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Abstract. Graphs are themost powerful, expressive and convenient data
structures but there is a lack of efficient computational tools and
algorithms for processing them. The embedding of graphs into numeric
vector spaces permits them to access the state-of-the-art computational
efficient statistical models and tools. In this paper we take forward our
work on explicit graph embedding and present an improvement to our
earlier proposed method, named “fuzzy multilevel graph embedding -
FMGE”, through feature selection technique. FMGE achieves the
embedding of attributed graphs into low dimensional vector spaces by per-
forming amultilevel analysis of graphs and extracting a set of global, struc-
tural and elementary level features. Feature selection permits FMGE to
select the subset of most discriminating features and to discard the con-
fusing ones for underlying graph dataset. Experimental results for graph
classification experimentation on IAM letter, GRECand fingerprint graph
databases, show improvement in the performance of FMGE.

Keywords: graphics recognition, graph classification, explicit graph
embedding, feature selection.

1 Introduction and Related Works

Over decades of research in pattern recognition, the research community has
developed a range of expressive and powerful approaches for diverse problem
domains. Graph based structural representations are widely employed for ex-
tracting the structure, topology and geometry, in addition to the statistical de-
tails of underlying data [1]. During next step in the processing chain, generally
these representations could not be exploited to their full strength because of
limited availability of computational tools for them. On the other hand, the effi-
cient and mature computational models offered by statistical approaches, work
only on vector data and cannot be directly applied to these high-dimensional
representations. The emerging domain of graph embedding in pattern recogni-
tion, addresses this problem of the lack of efficient computational tools for graph
based representations.

Graph embedding is a methodology aimed at representing a whole graph,
along-with the attributes attached to its nodes and edges, as a point in a suitable
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vector space. Graph embedding is a natural outcome of parallel advancements
in structural and statistical pattern recognition. It offers a straightforward solu-
tion, by employing the representational power of symbolic data structures and
the computational superiority of feature vectors [2]. It acts as a bridge between
structural and statistical approaches [3][4], and allows a pattern recognition
method to benefit from computational efficiency of state-of-the-art statistical
models and tools along-with the convenience and representational power of clas-
sical symbolic representations [5]. This permits the last three decades of research
on graph based structural representations in various domains [1], to benefit from
the state-of-the-art machine learning models and tools. Graph embedding has
its application to the whole variety of domains that are entertained by pattern
recognition and where the use of a relational data structure is mandatory for
performing high level semantic tasks. Apart from reusing the computational ef-
ficient methods for vector spaces, another important motivation behind graph
embedding methods is to solve the computationally hard problems geometri-
cally [6]. We refer the interested reader to [7][8] for further reading on graph
embedding.

The graph embedding methods are formally categorized as implicit graph
embedding or explicit graph embedding. The implicit graph embedding methods
are based on graph kernels. A graph kernel is a function that can be thought of
as a dot product in some implicitly existing vector space. Instead of mapping
graphs from graph space to vector space and then computing their dot product,
the value of the kernel function is evaluated in graph space. Such an embedding
satisfies the main mathematical properties of dot product. However, since it
does not explicitly map a graph to a point in vector space, a strict limitation
of implicit graph embedding is that it does not permit all the operations that
could be defined on vector spaces. We refer the interested reader to [7][9][10] for
further reading on graph kernels and implicit graph embedding.

On the other hand, the more useful, explicit graph embedding methods ex-
plicitly embed an input graph into a feature vector and thus enable the use of
all the methodologies and techniques devised for vector spaces.

Definition 1. Attributed graph (AG). Let AV and AE denote the
domains of possible values for attributed vertices and edges respectively.
These domains are assumed to include a special value that represents a
null value of a vertex or an edge. An attributed graph AG over (AV , AE)
is defined to be a four-tuple:

AG = (V,E, μV , μE)
where,

V is a set of vertices,
E ⊆ V × V is a set of edges,
μV : V −→ Ak

V is function assigning k attributes to vertices and
μE : E −→ Al

E is a function assigning l attributes to edges.

Definition 2. Explicit graph embedding. Explicit graph embedding
maps a graph to a point in suitable vector space. It encodes the graphs
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by equal size vectors and produces one vector per graph. Mathematically,
for a graph AG = (V,E, μV , μE), explicit graph embedding is a function
φ, which maps graph AG from graph space G to a point (f1, f2, ..., fn) in
n dimensional vector space R

n:

φ : G −→ R
n

AG �−→ φ(AG) = (f1, f2, ..., fn)

The vectors obtained by an explicit graph embedding method can also be
employed in a standard dot product for defining an implicit graph embedding
function between two graphs [11]. An interesting property of explicit graph em-
bedding is that the graphs are embedded in pattern spaces in a manner that
similar structures come close to each other and different structures goes far
away i.e. an implicit clustering is achieved [12]. Another important property of
explicit graph embedding is that the graphs of different size and order need to
be embedded into a fixed size feature vector. This means that for constructing
the feature vector, an important step is to mark the important details that are
available in all the graphs and are applicable to a broad range of graph types. We
refer the interested reader to [7] for further reading on explicit graph embedding.

1.1 Related Works

Recently, two interesting series of works on explicit graph embedding for pattern
recognition, with an application to graphics recognition, have been proposed in
literature.

The first method is from Bunke et al. [11] and is based on dissimilarity of a
graph from a set of prototypes. The main idea of this work is to construct a vector
of graph edit distances from the graph to be embedded and a set of k prototypes
selected in the graph database. The embedding of the graph is thus a vector of k
distances. Formally, let Γ = g1, ..., gn be a set of graphs and p = p1, ..., pk ⊂ Γ be
a subset of selected prototypes from Γ . The graph embedding is defined as the
function Φ : Γ �−→ (R)k, such that Φ(g) = [d(g, p1), ..., d(g, pk)] where d(g, pi)
is the graph edit distance between graph g and the ith prototype graph in p. In
[13], the authors propose an improvement of the graph embedding method by
using feature selection methods. This type of projection is very interesting as
it offers computational advantages over the traditional graph based algorithms.
However, the limitation of setting the edit distance is found in this method.
In addition, the choice of prototype graphs is also a significant parameter as it
determines the size of the vector and its capacity to effectively represent the
graph in the vector space. Also, it remains highly dependent on the application
and its learning set.

The second method is from Gibert et al. [14] and is based on the frequencies of
appearance of specific knowledge-dependent substructures in graph. The main
idea of this work is to construct vector representation of graphs by counting
the frequency of appearance of specific set of representatives of node labels and
their corresponding edges. In [15] the authors propose an improvement of their
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graph embedding technique by dimensionality reduction of the obtained feature
vector. In [16] the authors have applied multiple classifiers to their graph embed-
ding method. In [14] the authors have studied the application of feature selection
algorithms for their graph embedding method. This type of graph embedding
algorithms provides an embedding of graph into feature vector, in linear time
complexity. Their simplicity of implementation is an important advantage. How-
ever, the features that have been used, are very localized to nodes and arcs. The
graph embedding contains little information on the topology, which can have a
negative impact on the classification results.

1.2 Main Contribution of This Paper

This paper is a continuation of our work on explicit graph embedding. The
method is originally proposed in [17][18] and is named as “fuzzy multilevel graph
embedding - FMGE”. FMGE embeds a graph into feature vector space by ex-
tracting a large number of features from graph. The use of high dimensional
feature vector permits FMGE to achieve generalization to diverse graphs in an
unsupervised fashion. However this also results into high dimensionality and
sparsity of feature vector. In [19] we studied the application of dimensionality
reduction techniques on FMGE extracted features. Motivated from the similar
works in [13] and [14] where the authors have applied feature selection algorithms
on explicit graph embedding methods, in this paper we take forward our work
on graph embedding and study the application of feature selection algorithms
on FMGE extracted features.

The rest of this paper is organized as follows. In Section 2, we briefly outline
the Fuzzy Multilevel Graph Embedding (FMGE). In Section 3 we describe the
application of feature selection algorithms on FMGE. Experimentation and dis-
cussion is presented in Section 4. In Section 5 we conclude this paper with future
lines of research.

2 Fuzzy Multilevel Graph Embedding (FMGE)

Most of the existing works on graph embedding deal only the graphs that are
comprised of edges with a single attribute and vertices with either no or only
symbolic attributes. These methods are only useful for specific application do-
mains for which they are designed. FMGE does not require any dissimilarity
measure between graphs and to the best of our knowledge, FMGE extends the
methods in literature by offering the embedding of attributed graphs with many
numeric as well as symbolic attributes on both nodes and edges. It is applica-
ble to directed as well as undirected attributed graphs. The time complexity
of FMGE is linear to number of attributes and size of the graphs [18]. Many
existing solutions for graph embedding offer to utilize the statistical significant
details in graphs for embedding them into feature vectors. FMGE exploits the
topological, structural and attribute information of the graphs along-with the
statistical significant information, for constructing feature vectors of adapted and
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optimal size. It employs fuzzy overlapping trapezoidal intervals for minimizing
the information loss while mapping from continuous graph space to discrete fea-
ture vector space. The proposed feature vector is very significant for application
domains where the use of graphs is mandatory for representing rich structural
and topological information, and an approximate but computational efficient
solution is needed. The unsupervised learning abilities of FMGE and the fact
that it does not require a labeled graph dataset for learning allows its inexpen-
sive deployment to various application domains [18]. FMGE performs multilevel
analysis of graph to extract discriminatory information of three different lev-
els. These include the graph level information, structural level information and
the elementary level information (see Fig. 1). The three levels of information
represent three different views of graph for extracting global details, details on
topology of graph and details on elementary building units of graph. The feature
vector of FMGE is named Fuzzy Structural Multilevel Feature Vector - FSMFV
(see Fig. 2).

The features for graph level information represent a coarse view of graph and
give general information about the graph. These features include graph order
and graph size.

The features for structural level information represent a deeper view of graph
and are extracted from the node degrees and subgraph homogeneity in graph.
Subgraph homogeneity is represented by computing resemblance attributes for
the nodes and edges of graph. The resemblance attributes for an edge is computed
from the attributes on its neighboring nodes. The resemblance for a numeric
attribute (a) is computed as a ratio of this attribute’s values on neighboring
nodes of an edge (a1 and a2) (see Eq. 1). Whereas the resemblance for a symbolic
attribute (b) is computed as a ratio of this attribute’s values on neighboring nodes
of an edge (b1 and b2) (see Eq. 2).

Graph level information 
      [macro details]

Structural level information
    [intermediate details]

Elementary level 
    information
  [micro details]

Fig. 1. Multi-facet view of discriminatory information in graph

Graph 
order

Graph 
size

Embedding of 
node degree

Embedding(s) of 
node attribute(s)

Embedding(s) of 
edge attribute(s)

Embedding(s) of 
subgraph(s) homogenity

Fig. 2. Feature vector of FMGE
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resemblance(a1, a2) = min(|a1|, |a2|)/max(|a1|, |a2|) (1)

resemblance(b1, b2) =

∣
∣
∣
∣

1 b1 = b2
0 otherwise

∣
∣
∣
∣

(2)

The third level of information is extracted by penetrating into further depth and
more granular view of graph and employing details of the elementary building
blocks of graph. These features represent the information extracted from the
node and edge attributes.

The node degree, numeric resemblance attributes, numeric node attributes
and numeric edge attributes are embedded by fuzzy histograms whereas the
symbolic resemblance attributes, symbolic node attributes and the symbolic edge
attributes are embedded by crisp histograms. FMGE learns the intervals for con-
structing these histograms, during an unsupervised learning phase and employs
these parameters during graph embedding phase [17][18][19].

Length of Feature Vector (FSMFV): The length of the feature vector is
strictly dependent on the size of histograms used for encoding the three levels
of information. The length of feature vector is uniform for all graphs in an input
collection and is given by Eq.3.

Length of FSMFV = 2 +
∑

si +
∑

cj (3)

where,
- 2 refers to the features for graph order and graph size.
- si refers to the number of bins in fuzzy interval encoded histogram

for each numeric attribute i, in graph.
- cj refers to the number of bins in crisp interval encoded histogram

for each symbolic attribute j, in graph.

3 Feature Selection by Ranking Discriminatory Features

The feature vector obtained by FMGE is based on histogram encoding of the
multilevel information extracted from graph. The number of features in the vec-
tor is directly dependent on the number of bins employed for constructing these
histograms. The use of high dimensional histograms is explicitly built into the
method as it enables FMGE to provide a more robust encoding of information
and enables it to generalize to unseen graphs. However, this results into a serious
drawback as well, that the feature vector becomes sparse and confuses between
classes of graphs. Previously we have tried to reduce the dimensionality of the
feature vector by using principal component analysis (PCA) [19]. PCA is based
on linear transformation of data to a low dimensional space that describes most
of variance in data. But we feel that instead of an unsupervised dimensionality
reduction technique like PCA, the use of a supervised dimensionality reduction
technique (a.k.a. feature selection) will result into a more meaningful ranking
of the FMGE extracted features. This ranking will permit to select the high
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discriminatory features and ignore the confusing features in the FMGE embed-
ded vector space. Thus producing more compact feature vector representation
of graphs and adding strength to the discriminatory power of the feature vector.

We have employed the Relief algorithm based feature selection [20]. The Relief
algorithm is a classical ranking method that is based on the ability of features to
discriminate between different classes. For each instance of a given feature, the
near-hit (closest value among elements of same class) and the near-miss (closest
value among element of other classes) are computed. A weight is calculated for
every feature in terms of the distances of each sample to its near-hit and near-
miss. Mathematically, for a set S of m samples of feature fi, the rank value ωfi

is computed as:

ωfi =
1

m

∑

x∈S

|x− Z−
x | − |x− Z+

x | (4)

where,
- Z−

x is near-miss of sample x.
- Z+

x is near-hit of sample x.

A high ranking value of ωfi is desirable as it indicates that the feature is im-
portant and has high discriminatory capabilities. In order to reduce the size of
FMGE feature vector and to remove the unimportant features from it, we select
the subset of top-ranked features, on the basis of ranks obtained through the
Relief algorithm.

4 Experimentation

The experimentation has been performed on ‘IAM Graph Database Repository
for Graph Based Pattern Recognition and Machine Learning’. The IAM graph
database repository is publicly available from the website of IAPR technical com-
mittee on graph based representations (TC-15)1, and contains graph datasets
from the field of document image analysis and graphics recognition, describing
both synthetic and real data [21].

4.1 Datasets

The summary of the letter, GREC and fingerprint datasets, together with some
characteristic properties, is given in Table 1. The letter graph dataset is com-
prised of graphs extracted from drawings of 15 capital letters of Roman alpha-
bet that consists of straight lines only. The prototype drawing of letters are
converted into prototype graphs by representing lines by undirected edges and
ending points of lines by nodes. Each node is labeled with a two-dimensional at-
tribute giving its position relative to a reference coordinate system. The GREC
graph dataset is comprised of graphs representing 22 symbols from architec-
tural and electronic drawings. Graphs are extracted from the denoised images

1 http://www.greyc.ensicaen.fr/iapr-tc15/index.php
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Table 1. IAM graph database

Letter LOW GREC Fingerprint

Size Train 750 836 500

Valid 750 836 300

Test 750 1628 2000

Classes 15 22 4

Average |V | 4.7 11.5 5.4

|E| 3.1 12.2 4.4

Maximum |V | 8 25 26

|E| 6 30 25

Numeric attribute |V | 2 2 2

|E| 0 1 1

Symbolic attribute |V | 0 1 0

|E| 0 1 0

by representing ending points, corners, intersections and circles by nodes and
labeled with a two-dimensional attribute giving their position. The nodes are
connected by undirected edges that are labeled as line or arc and have the angle
with respect to the horizontal direction as attribute. Fingerprint images are con-
verted into graphs by representing the ending points and bifurcation points of
the skeletonized regions as nodes. Each node is labeled with a two-dimensional
attribute giving its position. The edges are attributed with an angle denoting
the orientation of the edge with respect to the horizontal direction.

4.2 Experimental Setup and Results

We have evaluated the application of Relief feature selection algorithm on FMGE,
by classification rate obtained by a nearest neighbor classifier. The experiments
are performed by first tuning the parameters on the validation set and then using
the best configuration on the test set.

The first validation parameter is the number of fuzzy intervals for embed-
ding numeric information in graph i.e. the node degree, numeric resemblance
attributes, numeric node attributes and numeric edge attributes. Starting from
2 intervals, the number of fuzzy intervals for embedding the numeric information
is increased until 25 (in steps of 1).

The second validation parameter is selection of top-ranked features. For each
of the 25 configurations of FMGE, we applied the Relief feature selection algo-
rithm (with a neighborhood size of 10 for calculating near-hit and near-miss), to
obtain rankings of features. We used this ranking information to generate all sub-
sets of high to low ranked features (for each of the 25 configuration of FMGE),
i.e. subset containing top-1 feature, subset containing top-2 feature, subset con-
taining top-3 feature and so on. We validated the classification rate for all of
these subsets of features and selected the subset of features that produced the
best classification rate on validation set (for each of the 25 configurations of
FMGE). Fig. 3 shows the validation results for letter LOW, GREC and Fin-
gerprint datasets. The colored curves in the plot represent the first validation
parameter i.e. number of the fuzzy intervals for encoding numeric information.
Whereas, each point on a curve gives the classification rate obtained on the n
top-ranked features. The plots clearly demonstrate that the method can obtain
its maximum classification rates on only a small subset of top-ranked features.
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(a) letter LOW
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(b) GREC
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(c) Fingerprint

Fig. 3. Validation results showing the classification rates obtained for different subsets
of top-ranked features for the 25 configurations of FMGE. The horizontal axis contains
sorted (high to low ranked by Relief algorithm) features extracted by FMGE.

Table 2. Results on test sets - IAM graph database. CR is the classification rate (%)
obtained by k-nn classifier and DIM is the dimensionality of feature vector.

Letter LOW GREC Fingerprint

CR DIM CR DIM CR DIM

Reference system [21] 99.6 95.5 76.6

Gibert et al. [14] (best CR) 100 98.7 80.5

Gibert et al. [14] (Relief feature selection) 99.1 96.4 77.6

Full FMGE vector 96.5 58 97.2 79 76.6 127

FMGE vector (PCA reduced [19]) 96.3 10 96.8 14 77.2 16

FMGE vector (Relief feature selection) 99.2 37 99.8 47 85.5 61

The configuration of FMGE with optimized subset of top-ranked features
(w.r.t. classification rate on validation set), was used to embed the test set and
to compute the final classification rates on test set.

Table 2 presents the classification rates of a k-nn classifier in FMGE embedded
vector space on test set, before and after the application of feature selection
technique. The PCA dimensionality reduction results are reported from [19].
For comparison of results, the k-nn classification rates are reported for the graph
edit distance plus k-nn classifier based reference system [21] and k-nn classifier
based system of Gibert et al. [14].

The results show that the application of feature selection technique success-
fully improves the performance of FMGE representation of graphs. The Relief
feature selection technique selects much lower number of features (as compared
to full FMGE vector) and in all cases improves the classification rates obtained
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by k-nn classifier in FMGE embedded vector spaces. Although the vectors ob-
tained after feature selection have slightly higher dimensionality than PCA re-
duced vectors. However, feature selection technique enables FMGE to obtain
better classification rates than those of PCA reduced vectors. The feature selec-
tion technique also provides a deep insight into the groups of features that are
discriminatory and the features that are not very useful for a graph dataset. The
application of feature selection algorithm on FMGE vectors permits to improve
the quality of FMGE embedding and eventually the performance of FMGE. Dur-
ing classification step, as a result of lower dimensionality of the feature vector
the computation time of classifier was reduced as well.

5 Conclusion

In this paper we have studied the application of feature selection algorithms
to our earlier proposed unsupervised learning based explicit graph embedding
method (the Fuzzy Multilevel Graph Embedding - FMGE). The use of a feature
selection technique on FMGE extracted features enables to obtain a ranking of
features, for selecting the top-ranked features and discarding the unimportant
features. This permits to increase the quality of embedding and improves the
performance of FMGE. Feature selection step also improves the unsupervised
learning capabilities of FMGE by adapting its feature-set to underlying graph
dataset. The initial experimental results are very encouraging and in future we
plan to study the application of sophisticated feature selection techniques for
further improving the quality of Fuzzy Multilevel Graph Embedding.
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