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Abstract. We provide several results on some families of twisted Jacobi
quartics. We give new addition formulæ for two models of twisted Jacobi
quartic elliptic curves, which represent respectively 1/6 and 2/3 of all
elliptic curves, with respective costs 7M + 3S + Da and 8M + 3S + Da.
These formulæ allow addition and doubling of points, except for points
differing by a point of order two.

Furthermore, we give an intrinsic characterization of elliptic curves
represented by the classical Jacobi quartic, by the action of the Frobenius
endomorphism on the 4-torsion subgroup. This allows us to compute the
exact proportion of elliptic curves representable by various models (the
three families of Jacobi quartics, plus Edwards and Huff curves) from
statistics on this Frobenius action.

1 Introduction

The interest for elliptic curves in cryptography arises from the fact that,
given suitable parameter choices, they provide an efficient representation of the
“generic group” model. However, the need for separate formulæ for point ad-
dition and doubling in Weierstraß coordinates critically exposes elliptic curve
arithmetic to side-channel analysis.

One family of countermeasures protecting against these attacks is the use of
a coordinate system that allows point additions and doublings to be performed
with the same formulæ. Namely, addition formulæ are said to be unified if they
also allow doubling of non-zero points, and complete if the allow addition of any
pair of points, identical or not, zero or not.

Some curve models with such properties, over a field of odd characteristic,
are:

– twisted Edwards curves [Edw07, BL07, BBJ+08, HWCD08], with equa-
tion ax2 + y2 = 1 + dx2y2, have a unified addition formula, that is complete
in some cases, costing 9M + Da + Dd [HWCD08];

– Jacobi quartics, with equation y2 = x4 + 2a x2 + 1, are unified [BJ03], and
have an addition formula costing 7M + 3S + Da [HWCD09];

– Huff cubics [JTV10], with equation ax(y2 − 1) = by(x2 − 1), have a unified
addition formula costing 11M.
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Not all elliptic curves transform to the Edwards or Jacobi quartic forms: only the
curves with a rational point of order four transform to Edwards curves [BBJ+08,
Theorem 3.3][Mor09], whereas the condition for Jacobi quartics is examined in
more detail in section 2.2 of this document. Since it is preferred that elliptic
curves used in cryptography have a group of prime order (as is the case, for
example, of NIST-recommended curves [Nat00]), they are not actually amenable
to Edwards or Jacobi quartic form.

Recent research activity has focused on counting elliptic curves in various
families using explicit computation of the j-invariant, for example in the fami-
lies of Doche-Icart-Kohel [DIK06] and Edwards [RFS10], Legendre [FW10], and
complete Edwards curves [AG11].

We count the Jacobi quartics using a direct method, relying on the action of
the Frobenius on the 4-torsion points of elliptic curves. Throughout this docu-
ment, k is a finite field of odd characteristic. Let E be an elliptic curve defined
over k. The 4-torsion subgroup E[4] of E has coordinates in the algebraic closure
of k, and is thus equipped with an action of the Frobenius endomorphism ϕ of k.
Since k has odd characteristic, by [Sil86, 6.4(b)], the group E[4] is isomorphic
to (Z/4Z)2, and the action ϕE (mod 4) of ϕ is given by a matrix in GL2(Z/4Z).
Finally, a change of basis of E[4] conjugates the matrix of ϕE (mod 4). There-
fore, to the curve E, one may canonically attach the conjugacy class of ϕE

(mod 4) in GL2(Z/4Z).
This work gives an intrinsic characterization of representability of elliptic

curves by the Jacobi quartic model (Theorem 5); this is given by a list of allowed
conjugacy classes for ϕE (mod 4). In particular, this does not depend on the rep-
resentation chosen for the curve. Thus, it allows us to give an asymptotic count
of the elliptic curves that can be represented as Jacobi quartics. This method
generalizes to other quadrics intersection models such as Edwards, Jacobi, and
Huff (Theorem 11).

Billet and Joye [BJ03, §3] also define a twist of the Jacobi model that repre-
sents all curves with at least one rational point of order two, and give unified
addition formulæ for these curves with a cost of 10M + 3S + 2D. We give here
improved addition formulæ for the two following variants of the twisted Jacobi
model:

– A 7M+3S+Da multiplication for the (2,2)-Jacobi quartic, which represents
all curves whose point group has (Z/2Z)× (Z/2Z) as a subgroup (1/6 of all
elliptic curves);

– A 8M + 3S + Da multiplication for the (2)-Jacobi quartic, which represents
all curves whose point group has (Z/2Z) as a subgroup (2/3 of all elliptic
curves).

These formulæ, as well as the Jacobi quartic formula from [HWCD09], are not
unified. They are, however, “complete except at 2”: any points P, Q such that
the formulæ don’t allow the computation of P +Q differ by a point of order two
(Propositions 6 and 8). Thus, these formulæ are usable for all computations in
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the subgroup of E(k) of points of order coprime to 2, and in particular in the
largest subgroup of E(k) of prime order, which the subgroup of cryptographic
significance.

2 Jacobi Quartics

2.1 Curve Equation

A Jacobi quartic is a projective curve with the quartic equation

y2 = x4 + 2ax2 + 1, (1)

where a ∈ k is a parameter. The discriminant of the right-hand side polynomial
is 28(a2 − 1)2; therefore, if a /∈ {−1, 1}, then the curve has the tacnode at the
point at infinity (0 : 1 : 0) as its only singular point. Resolution of this singularity
yields the intersection of two quadrics

JQa : y2 = z2 + 2ax2 + t2, x2 = z · t, (2)

where the tacnode (0 : 1 : 0) has the two antecedents (0 : 1 : ±1 : 0).
The curve JQa contains the four points with coordinates (x : y : z : t) equal

to (0 : 1 : 0 : ±1) and (0 : 1 : ±1 : 0). We fix ε = (0 : 1 : 0 : 1) as the neutral
point; the three others are then the three points of order two.

As JQa is a smooth intersection of two quadrics in the projective space
of dimension three, it is an elliptic curve, and the group law is defined by
coplanarity [Ono94, LS01]. Namely, let ε be the neutral point; then any three
points P1, P2, P3 have zero sum if the four points (ε, P1, P2, P3) are coplanar. Of
course, when two of the points, say P1 and P2, are identical, we replace P2 by
the direction of the tangent line at P1 to JQa.

We may then check that the addition formulæ for P3 = P1 + P2, where Pi =
(xi : yi : zi : ti), are

x3 = (x1y2 + y1x2) · (t1t2 − z1z2);
y3 = (y1y2 + 2ax1x2)(z1z2 + t1t2) + 2x1x2(z1t2 + t1z2);

z3 = (x1y2 + y1x2)2;

t3 = (t1t2 − z1z2)2.

(3)

The negative of the point (x : y : z : t) is (−x : y : z : t).
A speed-up of one multiplication is achieved [HWCD09] by observing that

z3 = (z1z2 + t1t2)(z1t2 + t1z2) + 2x1x2(2ax1x2 + y1y2), (4)

so that y3 + z3 factorizes as

y3 + z3 = (z1z2 + 2x1x2 + t1t2)(y1y2 + 2ax1x2 + z1t2 + t1z2). (5)

The cost of a point addition using (5) is 7M + 3S + Da.

Remark 1. The formulæ (3) are not unified. One checks that these formulæ yield

(x : y : z : t) + (−x : y : t : z) = (0 : 0 : 0 : 0). (6)

This situation is examined in more detail in the proposition 6 below.
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2.2 Representability

Proposition 2. Let E be an elliptic curve over the field k of characteristic �= 2.
Then E is isomorphic to a Jacobi quartic if, and only if, it has an equation of
the form

η2 = (ξ − r1)(ξ − r2)(ξ − r3)

such that r1, r2 and r3 ∈ k and at least one of the ri − rj for i, j ∈ {1, 2, 3},
i �= j, is a square.

Proof. Let E be such an elliptic curve and assume for example that r2 − r3 is a
square in k. We may then define parameters a, c, d ∈ k by

a =
r2 + r3 − 2r1

r2 − r3
, c =

r2 − r3

2
, 4d2 = r2 − r3. (7)

The equation of E may then be simplified to

2
(η

d

)2

=
(

ξ − r1

c

) (
ξ − r1

c
− a − 1

) (
ξ − r1

c
− a + 1

)
. (8)

We define coordinates (x, y, z, t) by the matrix relation

⎛
⎜⎜⎝

x
y
z
t

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0 2 0 0
0 0 1 1 − a2

−2a 0 1 a2 − 1
2 0 0 0

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎝

ξ−r1
c
η
d(

ξ−r1
c

)2

1

⎞
⎟⎟⎟⎠ . (9)

Then (x, y, z, t) satisfy the Jacobi quartic equations for JQa.
Conversely, the above computation shows that JQa is birationally equivalent

to the elliptic curve with equation 2η2 = ξ(ξ − a + 1)(ξ − a + 1), which amounts
to the Weierstraß equation in ( ξ

2 , η
2 ):

(η

2

)2

=
ξ

2

(
ξ

2
− a − 1

2

) (
ξ

2
− a + 1

2

)
. (10)

The right-hand side has the roots a+1
2 and a−1

2 , the difference of which is 1,
which is a square in k. �

Remark 3. If −1 is not a square in k, then exactly one of r1 − r2 and r2 − r1

is a square. Over such a field, an elliptic curve can be represented by a Jacobi
quartic if, and only if, it has a rational 2-torsion subgroup.

Remark 4. If E has full rational 2-torsion subgroup, then so does its quadratic
twist Ẽ, and at least one of E or Ẽ can be represented by a Jacobi quartic.
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Theorem 5. Let k be a finite field of characteristic �= 2, E be an elliptic curve
over k. Let ϕE be the representation of the Frobenius automorphism of k on E(k)
and ϕE (mod 4) be the action of ϕE on the 4-torsion group E[4].

Then E can be represented by a Jacobi quartic if, and only if, ϕE (mod 4) be-
longs to one of the following conjugacy classes in GL2(Z/4Z):

(
1 0
0 1

)
= id,

(
1 2
0 1

)
,

(−1 2
0 −1

)
,

(
1 0
0 −1

)
,

(
1 2
2 −1

)
. (11)

Proof. The condition that E has a rational 2-torsion subgroup is equivalent
to ϕE ≡ id (mod 2). It may be checked, for example by enumeration, that there
are exactly six such conjugacy classes of matrices in GL2(Z/4Z): namely, the
five classes of (11) and the class of −id.

Let q be the cardinality of k. Then, by the Hasse-Weil theorem [Sil86, Theorem
2.4], we have det(ϕE) = q. Therefore, if q ≡ −1 (mod 4), then detϕE ≡ −1
(mod 4) and thus ϕE (mod 4) is conjugate to one of the latter two matrices
of (11). In this case, Remark 3 shows that E is representable by a Jacobi quartic.

It remains to prove the case when q ≡ +1 (mod 4). In this case, there ex-
ists i ∈ k such that i2 = −1. Let (rn, 0), for n = 1, 2, 3, be the (rational) points
of order two of E and (ξn, ηn) be (not necessarily rational) points of order four
such that 2(ξn, ηn) = (rn, 0). The condition on (ξ1, η1) is equivalent to

(ξ1 − r1)2 = (r1 − r2)(r1 − r3), η2
1 = (r1 − r2)(r1 − r3)(2ξ1 − r2 − r3). (12)

Define d1 = r2 − r3, d2 = r3 − r1, and d3 = r1 − r2; by Proposition 2, repre-
sentability by a Jacobi quartic is equivalent to at least one of the dn being a
square in k. Two cases may occur:

(i) all dn reduce to the same class modulo squares in k×: then there exist cn ∈ k
and d ∈ k such that dn = c2

nd. The equations (12) may be rewritten as:

(ξ1 − r1)2 = −(c2c3d)2, η2
1 = −(c2c3d)2(c3 ± ic2)2d. (13)

We see that all ξn are rational, and therefore ϕE(ξn, ηn) = (ξn,±ηn). Thus,
ϕE (mod 4) is diagonalizable, and thus belongs to {id,−id}. The case ϕE ≡
+id (mod 4) is equivalent to η1 ∈ k and thus to d being a square. Therefore,
in the case (i), E is representable by a Jacobi quartic if, and only if, ϕE ≡ id
(mod 4).

(ii) not all the dn reduce to the same class modulo squares: then E can be
represented by a Jacobi quartic. Moreover, if for example d1 is a square
and d2 is not, then (ξ3 − r3)2 = −d1d2 is not a square, and therefore ξ3 /∈ k.
Thus, ϕE (mod 4) is not diagonalizable and belongs to one of the conjugacy

classes
(

1 2
0 1

)
,
(−1 2

0 −1

)
.

This shows that the cases where E transforms to a Jacobi quartic are exactly
the cases where ϕE (mod 4) is one of the five matrices listed above. �
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3 (2, 2) Jacobi Quartics

3.1 Curve Equation

We expand the definition of the Jacobi quartics to allow representability of all
curves with rational 2-torsion subgroup. To do this, we relax the condition that d,
as defined in equation (7), belong to k. We then obtain the quadric intersection

JQ
(2,2)
a,b : b x2 = zt, y2 = z2 + 2a x2 + t2. (14)

It is smooth when (a2−1)b �= 0. We note that for all λ ∈ k×, the curve JQ
(2,2)
λ2a,λ2b

is isomorphic to JQ
(2,2)
a,b by the coordinate change (λx : y : z : t). Therefore, we

may choose b to be either one or a (small) preset quadratic non-residue in k.
This curve has the rational points of order two

ω1 = (0 : 1 : 0 : −1), ω2 = (0 : 1 : 1 : 0), ω′
2 = ω2 + ω1 = (0 : 1 : −1 : 0).

(15)
The point addition formulæ are deduced from (3):

x3 = (x1y2 + y1x2) (z1z2 − t1t2)
y3 = (y1y2 + 2a x1x2) (z1z2 + t1t2) + 2b x1x2 (z1t2 + t1z2)

z3 = (z1z2 − t1t2)
2 = (z1z2 + t1t2)

2 − (2b x1x2)
2

t3 = b (x1y2 + y1x2)
2

y3 + t3 = (z1z2 + 2b x1x2 + t1t2) (y1y2 + 2a x1x2 + z1t2 + t1z2)

(16)

The full cost for a point addition is seen to be 7M+3S+Da+2Db. The advantage
of choosing a parameter b such that multiplication by b is fast is apparent. The
probability that all b < N are squares modulo p is asymptotically equivalent
to e−N , so that in practice we shall almost always be able to find such a b;
moreover, whether this is the case is easy to check by quadratic reciprocity.

Proposition 6. Let P1, P2 be two points of JQ
(2,2)
a,b such that the addition for-

mulæ (16) yield P3 = P1 +P2 = (0 : 0 : 0 : 0). Then we either have P2 = P1 +ω2

or P2 = P1 + ω′
2, where ωi are the points of order two defined in (15).

Proof. Let (xi : yi : zi : ti) be the coordinates of Pi. If x1 = x2 = 0, then
both points belong to the 2-torsion group and the result follows by enumeration,
so we may assume for example x1 �= 0. Since bx2

1 = z1t1, this implies z1 �= 0
and t1 �= 0.

The relations t3 = 0 and z3 = 0 then imply that there exist α, β ∈ k such
that P1 = (x1 : αx1 : βt1 : t1) and P2 = (x2 : −αx2 : z2 : βz2). Since bx2

1 = βt21,
there exists ξ ∈ k such that β = bξ2 and x1 = ξt1. Let η = ξα; then

P1 = (ξ : η : bξ2 : 1), P2 = (σξ : −ση : 1 : bξ2) for σ = ±1.

We then see that σ = 1 implies P2 = P1 + ω2 whereas σ = −1 implies P2 =
P1 + ω′

2. �
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3.2 Representability

Proposition 7. The (2, 2)-Jacobi quartics represent exactly all elliptic curves E
with rational 2-torsion subgroup.

Proof. Let E be a curve with three rational points of order two and the equation
η2 = (ξ − r1)(ξ − r2)(ξ − r3) and define, for any c ∈ k,

a = c−2(r2 + r3 − 2r1), b = c−2(r2 − r3), (17)

and coordinates (x : y : z : t) by
⎛
⎜⎜⎝

x
y
z
t

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0 c 0 0
−2r1 0 1 r1(r2 + r3) − r2r3

−r2 − r3 0 1 r2r3

r2 − r3 0 0 −r1(r2 − r3)

⎞
⎟⎟⎠

⎛
⎜⎜⎝

ξ
η
ξ2

1

⎞
⎟⎟⎠ . (18)

Then we see that (x : y : z : t) satisfy the quadric equations (14). �

4 (2)-Jacobi Quartics

4.1 Curve Equation

The (2)-Jacobi quartic is the intersection of the two quadrics

JQ
(2)
a,b : x2 = zt, y2 = z2 + 2a x2 + b t2. (19)

It is smooth (and thus an elliptic curve) whenever (a2 − 1)b �= 0. For all λ ∈ k×,
JQ

(2)
λ2a,λ4b is isomorphic to JQ

(2)
a,b by the coordinate change (λx : y : z : λ2t).

The addition formulæ are given by

x3 = (x1y2 + y1x2) (z1z2 − bt1t2)
y3 = (y1y2 + 2ax1x2) (z1z2 + bt1t2) + 2bx1x2 (z1t2 + t1z2)

z3 = (z1z2 − bt1t2)
2

t3 = (x1y2 + y1x2)
2

(20)

The factorisation trick from [HWCD09] does not apply here, thus the total point
addition cost is 8M + 3S + Da + 2Db.

The point ω1 = (0 : 1 : 0 : −1) is of order two.

Proposition 8. Let P1, P2 be two points of JQ
(2)
a,b such that the addition for-

mulæ (20) yield P3 = (0 : 0 : 0 : 0). Then P1−P2 is a point of order two, distinct
from ω1.

Proof. After extending the scalars to k(
√

b), the curve JQ
(2)
a,b becomes isomorphic

to JQ
(2,2)

ab,
√

b
. The result follows from Proposition 6 on that curve. �
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4.2 Representability

Proposition 9. The (2)-Jacobi quartics represent exactly all elliptic curves E
with at least one rational point of order two.

Proof. Let E be a curve with one rational point of order two; then there ex-
ist r, s, p ∈ k such that E has the equation

E : η2 = (ξ − r)(ξ2 − sξ + p). (21)

We then define
a = s − 2r, b = s2 − 4p, (22)

and coordinates (x : y : z : t) by
⎛
⎜⎜⎝

x
y
z
t

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0 1 0 0
−2r 0 1 rs − p
−s 0 1 p
1 0 0 −r

⎞
⎟⎟⎠

⎛
⎜⎜⎝

ξ
η
ξ2

1

⎞
⎟⎟⎠ . (23)

We then see that these coordinates satisfy equations (19). �

5 Asymptotic Count of Various Elliptic Curve Models

This section gives the asymptotic probability that a random elliptic curve is
represented by one of the quadric intersection models presented above.

5.1 Statistics for the Frobenius Modulo 4

We use the fact that, given an elliptic curve E over a field k of characteristic �= 2,
the representability of E by the Jacobi, Edwards or Huff models is determined
by the conjugacy class of ϕE (mod 4).

For any real number x, let E (x) be the (finite) set of all isomorphism classes
of elliptic curves over finite fields Fq with q ≤ x and q odd.

Proposition 10. Let S ⊂ GL2(Z/4Z) be a conjugacy class. For any elliptic
curve E over a finite field k (of characteristic �= 2), let ϕE (mod 4) be the
conjugacy class of the representation of the Frobenius endomorphism of k on the
4-torsion subgroup of E.

Then we have the asymptotic probability

lim
x→∞P (ϕE ≡ S (mod 4) | E ∈ E (x)) =

#S

96
.

Proof. Let X(n) be the moduli space of elliptic curves over Fq equipped with
a basis for the n-torsion subgroup. Then the forgetful map X(4) → X(1) is
a covering with Galois group GL2(Z/4Z). According to the Artin-Čebotarev
theorem [Ser65, Theorem 7][CH11, Theorem 2] applied to this covering map,
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the set of elliptic curves over Fq with Frobenius class equal to S has a Dirichlet
density equal to #S/#GL2(Z/4Z). Finally, the group GL2(Z/4Z) is an extension
of GL2(F2), which is isomorphic to the symmetric group S3, by the group of
matrices ≡ 0 (mod 2), which is isomorphic to (Z/2Z)4; thus, it is a group of
order 96. �

We note that the Huff cubic ax(y2−1) = by(x2−1) is birationally equivalent to
the homogenous quadric intersection form uz = vt, zt = ab(u2+v2)−(a2+b2)uv
by the variable change t = (a2 − b2), z = (a2 − b2)xy, u = ax− by, v = bx− ay.

Theorem 11. The asymptotic proportion of elliptic curves in odd characteristic
representable by twisted Edwards, Jacobi quartics, or Huff models are listed in
the table below.

Curve q odd q ≡ +1 (mod 4) q ≡ −1 (mod 4)

Twisted Edwards 17/48 1/3 3/8
Jacobi quartic 5/32 7/48 1/6
(2, 2)-Jacobi quartic 1/6 1/6 1/6
(2)-Jacobi quartic 2/3 2/3 2/3
Huff 5/48 1/12 1/8

Proof. These elliptic curve models are all characterized by a set of conjugacy
classes of the Frobenius in GL2(Z/4Z); namely:

(i) the Jacobi quartics are characterized by the list of conjugacy classes of
Theorem 5;

(ii) the (2, 2)-Jacobi quartics are exactly the curves E satisfying ϕE ≡ id
(mod 2) (by Proposition 7);

(iii) the (2)-Jacobi quartics are exactly the curves such that ϕE has a fixed point
modulo 2 (by Proposition 9);

(iv) the twisted Edwards curves are exactly the curves with a rational 4-torsion
point [BBJ+08, Theorem 3.3], which means that ϕE has a fixed point mod-
ulo 4;

(v) the Huff curves are the curves that contain (Z/2Z) × (Z/4Z) as a sub-
group [JTV10, Theorem 2] and are thus the intersection of (2, 2)-Jacobi
quartics and Edwards curves.

In each case, the results follow by counting the number of such matrices
in GL2(Z/4Z). By the Hasse-Weil theorem, q = det(ϕE); consequently, the
conditional results on q (mod 4) are derived by counting the number of such
matrices with the suitable determinant.

For instance, the Jacobi quartics in the case where q ≡ +1 (mod 4) corre-

spond to the conjugacy classes of
(

1 0
0 1

)
,
(

1 2
0 1

)
and

(−1 2
0 −1

)
, with respective

cardinalities 1, 3 and 3. Therefore, asymptotically, 7/48 of all elliptic curves
with q ≡ +1 are isomorphic to a Jacobi quartic. �
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Remark 12. If the field k is a prime field then the results about some of these
families of curves may also be derived, in a similar way, from statistics about
the group structure of elliptic curves [Gek06, 2.18].

5.2 Summary of Quadrics Intersections

All coordinate systems in the following list may be represented as the smooth
intersection of two three-dimensional quadrics. For each, we list the cost for
a point addition according to literature, the condition for representability of a
curve by such a model, and the asymptotic probability that this model represents
a random curve, in the sense of Theorem 11.

Curve Condition Cost Probability

Twisted Edwards (Z/4Z) 9M + Da + Dd 17/48
Jacobi quartic (Z/2Z)2,

√
r1 − r2 7M + 3S + Da 9/32

(2, 2)-Jacobi (Z/2Z)2 7M + 3S + Da + 2Db 1/6
(2)-Jacobi (Z/2Z) 8M + 3S + Da + 2Db 2/3
Huff (Z/4Z) × (Z/2Z) 11M 5/48
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