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Abstract. We present a novel method of Hierarchical Manifold Learn-
ing which aims to automatically discover regional variations within im-
ages. This involves constructing manifolds in a hierarchy of image patches
of increasing granularity, while ensuring consistency between hierarchy
levels. We demonstrate its utility in two very different settings: (1) to
learn the regional correlations in motion within a sequence of time-
resolved images of the thoracic cavity; (2) to find discriminative regions
of 3D brain images in the classification of neurodegenerative disease.

1 Introduction

In recent years, the use of manifold learning has become increasingly widespread
in medical imaging, being used to uncover underlying structure both within a
subject [14][17], and across populations [2][9][11][15]. Manifold learning tech-
niques aim to discover the intrinsic dimensionality of data: a low-dimensional
embedding which retains local structure of the data. Typical methods operate
on images as a whole, with an entire image represented by a single point in vec-
tor space. A single medical image, however, may consist of several anatomical
structures, which may vary to different extents between subjects across a popu-
lation or within a time sequence of, for example, images of the thoracic cavity.
An automated manifold learning technique to investigate images on a regional
basis, without any prior information, forms the goal of our work.

Prior work in this area has suggested dividing an image into regular patches
and finding the embedding for all patches simultaneously [4]. This was shown to
offer advantages over whole image, as well as independent patch embedding, in
learning the cardiac and respiratory cycles in 2D time sequences of the heart.
One issue with this method is that the patch size needs to be chosen in some way,
reflecting the size of the structures of the data in order to be useful. In addition,
the embedding requires the solution of a matrix of size number of patches ×
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number of images. This makes it unsuitable for large sets of 3D data or for
analysis at finer scales. In our work, we continue the idea of patch embeddings;
however, we take a multiscale approach to remove the need to choose patch size.
This results in a hierarchy of low-dimensional embeddings created using large
to successively smaller patch sizes. To ensure consistency of the embeddings
across anatomy, we enforce similarity of the embeddings between hierarchy levels.
We use this hierarchical manifold learning (HML) for the analysis of regional
variations within the thoracic cavity. Additionally, we apply it to a population
of 3D brain images. Using this, we are able to automatically detect regions in
the brain relevant to the classification of neurodegenerative disease.

2 Background

Single Subject Analysis: Cardiac Image Analysis. Being able to learn
the cardiac cycle from images is of great potential benefit. Previous work has
used the manifold structure of the cardiac cycle as an aid to left ventricle seg-
mentation [17]. Knowledge of the physical motion of the heart is also becoming
of increasing interest in patient selection for cardiac resynchronisation therapy,
with mechanical dyssynchrony derived from image data shown to be a better
predictor of outcome in certain patients [7]. Being able to automatically deter-
mine the phase differences between different regions of the heart directly from
image data could therefore prove clinically useful.

Cardiac image analysis is, however, complicated by the presence of respiratory
motion. This can also be analysed using manifold learning and previous work
has employed this for ultrasound gating [14] and for lung CT volume recon-
struction [8]. Two techniques for measuring respiration are through respiratory
bellows and free-breathing navigator-gated strategies. Bellows monitor the phys-
ical movement of the chest wall during breathing, while navigators measure the
displacement of the diaphragm [12]. Both methods acquire surrogates for the
respiratory motion at single physical locations which then need to be correlated
with the motion of the heart. This motivates the investigation of how the phys-
ical movements at various locations within the abdominal/thoracic cavity are
related, and how this can be learned directly from images.

We apply hierarchical manifold learning in order to learn the different motions
occurring in a sequence of real-time cardiac MRI, obtaining spatially-varying
respiratory and cardiac correlations.

Population Analysis: Feature Selection for Disease Classification. Man-
ifold learning has been used to build efficient representations of large sets of brain
images [9] [11]. Reducing the dimension in this way has shown, for example, to
be of benefit in the classification of Alzheimer’s disease [15]. Previous work, how-
ever, has solely focussed on whole images or specific segmented structures. We
use HML to classify subjects from a population of subjects with Alzheimer’s dis-
ease and normal controls. In addition to this, we show how our method can be
used to automatically detect the most discriminative regions for classification.
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3 Methods

3.1 Manifold Learning

Manifold learning algorithms are based on the premise that data are often
of artificially high dimension. Indeed, they can be well-represented by a mani-
fold of much lower dimensionality embedded in the high dimensional space. The
aim of manifold learning algorithms (see [6] for a summary), is to discover the
embedding coordinates approximating this manifold, thereby reducing the dimen-
sionality of the data. In order to do this effectively, it is necessary to maintain
the local structure of the data in the new embedding. This structure can be
represented by constructing a graph G(V,E), where the vertices V correspond
to data samples and edges E represent neighbourhood (defined using k-nearest
neighbour or ε-ball distance in the space of the original data) similarities between
the data points. These similarities can be encapsulated in a similarity matrix W
given by:

Wij =

{
e−

‖ui−uj‖2
2 if i, j neighbours;

0 otherwise.

where ‖ui − uj‖2 represents the Euclidean (�2) distance between data points i
and j. We can then define the graph Laplacian operator as L = D −W where
D is a diagonal matrix with non-zero elements, Dii =

∑
j Wij , representing the

degree of the ith vertex.

Laplacian Eigenmaps. One commonly-used manifold learning technique is
Laplacian Eigenmaps (LE) [5]. This preserves structure in the data by ensuring
that data points which are ”close” in the high-dimensional space remain ”close”
in the low-dimensional embedding. This is done by minimising the following cost
function:

C(x) =
∑
ij

(xi − xj)
2
Wij (1)

which minimises the weighted Euclidean distance between the embedding coor-
dinates xi and xj of data points i and j, respectively, in the low-dimensional
embedding. The measure of closeness between points i and j is defined by the
weight, Wij , which indicates their similarity. For medical imaging applications,
these points can represent whole images or image patches. Some common sim-
ilarity metrics include functions of the Euclidean norm distance (equivalent to
sums-of-squared differences between the images) and the correlation coefficient
[14] as well as those based on Gabor filter responses [13]. One advantage of
LE over other manifold learning techniques is its capacity to additionally han-
dle non-metric similarity measures such as Normalised Mutual Information [15].
The n-dimensional solution to (1) is given by the eigenvectors x of the gener-
alised eigenvalue problem Lx = λDx, corresponding to the n smallest non-zero
eigenvalues (λ).
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3.2 Hierarchical Manifold Learning (HML)

Previous work on localised manifold learning [4] has shown that naively parti-
tioning images into regular patches is insufficient: anatomical structures rarely
fall conveniently within a regular grid. To overcome this, the authors add a
weighting term between adjacent patches to keep their low-dimensional embed-
dings similar, thus utilising neighbourhood information in the construction of
the joint embeddings. One drawback of this approach is its inability to scale
to very large numbers of images or patches. Furthermore, it lacks a systematic
method of selecting patch size. Different regions may prove to be more or less
relevant at different scales and choosing a single scale may miss trends evident
at other levels. Hierarchical manifold learning aims to address these issues. In
our work we present our framework and show how it can be applied to cardiac
images at even very fine scales (2x2mm). In addition, we apply this to the clas-
sification of subjects with Alzheimer’s disease and show how HML can be used
to automatically determine the best regions for classification.

The methodology is based on the idea of manifold alignment [10]. Given a
first level embedding x̄ of the full image, we can then recursively subdivide the
image into equal smaller parts (for example, into four in a 2D image, or eight in
3D). As each subdivision is contained within the current level, we would expect
embeddings at successive levels to be similar in some way. We obtain the new
embedding x of one of these sub-parts by amending the LE cost function such
that the new embedding is also close to the embedding obtained at the previous
level, that is, we align the new embedding to its ”parent” embedding x̄.

C(x) =
∑
i

μ(xi − x̄i)
2 + (1− μ)

∑
ij

(xi − xj)
2
Wij (2)

where μ is a weighting parameter to determine the influence of each term. Low
values for μ reduce the strength of the inter-manifold alignment and the embed-
ding moves towards the embedding of individual patches. Higher values for μ,
in contrast, lead to closer aligned embeddings. Since the right-most term in Eq.
(2) is equivalent to xTLx, it can be shown that the analytical solution to (2) is
given by the linear solution:

x = (μI+ (1− μ)L)−1μIx̄ (3)

Here, L is the graph laplacian for the particular patch under consideration, com-
puted in the same way as in the standard LE formulation (and so has dimension
equal to the number of images). This avoids the need to solve eigenvalue prob-
lems of large, augmented laplacian matrices as in [4]. Additionally we can keep
recursively subdividing to very fine image scales to produce sensitive spatially-
varying embeddings. By keeping each embedding close to its previous level, we
avoid issues with smaller patches being dominated by noise.

This method requires calculating pairwise similarities between all images for
each patch at each level - but at each level this has the same number of operations
as a single level manifold embedding of the whole image. The linear equation [2]



516 K.K. Bhatia et al.

is solved for every patch with the same complexity. The algorithm can therefore
be applied at fine scales of large sets of 3D images.

4 Results

Application to Cardiac Image Analysis. Healthy volunteers were imaged
using real time MR, using a balanced steady state free precession (SSFP) se-
quence with spatial resolution of 2x2x10mm and temporal resolution of 117ms
per frame (FA/TE/TR = 20/1.2/2.4ms). Short axis, 2-chamber and 4-chamber
cardiac views were acquired for 200 dynamics (the last 180 being used for anal-
ysis). Traces from respiratory bellows were recorded alongside sequence event
markers in order to align images to physiological motion.

We apply HML to a time-varying sequence of 2D cardiac images. At each
level, and at each patch, we construct a graph where each node represents part
of a 2D frame at one point in time, in a similar way to the conventional method
of manifold learning. Since we expect similar contrasts for all frames, we weight
each pair of frames using the distance defined in Section 3.1, retaining the 24
nearest neighbours at each data point.

Reducing to two dimensions, we find that one dimension shows stronger cor-
relation with the bellows trace and the other with the area of the left ventri-
cle (a proxy for the cardiac cycle). Figure 1 shows the correlation coefficient,

ρ = Cov(X,Y )
V ar(X)V ar(Y ) , between the first dimension of the embedding coordinates for

each patch and the respiratory bellows trace, for three different levels of the hi-
erarchy. It can be seen that there is a strong correlation between the trace and,
in particular, the motion of the liver. Figure 2 shows the correlation between
the embedding coordinates for each patch and the area of the left ventricle in
each frame. As expected, the best correlations can be found in the heart and
also in areas with blood vessels. Additionally, as the embeddings are, by design,
in alignment, we can correlate the embedding at any location with any other
location, using their coordinates directly.

The weighting parameter μ dictates how strongly each embedding should be
aligned to its parent embedding. A higher value keeps the embeddings closer, but
may lead to a lower discernibility between patches. This can be seen in Figure
3, which shows the correlation coefficients between each patch and the bellows
trace, where a high value of μ gives a more homogenous embedding.

Table 1 compares the computational time required for HML and the simul-
taneous embedding of [4], for varying patch sizes on a 2.4GHz processor. HML
allows the embeddings of much smaller patch sizes to be efficiently computed.

Application to Feature Selection for Disease Classification. We have
applied HML to the Alzheimer’s Disease Neuroimaging Initiative (ADNI) [1]
dataset of 429 subjects of size 160 × 192 × 160 mm. This consists of 231 nor-
mal control subjects and 198 subjects with Alzheimer’s disease. Skull-stripped
images have been intensity-normalised and aligned to MNI space using affine
registration. We apply HML to this dataset using μ = 0.1 to allow for greater
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Fig. 1. Correlation with respiratory bellows trace at various resolution levels (µ = 0.5)

Fig. 2. Correlation with area of the left ventricle at various resolution levels (µ = 0.5)

Fig. 3. Correlation with respiratory bellows trace using different weighting parameters
µ. From left to right: µ = 0.9, µ = 0.5, µ = 0.1.

discernability between patches and reduce the data to 20 dimensions. Similarity
between patches is computed as specified in 3.1. The neighbourhood is selected
to be as many neighbours as needed to keep the graph fully connected. At each
level, we classify the patches using linear support vector machines on the em-
bedding coordinates of each patch individually. Ten-fold cross validation is used,
with the same folds used for each patch. This allows us to assess the discrimi-
native power of each patch. Figure 4 shows the classification accuracy with the
smallest patch size of 5x6x5mm. The most discriminative patches can be seen to
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Table 1. Time in seconds to run each embedding for various patch sizes

Patch size (mm) Hierarchical Simultaneous [4]

64 1.23 0.22

32 1.80 16.1

16 3.46 4872

be concentrated around the hippocampus, in keeping with established results.
HML can therefore also be viewed as a method for feature selection.

Table 2 shows the classification accuracy of the most discriminative patch with
patch size (HML). The best value is comparable to classification rates obtained
through manifold learning using segmented hippocampal volumes [16]. For com-
parison, we also show the classification rates of the same patches obtained when
constructing a separate manifold for each patch independently (IND), using stan-
dard Laplacian Eigenmaps (that is, without any hierarchical alignment, while
keeping all other parameters the same). It is likely that the neighbourhood in-
formation, implicit in HML embedding, helps to improve classification accuracy.

Fig. 4. Classification accuracy (%) of 5mm patches of Alzheimer’s data

Table 2. Comparison of patch classification rates at various resolution levels using
embeddings obtained from hierarchical manifold learning (HML) and independently,
without linkage to coarser levels (IND)

Patch side length (mm) 160 80 40 20 10 5

Classification rate of most discriminative patch (HML) (%) 64 68 70 74 76 75

Classification rate of most discriminative patch (IND) (%) 64 66 68 66 68 69

5 Discussion

We have presented Hierarchical Manifold Learning to explore regional variations
within image data. We have shown how it can be used to determine local cor-
relations within the cardiac and respiratory cycles in image sequences of the
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thoracic cavity. The algorithm does not require pre-selecting regions of interest
or patch size, and can be used to obtain embeddings even at very fine scales.

We have demonstrated the scalability of the algorithm by applying it to a
population of 3D image datasets, in order to discover discriminative regions in
the classification of Alzheimer’s disease. In future work, we aim to investigate
how to best combine these individual patch embeddings in more sophisticated
ensemble classification schemes.
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