 880
wij (i = 1, ..., 220, j = 1, ..., 4) and 2200 vij (i = 1, ..., 440, j = 1, ..., 5) in this ex-
periment setup, it is impossible to demonstrate the gradients of all parameters.
Without losing generality, we present only the gradients of the parameters corre-
sponding to the first dimension in the feature vectors. As shown in Fig. 2, both
the training processes show convergences with more than 100 iterations.

4.3 Classification Behavior with Different Number of Selected
Features

Then, we present the classification performances of SCRF and D-SCRF with the
different number of selected features. The SCRF is also trained by the piecewise
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Fig. 2. Convergence of the training method. (a) is the plots of the gradients of
{w1j , j = 1, ..., 4}. (b) is the plots of the gradients of {v1j , j = 1, ..., 5}.

training method presented in Section 3.1. At first, we demonstrate the classifi-
cation behaviors of the two models with only unary (setting v as 0) or pairwise
(setting w as 0) clique potentials respectively. Then we combine the unary and
pairwise clique potentials to get the full SCRF and full D-SCRF through Eq.
(13). Similar to that in work[14], the power parameter γ1 in Eq. (13)was learned
as 0.1 through cross validation.

In all the figures, SCRFs and D-SCRFs show similar classification accuracies
when relatively large numbers of features are selected. However, with the de-
creasing number of selected features, the plot of the SCRFs drops sharply for
the undersparsity and the characteristics of the hyperspectral data, while the
D-SCRFs show more stable classification performance. This means that the D-
SCRFs relieves the heavy degeneration of classification performance caused by
the undersparsity in the SCRFs and can be more fit for the feature selection in
the classification of hyperspectral data. Fig. 3(a) also demonstrates that the full
CRFs show better results than the corresponding CRF models with only unary
(Fig. 3(b)) or pairwise (Fig. 3(c)) clique potentials since the full CRFs combine
their strengths.

4.4 Quantitative Evaluation

Table 2 presents the performances of SCRF and D-SCRF with the selected 5% of
total features over the Indian Pine. The SCRF obtained 90.85% overall classifica-
tion accuracies, in contrast the D-SCRF achieved higher 93.56% accuracies. The
inspection of the accuracy for each class confirms that except the grass/tree,
D-SCRF obtained higher accuracies than SCRF for other classes. The higher
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Fig. 3. Classification accuracies of different SCRFs and D-SCRF against number of se-
lected features. (a) is results of full SCRF and full D-SCRF. (b) and (c) show the results
of SCRFs and D-SCRFs with only unary and pairwise clique potentials respectively.

accuracy of SCRF for the grass/tree class may derive from the fact that the
D-SCRF used the same varied hyperparameter for all the classes. The D-SCRF
model can further improve the classification accuracy of each class by setting dif-
ferent varied hyperparameters for different classes. We also give the performance
of D-SMLR, which uses only single site spectral data to predict the correspond-
ing label, with the selected 5% of total features and compare it with the SCRF
and D-SCRF. It can be noted from table 2 that the classification accuracies of
both the SCRF and D-SCRF are much higher than the 87.87% accuracy of D-
SMLR. This comparison demonstrates the importance of contextual information
for the hyperspectral image classification.

Table 2. Classification Accuracies of D-SMLR, SCRF and D-SCRF

class D-SMLR SCRF D-SCRF

corn-no till 81.91 85.97 90.26

grass/trees 97.74 98.77 98.36

hay-windrowed 98.06 99.05 99.68

soybeans-no till 71.34 77.39 84.55

woods 97.28 98.57 98.81

overall accuracy 87.87 90.85 93.56

5 Conclusion

In this work, we investigated the D-SCRF on the feature selection in the con-
textual classification of hyperspectral data and developed a dynamic learning
framework to relieve heavy degeneration of classification performance caused by
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over-sparsity in SCRF and the characteristics of the hyperspectral data. The
results on real-world hyperspectral data validate the efficiency and effectiveness
of the D-SCRF. The experimental results of current form also indicate several
future works. We developed the dynamic training framework to use the varied
hyperparameters and thus can relieve the heavy degeneration of classification
performance. But the optimality of the varied hyperparameters is difficult to be
investigated. In the future, we hope to develop the methods to select the opti-
mal hyperparameters, or to use the adaptive sparseness methods to avoid the
adjusting or estimating of the hyperparameters[16].

References

1. Chi, M., Bruzzone, L.: Semisupervised Classification of Hyperspectral Images by
SVMs Optimized in the Primal. IEEE Trans. Geosci. Remote Sens. 45, 1870–1880
(2007)
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