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Abstract. Graph-based semi-supervised learning algorithms have at-
tracted increasing attentions recently due to their superior performance
in dealing with abundant unlabeled data and limited labeled data via
the label propagation. The principle issue of constructing a graph is
how to accurately measure the similarity between two data examples.
In this paper, we propose a novel approach to measure the similarities
among data points by means of the local linear reconstruction of their
corresponding sparse codes. Clearly, the sparse codes of data examples
not only preserve their local manifold semantics but can significantly
boost the discriminative power among different classes. Moreover, the
sparse property helps to dramatically reduce the intensive computation
and storage requirements. The experimental results over the well-known
dataset Caltech-101 demonstrate that our proposed similarity measure-
ment method delivers better performance of the label propagation.

1 Introduction

The issues faced by many practical applications in pattern recognition are that
only a few labeled data are available and large amounts of data remain unlabeled.
Since it is quite expensive and time consuming to label data whereas unlabeled
data can be easier to obtain. How to efficiently combine abundant unlabeled
data and limited labeled data is an important research field, which is the main
aim of semi-supervised learning techniques [1].

In the past decade, the graph-based semi-supervised learning approaches have
aroused considerable interests as they can generate elegant mathematical formu-
lation through label propagation and are easy to be implemented . The graph-
based semi-supervised learning approaches build the whole dataset as a graph
where the vertices represent the data and the edges represent the pairwise re-
lationships. Zhu et al. [2] utilized the harmonic property of Gaussian random
field over the graph for semi-supervised learning. Belkin [3] learned a regression
function that fits the labels at labeled data and at the same time maintains
smoothness over the data manifold expressed by the graph. Zhou et al. [4] pro-
posed to conduct semi-supervised learning with the local and global consistency.
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Delalleu et al. [5] proposed a nonparametric inductive function which makes label
prediction based on a subset of samples and then truncates the graph Laplacian
with the selected subset and its connection to the rest samples. Zhang et al.
[6] applied the Nyström approximation to the huge graph adjacency (or affin-
ity) matrix. Fergus et al. [7] specified the label prediction function using smooth
eigenvectors of the graph Laplacian which are calculated by a numerical method.
Liu et al. [8] constructed a tractable large graph via a small number of anchor
points, and predicted the label for each data point as a locally weighted average
of the labels on anchor points.

However, the performance of these graph-based semi-supervised learning ap-
proaches relies heavily on the adjacency matrix construction. Each entry in ad-
jacency matrix denotes the weight of the corresponding edge, which specifies
the similarity between the two data samples. A number of methods have been
proposed to construct the adjacency matrix. The simplest method to measure
the similarity of data points is to use the Euclidean distances between them.
A straightforward extension is the K-Nearest Neighbor (KNN) [9], in which
only the edges between a data point and its K-Nearest Neighbors have non-zero
weights. Another widely used method is using Gaussian Kernel Similarity [4]
to compute the edge weights of the graph. Roweis et al. [10] first proposed to
reconstruct the sample from its neighboring points and utilize the local linear
reconstruction coefficients as graph weights. Cheng et al. [11] measured the simi-
larities among data points by decomposing each data point as a L1 sparse linear
combination of the rest of the data points. Hence, all these adjacency matrix
construction methods are using the original high-dimension data points and are
thus relatively computationally expensive.

In this paper, we compute the similarities among the data points based on
their low dimensional sparse codes. The key idea is that their sparse codes of
data points not only preserve their local manifold structures but can improve the
discriminative power among different classes. Further, the sparse property also
helps to reduce the intensive computation and storage requirements. Therefore,
this approach is much easier to scale up for the large scale dataset. We evaluate
the proposed approach on the popular dataset Caltech-101 for the image cate-
gorization task. The experimental results indicate that the proposed algorithm
significantly improves label propagation performance.

2 Adjacency Matrix Construction Using Sparse Coding

In this section, we will present the adjacency matrix construction algorithm. Let
X = {x1, x2, · · · , xn} denote the whole dataset. The goal is to construct the
adjacency matrix W = [Wij ]n×n, where Wij denotes the similarity between the
data xi and xj . It can be achieved by the following two steps:

2.1 Calculate Their Sparse Codes of All the Data

Sparse coding provides a class of algorithms for finding succinct representa-
tion of data. Given a large number of input data, sparse coding algorithms can
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automatically compute a small number of representative patterns which are
called basis set and the original data space can be represented by appropri-
ate combination of basis set. Therefore, the high dimensionality of the original
data can be reduced to the low dimensions of its sparse coding representation.
Another important property of sparse coding method is that it usually produces
a sparse representation of the data. Such a representation encodes much of the
data using few active components, which makes the encoding easy to interpret
and at the same time saves the store space and computational time.

For the dataset X = {x1, x2, · · · , xn} ⊂ R
m, the optimization equation to

compute sparse codes is:

min
A,B

n∑

i=1

(‖xi −Bαi‖2 + λφ(αi)) , (1)

where B = [b1, · · · , bp] ∈ R
m×p is the basis set, also called dictionary; A =

[α1, · · · , αn] ∈ R
p×n is the sparse codes set for X , and most entries in A are

zeros; λ is regularization parameter and sets to be 0.15 in our experiments;
φ(αi) is regularization function.

Usually, φ(αi)is set to be L1 penalty function ‖αi‖1, because L1 penalty yields
a sparse solution for αi and can be robust to irrelevant features [12,13]. But this
does not consider the inherent domain knowledge embedded in the data itself.

In our algorithm, we set φ(αi) to be locality constraint regularization αT
i Eiαi,

where Ei is a p × p diagonal matrix with its (j, j)-element equal to exp (‖xi −
bj‖2/δ) and δ is used to adjust the weight decay speed for the locality constraint.
It should be noted that locality is more essential than sparsity, as locality must
lead to sparsity but not necessary vice versa [14,15].

This optimization problem for Eq. (1) is not jointly convex for basis set B
and sparse codes A simultaneously. But the sparse coding problem is convex for
basis set B when sparse codes A is fixed, and is also convex for sparse codes
A when basis set B is fixed. Similar to [12,13], we can minimize the objective
function with respect to basis set B and sparse codes A alternatively.

When sparse codes A is fixed, the Eq. (2) with respect to dictionary B can
be solved using incremental codebook optimization method [15]:

minB

∑n
i=1(‖xi −Bαi‖2 + λαT

i Eiαi)
s.t.

∑p
i=1‖bi‖ ≤ 1

(2)

To handle the scale issue associated with the dictionary, we add extra normal-
ization constraints ‖bi‖≤ 1 (i = 1, · · · , p) into the above optimization.

When basis set B is fixed, the formula can be reduced to:

min
A

n∑

i=1

(‖xi −Bαi‖2+λαT
i Eiαi) (3)

We can optimize every αi alternatively and do not consider all the sparse codes
A = [α1, · · · , αn] simultaneously. That is, when we focus on αi, the other sparse
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codes are fixed. Then we can get the analytical closed-form solution of Eq. (3)
with respect to αi as follows:

α∗
i = argminαi

∑n
i=1(‖xi −Bαi‖2 + λαT

i Eiαi)
= (BTB + λEi)\(BTxi)

(4)

2.2 Construct Adjacency Matrix Based on Their Sparse Codes

The weight Wij is conventionally calculated using Gaussian Kernel Similarity as

Wij =

{
exp (−‖αi − αj‖2/2σ2), i �= j

0, i = j
(5)

However, the major shortcoming using Gaussian Kernel Similarity method is
that even a small perturbation of variable σ will make its performance dramat-
ically different, and there is no reliable way to determine the optimal value of
parameters especially when the amount of labeled data is rather small [8,16].

Similar to [10,16], we specify the similarity between two data points through
geometric reconstruction. With the consideration that the sparse codes of data
points not only preserve their local manifold structures but can boost the dis-
criminative power among different classes, and that the sparse property can also
help to reduce the computation cost, we assign the weights of adjacency matrix
through local linear reconstruction coefficients of their sparse codes. Therefore,
the objective is

minW
∑n

i=1‖αi −
∑

j:αj∈N(αi)
Wijαj‖2 ,

s.t. Wij ≥ 0 and
∑

j:αj∈N(αi)
Wij = 1

(6)

in which N(αi) represents the neighborhood of αi, and Wij is the contribution of
αj to αi. Obviously, the more similar αj to αi, the larger Wij will be. Especially,
when αi = αk ∈ N(αi), then Wik = 1 and Wij = 0 (j �= k, αj ∈ N(αi)) is the
optimal solution. Therefore, Wij can be used to measure how similar αj to αi.

The reconstruction weights Wij in Eq. (6) can be solved using the standard
quadratic programming (QP) [16]. More importantly, the optimized regression
weights in Eq. (6) are much sparser. After all the reconstruction weights Wij

are solved, we can obtain a sparse adjacency matrix W = [Wij ]n×n. In order to
ensure adjacency matrix W is symmetric, we then set W = (W +WT )/2.

3 The Framework of Label Propagation

Given a data set X = {x1, · · · , xl, xl+1, · · · , xn} ⊂ R
m and a label set L =

{1, · · · , c}, the first l data xi(i ≤ l) are labeled as yi ∈ L and the remaining data
xi (l + 1 ≤ i ≤ n) are unlabeled. The goal is to predict the label of the unla-
beled data through label propagation. Let F denote the set of n×c matrices with
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nonnegative entries. Matrix F = [FT
1 , · · · , FT

n ]T ∈ F corresponds to a classifica-
tion on the dataset X by labeling each point xi as the label yi = arg maxj≤c Fij .
We can understand F as a vectorial function F : X �→ R

c which assigns a vector
Fi to each data xi. Define a n × c matrix Y ∈ F with Yij = 1 if xi is labeled
as yi = j and Yij = 0 otherwise. Clearly, Y is consistent with the initial labels
according to decision rule [4]. The algorithm can be summarized as follows:

(1) Compute the sparse codes A = [α1, · · · , αn] for all the data X =
{x1, · · · , xl, xl+1, · · · , xn} through Eq. (4).

(2) Construct the adjacency matrix W = [Wij ]n×n by solving the Eq. (6), and
set W = (W +WT )/2 to ensure W is symmetric.

(3) Iterate F (t + 1) = γWF (t) + (1 − γ)Y until convergence, where γ is a
parameter and set to be 0.75 in our evaluations.

(4) Let F ∗ denote the limit the sequence {F (t)}. Label each data xi as a label
yi = argmaxj≤c Fij .

According to [16], the above algorithm will converge to

F ∗ = (1− γ)(I− γW )−1Y, (7)

in which I is the identity matrix of order n.

4 The Regularization Framework

We can derive our algorithm from a regularization framework. The cost function
associated with F can be defined as follows:

Q(F ) =
1

2
(

n∑

i=1

∑

j:αjN(αi)

Wij‖Fi − Fj‖2 + μ

n∑

i=1

‖Fi − Yi‖2) (8)

where μ > 0 is the regularization parameter. The first term is the smoothness
constraint, which means that a good classifying function should not change too
much between nearby points. The second term of the formula is the fitting con-
straint, which means a good classifying function should not change too much
from the initial label assignment [4]. Note that the fitting constraint term con-
tains labeled and unlabeled data. Differentiate Q(F ) with respect to F , we have

∂Q(F )

∂F
= (I−W )F + μ(F − Y ) (9)

Then we can easily get the optimal solution of Eq. (8) by setting Eq. (9) to zero:

F = (1 − γ)(I− γW )−1Y (10)

where γ = 1/(1 + μ). It can be observed that Eq. (10) is equal to the Eq. (7)
—the closed form expression of the above iteration algorithm.
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5 Experiments

First, we evaluate the performance of our algorithm over the widely-used dataset
Caltech 101 [17]. The Caltech-101 dataset contains 9144 images in 101 classes
(including airplanes, cameras, chairs, etc.) with significant variance in shape. The
number of images per category varies from 31 to 800. Most images are medium
resolution, i.e. about 300× 300 pixels. Following the common experiment setup
for Caltech-101 suggested by the original dataset [17] and also used by many
other researchers [18], for each category we partitioned the whole dataset into
5, 10, 15, 20, 25 and 30 training images and the rest are test images. After that,
we measured the performance using average accuracy over 102 classes (i.e. 101
classes and a ‘background’ class).

Our implementations utilizes a single descriptor type, the popular SIFT de-
scriptor, as in [19,20]. The SIFT descriptors extracted from 16×16 pixel patches
were densely sampled from each image in the whole dataset on a grid with step
size of 8 pixels. All the image features are quantized into 2048 clusters. In our
experiments the images were all preprocessed into gray scale, and resized to be
no larger than 300× 300 pixels with preserved aspect ratio.

Following the common benchmarking procedures, we repeat the experimental
process by 10 times with different random selected training and test images
to obtain reliable results. The average of per-category recognition rates were
recorded for each run. Finally, we report our results by the average of all the
recognition rates. We also compared our result with several existing approaches.
Detailed comparison results are shown in Fig. 1.

In Fig. 1, it can be seen that our proposed approach outperforms other exist-
ing state-of-the-art image categorization algorithms at least 1.04% (15 training
images per category). Our approach can achieve up to 2.34% of performance

Fig. 1. Image categorization performance comparison on Caltech-101 dataset
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Fig. 2. Image classes with higher recognition rate

Fig. 3. Performance comparison between our method and LNP

improvement with 30 training images per category. At the same time, we can
observe the recognition rate growing with the number of training images per
category due to the benefit of growing supervisory information of training data.
As illustrated in Fig. 2, with 15 training images per category, the recognition
rate of higher than 75% is obtained in five classes.

To further evaluate the effectiveness of our proposed adjacency matrix algo-
rithm, we compare our algorithm with the Linear Neighborhood Propagation
(LNP) [16], which computes the weights of affinity matrix based on local lin-
ear reconstruction of original high-dimension data points. As shown in Fig. 3,
our algorithm outperforms Linear Neighborhood Propagation [16]. Importantly,
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the adjacency matrix constructed by means of sparse codes will be much sparser
than that based on original high-dimension data, thus the computation cost and
storage space will be reduced.

6 Conclusion

We propose a novel affinity matrix construction approach for label propagation
through the local linear reconstruction of their sparse codes. The proposed al-
gorithm takes into consideration that sparse codes of data samples not only
preserve their local manifold structures but can boost the discriminative power
among different classes. Additionally, the sparse property leads to requires less
computation cost and storage overhead. The experimental evaluations demon-
strate that effectiveness of our proposed method is fully comparable with the
LNP [16].
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