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Abstract. We propose new approaches to exploit compression algorithms for
clustering numerical data. Our first contribution is to design a measure that can
score the quality of a given clustering result under the light of a fixed encoding
scheme. We call this measure the Minimum Code Length (MCL). Our second contribution is to propose a general strategy to translate any encoding method into
a cluster algorithm, which we call COOL (COding-Oriented cLustering). COOL
has a low computational cost since it scales linearly with the data set size. The
clustering results of COOL is also shown to minimize MCL. To illustrate further
this approach, we consider the Gray Code as the encoding scheme to present GCOOL. G-COOL can find clusters of arbitrary shapes and remove noise. Moreover, it is robust to change in the input parameters; it requires only two lower
bounds for the number of clusters and the size of each cluster, whereas most algorithms for finding arbitrarily shaped clusters work well only if all parameters
are tuned appropriately. G-COOL is theoretically shown to achieve internal cohesion and external isolation and is experimentally shown to work well for both
synthetic and real data sets.
Keywords: Clustering, Compression, Discretization, Gray code.

1 Introduction
Clustering is a fundamental task in data analysis, and many clustering algorithms have
been developed in the fields of machine learning and knowledge discovery [1,9,14].
Several clustering algorithms have been recently proposed that focus on the compression of data points.
Kontkanen et al. [19] proposed the minimum description length (MDL) approach to
clustering taking advantage of an information theoretic framework. However, data encoding has to be optimized to find the best clusters; that is, all encoding schemes are
considered within the clustering process under the MDL criterion. As a result, their approach takes quadratic time with respect to the data set size and can only be handled
in practice using a stochastic algorithm [18]. Cilibrasi and Vitányi [6] proposed a clustering algorithm based on the Kolmogorov complexity. Since their method measures the
distance between two data points on the basis of compression of finite sequences (i.e.,
D. Gunopulos et al. (Eds.): ECML PKDD 2011, Part III, LNAI 6913, pp. 365–380, 2011.
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discrete variables), it is difficult to apply it to multivariate data of continuous variables.
Moreover, although there are other approaches [16,20] that focus on compression of
data, they perform simple agglomerative hierarchical clustering, so it takes quadratic
time with respect to the data set size. These approaches are therefore not suitable for
clustering massive data sets.
Here we propose a new measure, called the minimum code length (MCL), to score
the quality of a given clustering result under a fixed encoding scheme. This use of fixed
encoding enables the performance of fast (i.e., linear complexity with respect to the
data set size) and exact clustering since we do not need to optimize data encoding. We
present a clustering algorithm, called COOL (COding-Oriented cLustering), that always
finds the best clusters; i.e., the globally optimal clusters which minimizes MCL, and requires only the lower bounds for the number and size of the clusters. The discretization
of continuous variables with the fixed encoding scheme coincides with the clustering
process itself — a hierarchy of clusters is introduced automatically by increasing the
accuracy of discretization.
Mathematically, an encoding, or embedding, is a mapping from real numbers to infinite sequences over some alphabet [29], and discretization is realized by truncation of
infinite sequences. For example, in the binary embedding γB , every real number in [0, 1]
is translated into an infinite sequence composed of 0 and 1; e.g., γB (0) = 000 . . . ,
γB (0.2) = 001 . . . , and γB (0.4) = 011 . . . , where the first bit is 0 if the value is
in the interval [0, 0.5] and 1 if in (0.5, 1]. If these sequences are truncated at the first
bit, all of them become 0, and hence they are considered as in the same cluster since
they cannot be distinguished. If they are then truncated at the second bit, both 0 and 0.2
become 00, and 0.4 becomes 01. Thus, two clusters are generated: C1 = {0, 0.2} and
C2 = {0.4}. This means that representatives of C1 and C2 are 00 and 01, respectively.
Finally, if they are truncated at the third bit, 0 and 0.2 are separated. The hierarchy is
therefore constructed as {{0, 0.2, 0.4}}, {{0, 0.2}, {0.4}}, and {{0}, {0.2}, {0.4}}.
The complexity of making clusters can be measured by the length of the cluster
representatives. In the above example, 2 + 2 = 4 for clusters {0, 0.2} and {0.4} (00
and 01), and 3 + 3 + 2 = 8 for {0}, {0.2}, and {0.4} (000, 001, and 01). We call
these values the MCL since we cannot distinguish a pair of data points from different
clusters if their truncated codes are shorter than the MCL.
Since COOL does not optimize an embedding scheme within the clustering process,
the clustering result strongly depends on the embedding used. This means that we have
to carefully choose an appropriate embedding for effective clustering. In this paper, we
consider the Gray code as an embedding scheme for COOL — resulting in an algorithm
we call G-COOL. Gray code was originally developed for binary encoding of natural
numbers and has become especially important in applications requiring conversion between analog and digital information [17]. From the geometrical point of view, Gray
code embedding is the partitioning of each interval into overlapping smaller intervals.
This enables clusters with arbitrary shapes to be found, which cannot be done with binary embedding. There is theoretical support for clustering by G-COOL as shown in
Lemma 2 and Theorem 1. Figure 1 illustrates examples of computing the MCL with
binary and Gray code embedding.
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Fig. 1. Examples of computing MCL with binary (left) and Gray code (right) embedding. These
one-dimensional data sets are in [0, 1] and partitioned into three clusters, , ♦, and . Level
means the length of each prefix. With binary embedding, cluster  is separated at level 1, and
 and ♦ are separated at level 2. They are encoded by 1, 00, and 01, respectively, so the MCL
is 1 + 2 + 2 = 5. With Gray code embedding, the intervals overlap, and adjacent clusters are
merged at each level. As a result,  is separated at level 2, and  and ♦ are separated at level 3.
Their representatives are {11, 10}, {000, 001}, and {011, 010}, respectively, so the MCL is
4 + 6 + 6 = 16.

The motivation for using Gray code comes from Computable Analysis [31], a wellestablished mathematical framework for addressing analytical and computational aspects of real numbers in a fully computational manner through representation of real
numbers as infinite sequences. Computability for real numbers depends on the embedding method used, and computation makes sense only if the method meets a key mathematical property: “admissibility” (see [31] for its mathematical definition and properties). It is thus natural that the clustering results depends on the embedding method.
Gray code has been shown to be admissible [29] whereas binary embedding is not, and
this property is a key for embedding that can detect arbitrarily shaped clusters.
This paper is organized as follows: Section 2 gives notation and Section 3 introduces the MCL. Section 4 gives a formal definition of clustering based on the MCL
and explains the integration of COOL with the computation of the MCL. In Section 5,
we introduce Gray code embedding and analyze G-COOL theoretically. Section 6 describes the experiments, presents the results, and discusses them. Section 7 summarized
the key points with reviewing related work.

2 Notation
In the following, Rd denotes the d-dimensional Euclidean space. A data point x is a
vector in Rd , and a dataset X is a finite set of data points. For a pair of sets X and Y ,
X \ Y means the relative complement of Y in X.
Clustering is the partition of a dataset X into
K subsets C1 , . . . , CK , called clusters,
where Ci = ∅, Ci ∩ Cj = ∅ with i = j, and i∈{1,...,K} Ci = X. Here we say that a
set C = {C1 , . . . , CK } holding the above properties is a partition of X and denote the
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set of all possible partitions by C(X); i.e., C(X) = {C | C is a partition of X}. For a
cluster C, #C denotes the number of data points in C.
The set of finite and infinite sequences over an alphabet Σ is denoted by Σ ∗ and
ω
Σ , respectively. The length |w| of a finite or an infinite sequence w is the number of
positions for symbols other than ⊥ (the undefinedness character) in w. For example, if
w = 11⊥100⊥⊥⊥
. . . , |w| = 5. For a set of sequences W , the size of W is defined

by |W | := w∈W |w|.
An embedding of Rd is an injective function γ from Rd to Σ ω . For a pair of infinite
sequences p, q, we write p  q if p(i) = q(i) for all i with p(i) = ⊥, where p(i)
denotes the ith position (including 0) of p. This means that q is more specific than p
since ⊥ denotes undefinedness. Moreover, if w⊥ω  p for w ∈ Σ ∗ , we write w  p
(w is a prefix of p). We define ↑w := {p ∈ range(γ) | w  p} for w ∈ Σ ∗ , and
↑W := {p ∈ range(γ) | w  p for some w ∈ W } for W ⊆ Σ ∗ .

3 Minimum Code Length
The minimum code length, or MCL, is used to measure partitions under a fixed embedding γ. We define, for p ∈ range(γ) and P ⊂ range(γ),


∗ p ∈ ↑w, and P ∩ ↑v = ∅
.
Φ(p | P ) := w ∈ Σ
for all v with |v| = |w| and p ∈ ↑v
Every element in Φ(p | P ) is a prefix of p that discriminates p from P . Trivially, Φ(p |
P ) = ∅ if p ∈ P .
The MCL is introduced here in accordance with the above preparations.
Definition 1 (MCL). Given an embedding γ, for a partition C = {C1 , . . . , CK } of a
dataset X, we define

MCL(C) :=
Li (C),
i∈{1,...,K}

where
Li (C) := min

⎧
⎪
⎨
⎪
⎩

γ(Ci ) ⊆ ↑W and
|W | W ⊆
x∈Ci

⎫
⎪
⎬

Φ (γ(x) | γ(X \ Ci )) ⎪ .
⎭

Intuitively, this gives the code length of the maximumly compressed representatives of
a given partition through discretization using fixed embedding γ since the following
property holds: For a partition C of X, if we discretize each
 data point x ∈ X into a
finite sequence c(x) with γ (i.e., c(x)  γ(x)) such that  x∈X c(x)  < MCL(C),
then there must exist a pair of data points x, y ∈ X satisfying ↑c(x) ∩ ↑c(y) = ∅ and
x ∈ Ci , y ∈ Cj with i = j. Therefore, we cannot discriminate x from y and thus cannot
find the partition C from compressed codes c(X).
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Example 1. Suppose we use binary embedding γB . Assume a one-dimensional dataset
X = {0.1, 0.2, 0.8, 0.9} and partitions C1 = {{0.1, 0.2}, {0, 8, 0.9}} and C2 = {{0.1},
{0.2, 0.8}, {0.9}}. Then, MCL(C1 ) = L1 (C1 ) + L2 (C1 ) = 1 + 1 = 2 since γB ([0, 0.5])
= ↑0 and γB ((0.5, 1]) = ↑1, and MCL(C2 ) = L1 (C2 ) + L2 (C2 ) + L3 (C2 ) = 3 +
(3 + 3) + 3 = 12 because we have γB ([0, 0.125]) = ↑000, γB ((0.125, 0.25]) = ↑001,
γB ((0.75, 0.875]) = ↑110, and γB ((0.875, 1]) = ↑111. Note that γB ([0, 0.25]) = ↑00,
hence 0.1 and 0.2 cannot be discriminated using code 00, and that γB ((0.75, 1]) = ↑11,
hence 0.8 and 0.9 cannot be discriminated using 11.
The MCL is calculated for O(nd) time complexity by using a radix sort, where n is the
size of X (i.e., n = #X), and d is the dimension of X. This is why if the discretized
dataset {p(0)p(1) . . . p(k − 1) | p ∈ γ(X)} at level k is sorted in advance, each data
point simply needs to be compared with the subsequent one for each dimension, and
the MCL is obtained by checking from k = 1, 2, 3, . . . .

4 Minimizing MCL and Clustering
We formulate clustering using the MCL as a criterion and describe clustering algorithm
COOL, which always finds the globally optimal partition that minimizes the MCL.
4.1 Problem Formulation
The clustering problem with the MCL is defined as follows.
Definition 2. Clustering of a dataset X under the MCL criterion means finding the
globally optimal partition that minimizes the MCL with more than K clusters; that is,
finding Cop such that
Cop ∈ argmin MCL(C),
C∈C(X)K

where C(X)K = {C ∈ C(X) | #C  K}.
In this framework, we assume that a lower bound on the number of clusters K is given
to avoid overgeneralization since, if we search for the optimal partition Cop in C(X)
(i.e., all possible partitions) instead of C(X)K , we always have the nonsense result
Cop = {X}.
4.2 COOL Algorithm
Our COOL algorithm efficiently solves the optimization problem (Definition 2) by integrating the computation of MCL within the clustering step. By contrast, naı̈ve approach
that would compare the MCLs of all possible partitions would result in an algorithm
with exponential time complexity. The pseudo-code of COOL is shown in Algorithm 1.
COOL is a level-wise clustering algorithm that finds the optimal partition Cop by
enumerating level-k partitions (k = 1, 2, 3, . . . ).
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Algorithm 1. COOL algorithm
Input: Dataset X, lower bound on number of clusters K, and noise parameter N
Output: Optimal partition Cop and noise data
Function COOL(X, K, N )
m−1
1
m
m
, . . . , CN
such that #CN
< K  #CN
1: Find partitions CN
1
m
2: (Cop , MCL) ← FIND
 CLUSTERS(X, K, {CN , . . . , CN })
3: return (Cop , X \ Cop )
Function FINDCLUSTERS(X, K, {C l , . . . , C m })
1: if K = 1 then

2: return (C l , |W |), where γ( C l ) ⊆ ↑W and |w| = l for all w ∈ W
3: end if
4: Find k such that #C k−1 < K  #C k
5: Cop ← C k
6: MCL ← MCL(C k )
7: for each C in C l ∪ · · · ∪ C k
8: L ← min{|W | | γ(C) ⊆ ↑W and |w| = j for all w ∈ W }, where C ∈ C j
9: (C, L ) ← FINDCLUSTERS(X \ C, K − 1, {C j , . . . , C k })
10: if L + L < MCL then
11:
Cop ← C ∪ C
12:
MCL ← L + L
13: end if
14: end for
15: return (Cop , MCL)

Definition 3 (Level-k partition). For a dataset X and an embedding γ, the level-k
partition C k is defined as follows: Every pair of data points x, y ∈ X are contained
in the same cluster if and only if v = w for some v  γ(x) and w  γ(y) with
|v| = |w| = k.
This means that if x, y ∈ X are in the same cluster, there exists a chain of data points
z1 , z2 , . . . , zm (m  2) such that, for all i ∈ {1, 2, . . . , m − 1}, z1 = x, zm = y,
and wi = wi+1 for some wi  γ(zi ) and wi+1  γ(zi+1 ) with |wi | = |wi+1 | = k.
Obviously, the level-k partition is determined uniquely. The time complexity of finding
the level-k partition is O(nd), where n and d are the size and dimension of the dataset,
respectively, since, if the discretized dataset {p(0)p(1) . . . p(k −1) | p ∈ γ(X)} at level
k is initially sorted using a radix sort, clusters are constructed by comparing each data
point to the next data point for each dimension.
The most important feature of the level-k partition is that the optimal partition Cop in
Definition 2 is obtained by searching for only clusters contained in the level-k partition.
Lemma 1. For every cluster C ∈ Cop , C is contained in some level-k partition, that is,
C ∈ C k for some k ∈ N.
Proof. Let C be a partition such that, for every C ∈ C, C ∈ C k for some k, and a pair
of clusters C, C  ∈ C is fixed. Then, from the definition of the level-k partition, the
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following condition holds: For all pairs of clusters D, D such that D ∪ D = C ∪ C 
and D ∩ D = ∅, we have MCL(C)  MCL(C  ), where C  = (C \ {C, C  }) ∪ {D, D }.
Therefore, for the optimal partition Cop , C ∈ C k with k ∈ N for all C ∈ Cop .
k
The level-k partition has a hierarchical structure:
 For each cluster C ∈ C , there must
k+1
exist a set of clusters D ⊆ C
such that D = C. Thus, COOL works through
divisive hierarchical clustering. The MCL of the level-k partition used in line 6 of the
function FINDCLUSTERS in Algorithm 1 can thus be easily calculated: Let C k be a set of
clusters {C1 , . . . , CK }. For each Ci and for the minimum level l such that Ci ∈ C l ,

Li (C k ) = min{|W | | γ(Ci ) ⊆ ↑W and |w| = l for all w ∈ W }
holds. This means that we can obtain the MCL of the level-k partition by checking only
sequences with length l.
Next we show that COOL can solve the optimization problem in Definition 2.
Proposition 1. The COOL algorithm (Algorithm 1) always outputs the globally optimal partition Cop .


Proof. Let #Cop = K. Then there must exist k ∈ N such that K  #C k and #C k <
K for all k  < k since the number of clusters in the level-k partition #C k increases

be
monotonically with respect to increase of k. Fix a cluster C ∈ Cop , and let Cop

the optimal partition for the dataset X \ C. Then we can easily check that Cop ∪ {C}
coincides with Cop . Moreover, from Lemma 1 and the definition of the level-k partition,
for all C ∈ Cop , C ∈ C l for some l ∈ {1, . . . , k}. Thus, COOL finds the optimal
partition Cop by recursive computing in Algorithm 1 (lines 4 - 7) with fixing each cluster
in C 1 ∪ · · · ∪ C k .
COOL can find the globally optimal partition Cop efficiently, and its time complexity is
O(nd) and O(nd + K!) in the best and worst cases, respectively, since finding m partitions in the first line of the function COOL takes O(nd), and the function FINDCLUSTERS
takes O(K!) in the worst case. Usually, K
n holds, so complexity becomes O(nd).
Furthermore, noise is directly removed by COOL using a lower bound on the size of
each cluster N , which we call the noise parameter. For a partition C, we denote the set
{C ∈ C | #C  N } by CN . For example, let a dataset X = {0.1, 0.4, 0.5, 0.6, 0.9}
and C = {{0.1}, {0.4, 0.5, 0.6}, {0.9}}. Then, C2 = {{0.4, 0.5, 0.6}}, and two data
points, 0.1 and 0.9, are detected as noise.

5 G-COOL: COOL with Gray Code
We use Gray code embedding for COOL, and show its powerful clustering ability by
theoretical analysis. We call COOL with Gray code embedding G-COOL.
5.1 Gray Code Embedding
Gray code embedding is illustrated in Figure 2. Its rich mathematical properties are
described elsewhere [29]. Gray code was originally simply binary encoding of natural
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numbers, as mentioned in introduction. For example, natural numbers 1, 2, . . . , 8 are
represented in Gray code as 000, 001, 011, 010, 110, 111, 101, 100, whereas, in
binary code, they are represented as 000, 001, 010, 011, 100, 101, 110, 111. The
importance of Gray code is that only one bit differs between one code and its successor,
that is, the Hamming distance between them is always one. Here I denotes the unit
ω
denotes the set of infinite sequences for
interval [0, 1] × · · · × [0, 1] ⊂ Rd , and Σ⊥,d
which, in each sequence, at most d positions are ⊥. For example, if Σ = {0, 1} and
ω
ω
ω
d = 2, then 0⊥100 · · · ∈ Σ⊥,d
, ⊥⊥110 · · · ∈ Σ⊥,d
, and 0⊥1⊥⊥0 . . . ∈
/ Σ⊥,d
. In
the following, we consider only real vectors in I.
Definition 4 (Gray code embedding). (One-dimensional) Gray code embedding is an
ω
(d = 1), that maps x ∈ I to an infinite sequence
injective function, γG : I → Σ⊥,d
p(0)p(1)p(2) . . . : For each i, p(i) := 1 if
2−i m − 2−(i+1) < x < 2−i m + 2−(i+1)
holds for an odd number m, p(i) := 0 if the same holds for an even number m, and
p(i) := ⊥ if x = 2−i m − 2−(i+1) for some integer m.
Moreover, by using the wrapping function
ϕ(p1 , . . . , pd ) := p1 (0) . . . pd (0)p1 (1) . . . pd (1)p1 (2) . . . pd (2) . . . ,
d
ω
we can define d-dimensional Gray code embedding γG
: I → Σ⊥,d
as
d
(x1 , . . . , xd ) := ϕ(γG (x1 ), . . . , γG (xd )).
γG
d
We abbreviate d of γG
if it is understood from the context.

Example 2. For one-dimensional data points x = 0.2, y = 0.5, and z = 0.7, we have
γG (x) = 0010 . . . , γG (y) = ⊥100 . . . , and γG (z) = 1110 . . . with Gray code
embedding, while γB (x) = 0001 . . . , γB (y) = 0111 . . . , and γB (z) = 1011 . . .
with binary embedding. For a two-dimensional data point (x, y), we have γG (x, y) =
0⊥011000 . . . , and for a three-dimensional data point (x, y, z), γG (x, y, z) = 0⊥1
011101000 . . . with Gray code embedding.
5.2 Theoretical Analysis of G-COOL
Here we show that G-COOL achieves internal cohesion and external isolation without
any distance calculation or data distribution. In the following, we measure the distance
between x, y ∈ Rd by using the L∞ metric, where the distance is defined by
d∞ (x, y) :=

max

i∈{1,...,d}

|xi − yi | .

Lemma 2. For the level-k partition C k of a dataset X with Gray code embedding γG ,
two data points x, y ∈ X are in the same cluster if d∞ (x, y) < 2−(k+1) and are not in
the same cluster only if d∞ (x, y)  2−(k+1) .

The Minimum Code Length for Clustering Using the Gray Code

373

Position

5
3
2
1

0
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Fig. 2. Gray code embedding γG . Position i is 1 if it is on the line, ⊥ if on the end point, and 0
otherwise. Diagonal lines are auxiliary lines. For example, if p = γG (0.25), p = 0⊥1000 . . .
because position 0 is not on the line, 1 is on the end point, 2 is on the line, and every i  3 is not
on the line.

Proof. From the definition of Gray code embedding, if d∞ (x, y) < 2−(k+1) for x, y ∈
X, there must exist a finite sequence w with |w| = k such that w  γG (x) and w 
γG (y). Thus, x and y are in the same cluster in the level-k partition C k . Moreover, this
means that, if x and y are in the different clusters in C k , d∞ (x, y)  2−(k+1) .
Informally, the redundancy of Gray code embedding enables the powerful property
described in the above lemma, that is, for an infinite sequence p = γG (x), there may be
two prefixes, v1  p and v2  p with |v| = |w|.
Example 3. Let us consider the situation illustrated in Figure 3, where we have five onedimensional data points: xa = 0.14, xb = 0.48, xc = 0.51, xd = 0.73, and xe = 0.77.
In binary embedding, the unit interval I = [0, 1] is divided into two intervals [0, 0.5] and
[0.5, 1] at level-1, while it is divided into three intervals [0, 0.5], [0.25, 0.75], and [0.5, 1]
in Gray code embedding. Thus, there are three overlapping clusters {xa , xb } (encoded
as 0), {xb , xc , xd } (encoded as ⊥1), and {xc , xd , xe } (encoded as 1). Actually, there
is only one cluster {xa , xb , xc , xd , xe } since they are merged. At level-2, we have four
clusters with binary embedding although some data points such as xb and xc are close.
On the other hand, we have two natural clusters {xa } and {xb , xc , xd , xe } with Gray
code embedding.
Intuitively, this lemma theoretically supports the claim that G-COOL finds natural clusters. For a data point x ∈ X, we say that a data point y ∈ X is the nearest neighbor of
x if y ∈ argminx ∈X d∞ (x, x ).
Theorem 1 (main theorem). The optimal partition Cop of a dataset X generated by
G-COOL has the following property: For every data point x ∈ C with C ∈ Cop and
#C  2, its nearest neighbor y ∈ C.
Proof. From Lemma 1, every cluster C ∈ Cop is contained in C k for some k. Thus,
from Lemma 2, trivially, any x ∈ C with C ∈ Cop , #C = 1 or its nearest neighbor
y ∈ C.
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Fig. 3. Examples of level-1 and 2 partitions with binary and Gray code embedding
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Fig. 4. Clustering results for G-COOL and COOL with binary embedding (K = 2, N = 50) and
K-means (K = 2). Dataset size is 10,500 (where 500 points are noise). G-COOL detects two
natural clusters and noise. The other two methods cannot find such clusters.

This property of Gray code (Lemma 2) enables clusters with the condition in Theorem
1 to be quickly found, whereas the naı̈ve solution results in more than O(n2 ). Figure 4
illustrates the results of G-COOL for a two-dimensional dataset for which K-means
could not find natural clusters. We can see that COOL with binary embedding also
failed to find such clusters.
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6 Experiments
We analyze G-COOL empirically and evaluate the effectiveness of G-COOL and the
proposed measure, MCL. We use low-dimensional synthetic and real datasets, which
are common in spatial clustering setting.
6.1 Methods
Environment. G-COOL was implemented in R version 2.12.2 [24], and all experiments were performed in R. We used Mac OS X version 10.6.5 with two 2.26-GHz
Quad-Core Intel Xeon CPUs and 12 GB of memory.
Datasets. The synthetic datasets were used to evaluate robustness against the number
of clusters, the size of the datasets, and noise existence. They were randomly generated using the R clusterGeneration package [23], and the parameters were set
as follows: sepVal = 0.34, numNonNoisy = 2, numNoisy = 1, numOutlier = 500,
and rangeN = c(1000, 2000). We generated 20 datasets to obtain the mean and s.e.m.
(standard error of the mean). The size of each cluster was around 1,500, so the size
of the datasets varied from ∼3,000 to ∼10,500. Each dataset was three-dimensional,
where one dimension was composed of noise and about 500 data point were added to
each dimension as noise.
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Fig. 5. Experimental results for synthetic datasets. MCL and connectivity should be minimized,
and Silhouette width and adjusted Rand index should be maximized. Data show mean ± s.e.m.

80
Connectivity

5000
4000
3000
2000
1000
0

0.6
0.4
0.2
0

0 2 4 6 8 10
The noise parameter N

40
20
0

0 2 4 6 8 10
The noise parameter N
1.0
0.8

60

0 2 4 6 8 10
The noise parameter N
2.0

Silhouette width

M. Sugiyama and A. Yamamoto

Running time (s)

Adjusted Rand index

MCL

376

0.6
0.4
0.2
0

0 2 4 6 8 10
The noise parameter N

1.5
1.0
0.5
0

0 2 4 6 8 10
The noise parameter N

Fig. 6. Clustering speed and quality for G-COOL and synthetic datasets. MCL and connectivity
should be minimized, and Silhouette width and adjusted Rand index should be maximized. GCOOL shows robust performance if the noise parameter N is large enough. Data show mean ±
s.e.m.

Five real datasets were collected from the Earth-as-Art website1 , which contains
geospatial satellite images (see Table 1 and Figure 7). Similar datasets were used in
experiments with the state-of-the-art spatial clustering method [5]. Each image was
pre-processed using ImageJ software [25]; they were reduced to 200 × 200 pixels and
translated into binary images.
With G-COOL, each dataset was translated using min-max normalization [10] so
that the dataset was in the unit interval I, where each value x of ith dimension Xi of a
dataset X was mapped to x = (x − min Xi )/(max Xi − min Xi ) and the runtime for
the translation was included in the G-COOL running time.
Control Methods. As control methods, we used K-means and DBSCAN because Kmeans is the standard clustering algorithm and DBSCAN is a typical method for finding
arbitrarily shaped clusters, and their source codes are publicly available. DBSCAN was
executed using the R fpc package. We tuned the parameters of DBSCAN to obtain the
best results.
Evaluation. With the synthetic datasets, performance was evaluated using internal and
external measures. As internal measures, we used the MCL (with Gray code), the connectivity (takes values in [0, ∞], to be minimized) [11], and the Silhouette width (takes
values in [−1, 1], to be maximized) [26]. As an external measure, we used the adjusted
Rand index (takes values in [−1, 1], to be maximized) [13], which takes into account the
1

http://eros.usgs.gov/imagegallery/
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Table 1. Running time (in seconds) and MCL for real datasets. In table, n and K denote the
number of data points and clusters, respectively. Clustering results are shown in Figure 7.

n

Name

Delta
Dragon
Europe
Norway
Ganges

4
2
6
5
6

Dragon

Running time (s)

MCL

G-COOL

K-means

G-COOL

K-means

1.158
0.595
2.404
0.746
0.595

0.012
0.026
0.041
0.026
0.026

4010
3906
2320
1820
2320

4922
7166
12210
6114
12526

Europe

Norway

Ganges

K-means

G-COOL

Binary filtering

Original image

Delta

20748
29826
17380
22771
18019

K

Fig. 7. Results for real datasets obtained from satellite images by G-COOL and K-means. GCOOL finds all natural clusters whereas K-means does not.

ground truth and is popular in the clustering literature. The measures were calculated
using the R clValid [2], cluster [22], and clues [3] packages, respectively. For
the real datasets, we used the MCL and simply show scatter plots of the results since
we had no information on the ground truth.
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6.2 Results and Discussion
The results obtained with the synthetic datasets (Figure 5) show that the quality of clusters obtained with G-COOL is significantly higher for three of the four quality measures
(determined by paired t-test) and is competitive for the other one (adjusted Rand index).
Moreover, it is faster than DBSCAN. These results show that the MCL works reasonably well as a measure of cluster quality compared to existing ones.
Note that we need to input only the lower bounds for the number and size of the clusters in G-COOL, whereas we have to tune the parameters carefully in DBSCAN and
other shape-based (spatial) clustering algorithms. Therefore, G-COOL is more efficient
and effective than existing clustering algorithms. Moreover, as shown in Figure 6, cluster quality is stable with respect to the noise parameter N (i.e., lower bound on cluster
size) even if the dataset contains noise, when N is large enough. If N is too small,
then each noise is detected as a cluster. Thus, when clustering using G-COOL, all we
have to do is set the parameter large enough, meaning that G-COOL is equally useful
as K-means.
For all the real datasets, G-COOL finds natural clusters (N was set as 50 for all
the datasets), as shown in Figure 7, whereas K-means results in inferior clustering
quality (we did not perform DBSCAN since it takes too much time and needs manual
tuning of the input parameters). Moreover, MCL of clustering results for G-COOL is
much smaller than those for K-means (Table 1). These results show that G-COOL is
robust and that it can find arbitrarily shaped clusters without careful tuning of the input
parameters.

7 Conclusion
We have proposed an internal measure, the minimum code length (MCL), to evaluate
the results of clustering and presented a clustering algorithm COOL that always finds
the globally optimal partition; i.e., clusters that have the minimum MCL. Intuitively,
COOL produces the maximally compressed clusters using a fixed encoding scheme and
does not take optimization of encoding into account. Moreover, Gray code is used for
the encoding, resulting in an algorithm called G-COOL. Theoretically and empirically,
G-COOL has been shown to be noise tolerant and to have the ability to find arbitrarily
shaped clusters efficiently. The result is an effective solution to two essential problems,
how to measure the goodness of clustering results and how to find good clusters.
Many types of shape-based clustering, or spatial clustering, methods have been proposed for finding arbitrarily shaped clusters, including partitional algorithms [4,5], the
mass-based clustering algorithm [28], density-based clustering algorithms (e.g., DBSCAN [7] and DENCLUE [12]), agglomerative hierarchical clustering algorithms (e.g.,
CURE [8], CHAMELEON [15]), and grid-based algorithms (e.g., STING [30] and
Wave Cluster [27]). However, most of them are not practical. Their clustering results are
sensitive to the input parameters, which have to be tuned manually, so they work well
only if all parameters are tuned appropriately by the user. As a result, these methods
are not well suited for users who are not specialized in machine learning. Furthermore,
most of them are not scalable: their time complexity is quadratic or cubic with respect
to data size. Compared to these methods, G-COOL is robust to the input parameters
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and always finds the globally optimal clusters under the MCL criterion. Moreover, GCOOL is usually faster than most of these methods since the time complexity is linear
with respect to data size.
Many cluster validity methods have been proposed for quantitative evaluation of
clustering results [11]. These measures are usually divided into two categories: internal (e.g., connectivity and Silhouette width) and external (e.g., F -measure and Rand
index). The internal measures are intrinsic to actual clustering while the external measures need information that may not be available in an actual situation. Our proposed
measure, MCL, can be categorized as an internal measure. Its effectiveness has been
shown experimentally (see Section 6).
G-COOL’s results are robust to changes in the input parameters, and does not assume
a data distribution and does not need a distance calculation. Thus, it can be effectively
applied to other machine learning tasks, such as anomaly detection. Theoretical analysis
of relationship between admissibility of encoding schemes in computing real numbers
and the ability of clustering to detect arbitrarily shaped clusters is necessary future
work.
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