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Abstract. Data sources representing attribute information in combi-
nation with network information are widely available in today’s appli-
cations. To realize the full potential for knowledge extraction, mining
techniques like clustering should consider both information types si-
multaneously. Recent clustering approaches combine subspace clustering
with dense subgraph mining to identify groups of objects that are simi-
lar in subsets of their attributes as well as densely connected within the
network. While those approaches successfully circumvent the problem
of full-space clustering, their limited cluster definitions are restricted to
clusters of certain shapes.

In this work, we introduce a density-based cluster definition taking
the attribute similarity in subspaces and the graph density into account.
This novel cluster model enables us to detect clusters of arbitrary shape
and size. We avoid redundancy in the result by selecting only the most in-
teresting non-redundant clusters. Based on this model, we introduce the
clustering algorithm DB-CSC. In thorough experiments we demonstrate
the strength of DB-CSC in comparison to related approaches.

1 Introduction

In the past few years, data sources representing attribute information in com-
bination with network information have become more numerous. Such data
describes single objects via attribute vectors and also relationships between dif-
ferent objects via edges. Examples include social networks, where friendship
relationships are available along with the users’ individual interests (cf. Fig 1);
systems biology, where interacting genes and their specific expression levels are
recorded; and sensor networks, where connections between the sensors as well
as individual measurements are given. There is a need to extract knowledge
from such complex data sources, e.g. for finding groups of homogeneous objects,
i.e. clusters. Throughout the past decades, a multitude of clustering techniques
were introduced that either solely consider attribute information or network in-
formation. However, simply applying one of these techniques misses the potential
given by such combined data sources. To detect more informative patterns it is
preferable to simultaneously consider relationships together with attribute in-
formation. In this work, we focus on the mining task of clustering to extract
meaningful groups from such complex data.
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Fig. 1. Clusters in a social network with attributes age, tv consume and web consume

Former techniques considering both data types aim at a combination of dense
subgraph mining (regarding relationships) and traditional clustering (regard-
ing attributes). The detected clusters are groups of objects showing high graph
connectivity as well as similarity w.r.t. all of their attributes. However, using tra-
ditional, i.e. full-space, clustering approaches on these complex data does mostly
not lead to meaningful patterns. Usually, for each object a multitude of different
characteristics is recorded; though not all of these characteristics are relevant for
each cluster and thus clusters are located only in subspaces of the attributes. In,
e.g., social networks it is very unlikely that people are similar within all of their
characteristics. In Fig. 1(b) the customers show similarity in two of their three at-
tributes. In these scenarios, applying full-space clustering is futile or leads to very
questionable clustering results since irrelevant dimensions strongly obfuscate the
clusters and distances are not discriminable anymore [4]. Consequentially, recent
approaches [16,9] combine the paradigms of dense subgraph mining and subspace
clustering, i.e. clusters are identified in locally relevant subspace projections of
the attribute data.

Joining these two paradigms leads to clusters useful for many applications:
In social networks, closely related friends with similar interests in some product
relevant attributes are useful for target marketing. In systems biology, functional
modules with partly similar expression levels can be used for novel drug design. In
sensor networks, long distance reports of connected sensors sharing some similar
measurements can be accumulated and transfered by just one representative to
reduce energy consumption. Overall, by using subspace clustering the problems
of full-space similarity are, in principle, circumvented for these complex data.

Though, the cluster models of the existing approaches [16,9] have a severe limi-
tation: they are limited to clusters of certain shapes. This holds for the properties
a cluster has to fulfill w.r.t the network information as well as w.r.t. the attribute
information. While for the graph structure models like quasi-cliques are used, for
the vector data the objects’ attribute values are just allowed to deviate within
an interval of fixed width the user has to specify. Simply stated, the clustered
objects have to be located in a rectangular hypercube of given width. For real
world data, such cluster definitions are usually too restrictive since clusters can
exhibit more complex shapes. Considering for example the 2d attribute subspace
of the objects in Fig. 1(a): The two clusters can not be correctly detected by the
rectangular hypercube model of [16,9]. Either both clusters are merged or some
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objects are lost. In Fig. 1(b) an extract of the corresponding network structure
is shown. Since the restrictive quasi-clique property would only assign a low
density to this cluster, the cluster would probably be split by [9].

In this work, we combine dense subgraph mining with subspace clustering
based on a more sophisticated cluster definition; thus solving the drawbacks of
previous approaches. Established for other data types, density-based notions of
clusters have shown their strength in many cases. Thus, we introduce a density-
based clustering principle for the considered combined data sources. Our clusters
correspond to dense regions in the attribute space as well as in the graph. Based
on local neighborhoods taking the attribute similarity in subspaces as well as
the graph information into account, we model the density of single objects. By
merging all objects located in the same dense region, the overall clusters are
obtained. Thus, our model is able to detect the clusters in Fig. 1 correctly.

Besides the sound definition of clusters based on density values, we achieve a
further advantage. In contrast to previous approaches, the clusters in our model
are not limited in their size or shape but can show arbitrary shapes. For example,
the diameter of the clusters detected in [9] is a priori restricted by a parameter-
dependent value [17] leading to a bias towards clusters of small size and little
extent. Such a bias is avoided in our model, where the sizes and shapes of clusters
are automatically detected. Overall, our contributions are:

– We introduce a novel density-based cluster definition taking attributes in
subspaces and graph information into account.

– We ensure an unbiased cluster detection since our clusters can have arbitrary
shape and size.

– We develop the algorithm DB-CSC to determine such a clustering solution.

2 Related Work

Different clustering methods were proposed in the literature. Clustering vector
data is traditionally done by using all attributes of the feature space. Density-
based techniques [8,11] have shown their strength in contrast to other full-space
clustering approaches like k-means. They do not require the number of clusters
as an input parameter and are able to find arbitrarily shaped clusters. However,
full-space clustering does not scale to high dimensional data since locally irrele-
vant dimensions obfuscate the clustering structure [4,14]. As a solution, subspace
clustering methods detect an individual set of relevant dimensions for each clus-
ter [14]. Also for this mining paradigm, density-based clustering approaches [13,3]
have resolved the drawbacks of previous subspace cluster definitions. However,
none of the introduced subspace clustering techniques considers graph data.

Mining graph data can be done in various ways [1]. The task of finding groups
of densely connected objects in one large graph, as needed for our method, is
often referred to as “graph clustering” or “dense subgraph mining”. On overview
of the various dense subgraph mining techniques is given in [1]. Furthermore,
several different notions of density are used for graph data including cliques,
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γ-quasi-cliques [17], and k-cores [5,12]. However, none of the introduced dense
subgraph mining techniques considers attribute data annotated to the vertices.

There are some methods considering graph data and attribute data. In [6,15]
attribute data is only used in a post-processing step. [10] transforms the network
into a distance function and afterwards applies traditional clustering. In [18],
contrarily, the attribute information is transformed into a graph. [7] extends the
k-center problem by requiring that each group has to be a connected subgraph.
These approaches [10,18,7] perform full-space clustering on the attributes. [19,20]
enriches the graph by further nodes based on the vertices’ attribute values and
connects them to vertices showing this value. The clustered objects are only
pairwise similar and no specific relevant dimensions can be defined.

Recently, two approaches [16,9] were introduced that deal with subspace clus-
tering and dense subgraph mining. However, both approaches use too simple
cluster definitions. Similar to grid-based subspace clustering [2], a cluster (w.r.t.
the attributes) is simply defined by taking all objects located within a given
grid cell, i.e. whose attribute values differ by at most a given threshold. The
methods are biased towards small clusters with little extend. This drawback is
even worsened by considering the used notions of dense subgraphs: e.g. by using
quasi-cliques as in [9] the diameter is a priori constrained to a fixed threshold
[17]. Very similar objects just slightly located next to a cluster are lost due to
such restrictive models. Overall, finding meaningful patterns based on the clus-
ter definitions of [16,9] is questionable. Furthermore, the method in [16] does not
eliminate redundancy which usually occurs in the analysis of subspace projec-
tions due to the exponential search space containing highly similar clusters.

Our novel model is the first approach using a density-based notion of clusters
for the combination of subspace clustering and dense subgraph mining. This
allows arbitrary shaped and arbitrary sized clusters hence leading to an unbiased
definition of clusters. We remove redundant clusters induced by similar subspace
projections resulting in meaningful result sizes.

3 A Density-Based Clustering Model for Combined Data

In this section we introduce our density-based clustering model for the combined
clustering of graph data and attribute data. The clusters in our model correspond
to dense regions in the graph as well as in the attribute space. For simplicity,
we first introduce in Section 3.1 the cluster model for the case that only a single
subspace, e.g. the full-space, is considered. The extension to subspace clustering
and the definition of a redundancy model to confine the final clustering to the
most interesting subspace clusters is introduced in Section 3.2.

Formally, the input for our model is a vertex-labeled graph G = (V, E, l)
with vertices V , edges E ⊆ V × V and a labeling function l : V → R

D where
Dim = {1, . . . , D} is the set of dimensions. We assume an undirected graph
without self-loops, i.e. (v, u) ∈ E ⇔ (u, v) ∈ E and (u, u) �∈ E. Furthermore, we
use x[i] to refer to the i-th component of a vector x ∈ R

D.
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3.1 Cluster Model for a Single Subspace

In this section we introduce our density-based cluster model for the case of
a single subspace. The basic idea of density-based clustering is that clusters
correspond to connected dense regions in the dataspace that are separated by
sparse regions. Therefore, each clustered object x has to exceed a certain minimal
density, i.e. its local neighborhood has to contain a sufficiently high number of
objects that are also located in x’s cluster. Furthermore, in order to form a
cluster, a set of objects has to be connected w.r.t. their density, i.e. objects
located in the same cluster have to be connected via a chain of objects from the
cluster such that each object lies within the neighborhood of its predecessor.
Consequently, one important aspect of our cluster model is the proper definition
of a node’s local neighborhood.

If we would simply determine the neighborhood based on the attribute data,
as done in [8,11], we could define the attribute neighborhood of a vertex v by
its ε-neighborhood, i.e. the set of all objects which distances to o do not exceed
a threshold ε. Formally,

NV
ε (v) = {u ∈ V | dist(l(u), l(v)) ≤ ε}

with an appropriate distance function like the maximum norm dist(x, y) =
maxi∈{1,...,D} |x[i] − y[i]|. Just considering attribute data, however, leads to the
problem illustrated in Fig. 2. Considering the attribute space, the red triangles
form a dense region. (The edges of the graph and the parameter ε are depicted
in the figure.) Though, this group is not a meaningful cluster since in the graph
this vertex set is not densely connected. Accordingly, we have to consider the
graph data and attribute data simultaneously to determine the neighborhood.

Intuitively, taking the graph into account can be done by just using adjacent
vertices for density computation. The resulting simple combined neighborhood of
a vertex v would be the intersection

NV
ε,adj(v) = NV

ε (v) ∩ {u ∈ V | (u, v) ∈ E}

In Fig. 2 the red triangles would not be dense anymore because their simple
combined neighborhoods are empty. However, using just the adjacent vertices
leads to a too restrictive cluster model, as the next example in Fig. 4 shows.

Assuming that each vertex has to contain 3 objects in its neighborhood (in-
cluding the object itself) to be dense, we get two densely connected sets, i.e. two
clusters, in Fig. 4(a). In Fig. 4(b), we have the same vertex set, the same set
of attribute vectors and the same graph density. The example only differs from
the first one by the interchange of the attribute values of the vertices v3 and
v4, which both belong to the same cluster in the first example. Intuitively, this
set of vertices should also be a valid cluster in our definition. However, it is not
because the neighborhood of v2 contains just the vertices {v1, v2}. The vertex
v4 is not considered since it is just similar w.r.t. the attributes but not adjacent.

The missing tolerance w.r.t. interchanges of the attribute values is one problem
induced by using just adjacent vertices. Furthermore, this approach would not
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Fig. 4. Robust cluster detection by using k-neighborhoods. Adjacent vertices (k = 1)
are not always sufficient for correct detection (left: successful; right: fails)

be tolerant w.r.t. small errors in the edge set. For example in social networks,
some friendship links are not present in the current snapshot although the people
are aware of each other. Such errors should not prevent a good cluster detection.
Thus, in our approach we consider all vertices that are reachable over at most k
edges to obtain a more error-tolerant model. Formally, the neighborhood w.r.t.
the graph data is given by:

Definition 1 (Graph k-neighborhood). As vertex u is k-reachable from a
vertex v (over a set of vertices V ) if

∃v1, . . . , vk ∈ V : v1 = v ∧ vk = u ∧ ∀i ∈ {1, . . . , k − 1} : (vi, vi+1) ∈ E

The graph k-neighborhood of a vertex v ∈ V is given by

NV
k (v) = {u ∈ V | u is x-reachable from v (over V ) ∧ x ≤ k} ∪ {v}

Please note that the object v itself is contained in its neighborhood NV
k (v) as

well. Overall, the combined neighborhood of a vertex v ∈ V considering graph
and attribute data can be formalized by intersecting v’s graph k-neighborhood
with its ε-neighborhood.

Definition 2 (Combined local neighborhood). The combined neighborhood
of v ∈ V is:

NV (v) = NV
k (v) ∩ NV

ε (v)

Using the combined neighborhood NV (v) and k ≥ 2, we get in Fig. 4(a) and
Fig. 4(b) the same two clusters. In both examples v2’s neighborhood contains 3
vertices, e.g. NV (v2) = {v1, v2, v4} in Fig. 4(b). So to speak, we “jump over” the
vertex v3 to find further vertices that are similar to v2 in the attribute space.
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Local density calculation. As mentioned, the “jumping” principle is necessary
to get meaningful clusters. However, it leads to a novel challenge not given in
previous density-based clustering approaches. Considering Figure 3, the vertices
on the right hand side form a combined cluster and are clearly separated from the
remaining vertices by their attribute values. However, on the left hand side we
have two separate clusters, one consisting of the vertices depicted as dots and
one consisting of the vertices depicted as triangles. If we would only consider
attribute data for clustering, these two clusters would be merged into one big
cluster as the vertices are very similar w.r.t. their attribute values. If we would
just use adjacent vertices, this big cluster would not be valid as there are no
edges between the dot vertices and the triangle vertices. However, since we allow
“jumps” over vertices, the two clusters could be merged, e.g. for k = 2.

This problem arises because the dots and triangles are connected via the
vertices on the right hand side, i.e. we “jump” over vertices that actually do not
belong to the final cluster. Thus, a “jump” has to be restricted to the objects
of the same cluster. In Fig. 4(b) e.g., the vertices {v2, v3, v4} belong to the same
cluster. Thus, reaching v4 over v3 to increase the density of v2 is meaningful.
Formally, we have to restrict the k-reachability used in Def. 1 to the vertices
contained in the cluster O. In this case, the vertices on the right hand side of
Fig. 3 cannot be used for “jumping” and thus the dots are not in the triangles’
neighborhoods and vice versa. Thus, we are able to separate the two clusters.

Overall, for computing the neighborhoods and hence the densities, only ver-
tices v ∈ O of the same cluster O can be used. While previous clustering ap-
proaches calculate the densities w.r.t. the whole database (all objects in V ),
our model calculates the densities within the clusters (objects in O). Instead of
calculating global densities, we determine local densities based on the cluster O.
While this sounds nice in theory, it is difficult to solve in practice, as obviously
the set of clustered objects O is not known a priori but has to be determined.
The cluster O depends on the density values of the objects, while the density
values depend on O. So we get a cyclic dependency of both properties.

In our theoretical clustering model, we can solve this cyclic dependency by
assuming a set of clustered objects O as given. The algorithmic solution is pre-
sented in Sec. 4. Formally, given the set of clustered objects O three properties
have to be fulfilled: First, each vertex v ∈ O has to be dense w.r.t. it local
neighborhood. Second, the spanned region of these objects has to be (locally)
connected since otherwise we would have more than two clusters (cf. Fig 3).
Last, the set O has to be maximal w.r.t. the previous properties since otherwise
some vertices of the cluster are lost. Overall,

Definition 3 (Density-based combined cluster). A combined cluster in a
graph G = (V, E, l) w.r.t. the parameters k, ε and minPts is a set of vertices
O ⊆ V that fulfills the following properties:

(1) high local density: ∀v ∈ O : |NO(v)| ≥ minPts
(2) locally connected: ∀u, v ∈ O : ∃w1, . . . , wl ∈ O : w1 = u ∧ wl = v ∧ ∀i ∈

{1, . . . , l − 1} : wi ∈ NO(wi+1)
(3) maximality: ¬∃O′ ⊃ O : O′ fulfills (1) and (2)
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Please note that the neighborhood calculation NO(v) is always done w.r.t. to the
set O and not w.r.t. the whole graph V . Based on this definition and by using
minPts = 3, k ≥ 2, we can e.g. detect the three clusters from Fig. 3. By using
a too small value for k (as for example k = 1 in Fig. 4(b)), clusters are often
split or even not detected at all. On the other hand, if we choose k too high,
we run the risk that the graph structure is not adequately considered any more.
However, for the case depicted in Fig. 3 our model detects the correct clusters
even for arbitrary large k values as the cluster on the right hand side is clearly
separated from the other clusters by its attribute values. The two clusters on
the left hand side are never merged by our model as we do not allow jumps over
vertices outside the cluster.

In this section we introduced our combined cluster model for the case of a
single subspace. As shown in the examples, the model can detect clusters that
are dense in the graph as well as in the attribute space and that can often not
be detected by previous approaches.

3.2 Overall Subspace Clustering Model

In this section we extend our cluster model to a subspace clustering model. Be-
sides the adapted cluster definition we have to take care of redundancy problems
due to the exponential many subspace projections. As mentioned in the last sec-
tion, we are using the maximum norm in the attribute space. If we just want
to analyze subspace projections, we can simply define the maximum norm re-
stricted to a subspace S ⊆ Dim as

distS(x, y) = maxi∈S |x[i] − y[i]|
In principle any Lp norm can be restricted in this way and can be used within
our model. Based on this distance function, we can define a subspace cluster
which fulfills the cluster properties just in a subset of the dimensions:

Definition 4 (Density-based combined subspace cluster). A combined
subspace cluster C = (O, S) in a graph G = (V, E, l) consists of a set of vertices
O ⊆ V and a set of relevant dimensions S ⊆ Dim such that O forms a combined
cluster (cf. Def 3) w.r.t. the local subspace neighborhood NO

S (v) = NO
k (v) ∩

NO
ε,S(v) with NO

ε,S(v) = {u ∈ O | distS(l(u), l(v)) ≤ ε}.
As we can show, our subspace clusters have the anti-monotonicity property: For
a subspace cluster C = (O, S), for every S′ ⊆ S there exists a vertex set O′ ⊇ O
such that (O′, S′) is a valid cluster. This property is used in our algorithm to
find the valid clusters more efficiently.

Proof. For every two subspaces S, S′ with S′ ⊆ S and every pair of vertices u, v
it holds that distS

′
(l(u), l(v)) ≤ distS(l(u), l(v)). Thus for every vertex v ∈ O

we get NO
S′(v) ⊇ NO

S (v). Accordingly, the properties (1) and (2) from Def. 3 are
fulfilled by (O, S′). If (O, S′) is maximal w.r.t. these properties, then (O, S′) is
a valid combined subspace cluster. Else, by definition there exists a vertex set
O′ ⊃ O such that (O′, S′) is a valid subspace cluster.
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Redundancy removal. Because of the density-based subspace cluster model,
there can not be an overlap between clusters in the same subspace. However, a
vertex can belong to several subspace clusters in different subspaces, thus clusters
from different subspaces can overlap. Due to the exponential number of possible
subspace projections, an overwhelming number of (very similar) subspace clus-
ters may exist. Whereas allowing overlapping clusters in general makes sense in
many applications, allowing too much overlap can lead to highly redundant in-
formation. Thus, for meaningful interpretation of the result, removing redundant
clusters is crucial. Instead of simply reporting the highest dimensional subspace
clusters or the cluster with maximal size, we use a more sophisticated redun-
dancy model to confine the final clustering to the most interesting clusters.

However, defining the interestingness of a subspace cluster is a non-trivial task
since we have two important properties “number of vertices” and “dimension-
ality”. Obviously, optimizing both measures simultaneously is not possible as
clusters with higher dimensionality usually consist of fewer vertices than their
low-dimensional counterparts (cf. anti-monotonicity). Thus we have to realize
a trade-off between the size and the dimensionality of a cluster. We define the
interestingness of a single cluster as follows:

Definition 5 (Interestingness of a cluster). The interestingness of a com-
bined subspace cluster C = (O, S) is computed as

Q(C) = |O| · |S|
For the selection of the final clustering based on this interestingness definition
we use the redundancy model introduced by [9]. This model defines a binary
redundancy relation between two clusters as follows:

Definition 6 (Redundancy between clusters). Given the redundancy pa-
rameters robj , rdim ∈ [0, 1], the binary redundancy relation ≺red is defined by:

For all combined clusters C = (O, S), C = (O, S):
C ≺red C ⇔ Q(C) < Q(C) ∧ |O∩O|

|O| ≥ robj ∧ |S∩S|
|S| ≥ rdim

Using this relation, we consider a cluster C as redundant w.r.t. another cluster
C if C’s quality is lower and the overlap of the clusters’ vertices and dimensions
exceeds a certain threshold. It is crucial to require both overlaps for the redun-
dancy. E.g. two clusters that contain similar vertices, but lie in totally different
dimensions represent different information and thus should both be considered
in the output.

Please note that the redundancy relation ≺red is non-transitive, i.e. we cannot
just discard every cluster that is redundant w.r.t. any other cluster. Therefore
we have to select the final clustering such that it does not contain two clusters
that are redundant w.r.t. each other. At the same time, the result set has to
be maximal with this property, i.e. we can not just leave out a cluster that is
non-redundant. Overall, the final clustering has to fulfill the properties:

Definition 7 (Optimal density-based combined subspace clustering).
Given the set of all combined clusters Clusters, the optimal combined clustering
Result ⊆ Clusters fulfills
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– redundancy-free property: ¬∃Ci, Cj ∈ Result : Ci ≺red Cj

– maximality property: ∀Ci ∈ Clusters\Result : ∃Cj ∈ Result : Ci ≺red Cj

Our clustering model enables us to detect arbitrarily shaped subspace clusters
based on attribute and graph densities without generating redundant results.

4 The DB-CSC Algorithm

In the following section we describe the DB-CSC (Density-Based Combined
Subspace Clustering) algorithm for detecting the optimal clustering result. In
Section 4.1 we present the detection of our density-based clusters in a single
subspace S and in Section 4.2 we introduce the overall processing scheme using
different pruning techniques to enhance the efficiency.

4.1 Finding Clusters in a Single Subspace

To detect the clusters in a single subspace S, we first introduce a graph trans-
formation that represents attribute and graph information simultaneously.

Definition 8 (Enriched subgraph). Given a set of vertices O ⊆ V , a sub-
space S, and the original graph G = (V, E, l), the enriched subgraph GO

S =
(V ′, E′) is defined by V ′ = O and E′ = {(u, v) | v ∈ NO

S (u) ∧ v �= u} using the
distance function distS.

Dim 1

D
im

 2

(a) Original graph

Dim 1

D
im

 2

O1

O2

(b) Enriched graph GV
S

Dim 1

D
im

 2

(c) GOi
S for subsets Oi

Fig. 5. Finding clusters by (minPts−1)-cores in the enriched graphs (k=2, minPts=3)

Two vertices are adjacent in the enriched subgraph iff their attribute values are
similar in S and the vertices are connected by at most k edges in the origi-
nal graph (using just vertices from O). In Fig. 5(b) the enriched subgraph for
the whole set of vertices V is computed while Fig. 5(c) just considers the sub-
set O1 and O2 respectively. In this graph we concentrate on the detection of
(minPts−1)-cores, which are defined as maximal connected subgraphs Oi ⊆ V
in which all vertices have at least a degree of (minPts−1). We show:

Theorem 1 (Equivalence of representations). Let O ⊆ V a set of vertices
and S ⊆ Dim a subspace. C = (O, S) fulfills property (1) and (2) of Defini-
tion 3 if and only if the enriched subgraph GO

S = (O, E′) contains a single
(minPts−1)-core that covers all vertices O.
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Proof. ∗ For property (1) of Def. 3 we get: high local density ⇔ ∀v ∈ O :
|NO(v)| ≥ minPts ⇔ ∀v ∈ O : |NO(v)\{v}| ≥ minPts − 1 ⇔ ∀v ∈ O :
degE′(v) ≥ minPts − 1 ⇔ minimal vertex degree of minPts − 1 in GO

S

∗ For property (2) of Def. 3 we get: locally connected ⇔ ∀u, v ∈ O: ∃w1, . . . , wl ∈
O : w1 = u ∧ wl = v ∧ ∀i ∈ {1, . . . , l − 1} : wi ∈ NO

S (wi+1) ⇔ ∀u, v ∈
O : ∃w1, . . . , wl ∈ O : w1 = u ∧ wl = v ∧ ∀i ∈ {1, . . . , l − 1} : (wi, wi+1) ∈ E′ ⇔
GO

S is connected

The theorem implies that our algorithm only has to analyze vertices that po-
tentially lead to (minPts−1)-cores. The important observation is: If GO

S is a
(minPts−1)-core, then for each graph GO′

S with O′ ⊇ O the set O will also be
contained in a (minPts−1)-core. (This holds since NO′

S (u) ⊇ NO
S (u) and hence

GO′
S contains all edges of GO

S .) Thus, each potential cluster (O, S) especially has
to be contained within a (minPts−1)-core of the graph GV

S . Overall, we first
extract from GV

S all (minPts−1)-cores, since only these sets could lead to valid
clusters. In Fig. 5(b) these sets are highlighted.

However, keep in mind that not all (minPts−1)-cores correspond to valid
clusters. Theorem 1 requires that a single (minPts−1)-core covering all vertices
is induced by the enriched subgraph. Figure 5(b) for example contains two cores.
As already discussed, the left set O1 is not a valid cluster but has to be split up.

Thus, if the graph GV
S contains a single (minPts−1)-core O1 with O1 = V

we get a valid cluster and the cluster detection is finished in this subspace.
In the other cases, however, we recursively have to repeat the procedure for
each (minPts−1)-core {O1, . . . , Om} detected in GV

S , i.e. we determine the
smaller graphs GOi

S and their contained (minPts−1)-cores. Since in each step
the (maximal) (minPts−1)-cores are analyzed and refined, we ensure besides
property (1) and (2) – due to Theorem 1 – also property (3) of Definition 3.

Formally, the set of resulting clusters Clus = {C1, . . . , Cm} corresponds to a
fixpoint of the function

f(Clus) = {(O′, S) | O′ is a (minPts−1)-core in GOi
S with Ci = (Oi, S) ∈ Clus}

This fixpoint can be reached by f(f(. . . f({(V, S)}))) = Clus. Overall, this pro-
cedures enables us to detect all combined clusters in the subspace S.

4.2 Finding Clusters in Different Subspaces

This chapter describes how we efficiently determine the clusters located in dif-
ferent subspaces. In principle, our algorithm has to analyze each subspace. We
enumerate these subspaces by a depth first traversal through the subspace lat-
tice. To avoid enumerating the same subspace several times we assume an order
d1, d2, . . . , dD on the dimensions. We denote the dimension with the highest in-
dex in subspace S by max{S} and extend the subspace only by dimensions that
are ordered behind max{S}. This principle has several advantages:

By using a depth first search, the subspace S is analyzed before the subspace
S′ = S ∪ {d} for d > max{S}. Based on the anti-monotonicity we know that
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each cluster in S′ has to be a subset of a cluster in S. Thus, in subspace S′ we do
not have to start with the enriched subgraph GV

S but it is sufficient to start with
the vertex sets of the known clusters, i.e. if the clusters of subspace S are given
by Clus = {C1, . . . , Cm}, we will determine the fixpoint f(f(. . . f({(Oi, S

′)})))
for each cluster Ci = (Oi, S) ∈ Clus. This is far more efficient since the vertex
sets are smaller. In Fig. 6 the depth first traversal based on the clusters of the
previous subspace is shown in line 21, 23 and 29. The actual detection of clusters
based on the vertices O is realized in line 13-19, which corresponds to the fixpoint
iteration described in the previous section.

Using a depth first search enables us to store a set of parent clusters (be-
forehand detected in lower dimensional subspaces) that a new cluster is based
on (cf. line 22). Furthermore, given a set of vertices O in the subspace S we
know that by traversing the current subtree only clusters of the kind Creach =
(Oreach, Sreach) with Oreach ⊆ O and S ⊆ Sreach ⊆ S ∪ {max{S} + 1, . . . , D}
can be detected. This information together with the redundancy model allows
a further speed-up of the algorithm. The overall aim is to stop the traversal of
a subtree if each of the reachable (potential) clusters is redundant to one par-
ent cluster, i.e. if there exists C ∈ Parents such that Creach ≺red C for each
Creach. Traversing such a subtree is not worthwhile since the contained clusters
are probably excluded from the result later on due to their redundancy.

Redundancy of a subtree occurs if the three properties introduced in Def. 6
hold. The second property (object overlap) is always fulfilled since each Oreach

is a subset of any cluster from Parents (cf. anti-monotonicity). The maximal
possible quality of the clusters Creach can be estimated by Qmax = |O| · |S ∪
{max{S} + 1, . . . , D}|. By focusing on the clusters Cp = (Op, Sp) ∈ Parents
with Qmax < Q(Cp) we ensure the first redundancy property. The third property
(dimension overlap) is ensured if |Sp| ≥ |S ∪ {max{S} + 1, . . . , D}| · rdim holds.
In this case we get for each Creach: |Sp| ≥ |Sreach| · rdim ⇔ |Sp ∩ Sreach| ≥
|Sreach| · rdim ⇔ |Sp∩Sreach|

|Sreach| ≥ rdim. Those parent clusters fulfilling all three
properties are stored within Parentsred (line 24).

If Parentsred is empty, we have to traverse the subtree (else case, line 28).
If it is not empty (line 25), the current subtree is redundant to at least one
parent cluster. We currently stop traversing this subtree. However, we must not
directly prune the subtree ST : if the clusters from Parentsred themselves are
not included in the result, clusters from the subtree would become interesting
again. Thus, we do not finally reject the subtree ST but we store the required
information and add the subtree to a priority queue.

Processing this queue is the core of the DB-CSC algorithm. The priority
queue contains clusters (line 6, 20) and non-traversed subtrees (line 9, 27). We
successively take the object with the highest (estimated) quality from the queue.
If it is a cluster that is non-redundant to the current result, we add it to the
result (line 7-8). If it is a subtree, we check if some cluster from Parentsred

is already included in the result: if so, we finally reject this subtree (line 10);
otherwise, we have to restart traversing this subtree (line 11).
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method: main()
1 Result = ∅ // current result set
2 queue = ∅ // priority queue with clusters and subtrees, descendingly sorted by quality
3 for d ∈ Dim do DFS traversal({d}, V, ∅)
4 while queue �= ∅ do
5 remove first (highest-quality) object Obj from queue
6 if Obj is cluster then // check redundancy
7 for C ∈ Result do if( Obj ≺red C) goto line 4 // discard redundant cluster
8 Result = Result ∪ {Obj} // cluster is non-redundant

9 else // Obj is subtree ST = (S,O,Qmax, Parents, Parentsred)
10 if Parentsred ∩ Result �= ∅ then goto line 4 // discard whole subtree
11 else DFS traversal(S,O, Parents) // subtree is non-redundant, restart traversal

12 return Result

method: DFS traversal(subspace S, candidate vertices O, parent clusters Parents)
13 foundClusters = ∅, prelimClusters = {O}
14 while prelimClusters �= ∅ do
15 remove first candidate Ox from prelimClusters

16 generate enriched subgraph GOx
S

17 determine (minPts − 1)-cores → Cores = {O′
1, . . . , O

′
m}

18 if |Cores| = 1 ∧ O′
1 = Ox then foundClusters = foundClusters ∪ {(O′

1, S)}
19 else prelimClusters = prelimClusters ∪ Cores

20 add foundClusters to queue
21 for Ci = (Oi, S) ∈ foundClusters do
22 Parentsi = Parents ∪ {Ci}
23 for d ∈ {max{S} + 1, . . . , D} do
24 determine Parentsred ⊆ Parentsi to which whole subtree is redundant
25 if Parentsred �= ∅ then
26 calc. subtree information ST = (S ∪ {d}, Oi, Qmax, Parentsi, Parentsred)
27 add ST to queue // (currently) do not traverse subtree!

28 else
29 DFS traversal(S ∪ {d}, Oi, Parentsi) // check only subsets of Oi

Fig. 6. DB-CSC algorithm

Overall, our algorithm efficiently determines the optimal clustering solution
because only small vertex sets are analyzed for clusters and whole subtrees (i.e.
sets of clusters) are pruned using the redundancy model.

5 Experimental Evaluation

Setup. We compare DB-CSC to GAMer [9] and CoPaM [16], two approaches
that combine subspace clustering and dense subgraph mining. In our experiments
we use real world data sets as well as synthetic data. By default the synthetic
datasets have 20 attribute dimensions and contain 80 combined clusters each
with 15 nodes and 5 relevant dimensions. Additionally we add random nodes
and edges to represent noise in the data. The clustering quality is measured
by the F1 measure [9], which compares the detected clusters to the “hidden”
clusters. The efficiency is measured by the algorithms’ runtime.

Varying characteristics of the data. In the first experiment (Fig. 7(a)) we
vary the database size of our synthetic datasets by varying the number of gener-
ated combined clusters. The runtime of all algorithms increases with increasing
database size (please note the logarithmic scale on both axes). For the datasets
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Fig. 7. Quality (top row) and Runtime (bottom row) w.r.t. varying data characteristics

with more than 7000 vertices, CoPaM is not applicable any more due to heap
overflows (4GB). While the runtimes of the different algorithms are very similar,
in terms of clustering quality DB-CSC obtains significantly better results than
the other approaches. The competing approaches tend to output only subsets of
the hidden clusters due to their restrictive cluster models. In the next experi-
ment (Fig. 7(b)) we vary the dimensionality of the hidden clusters. The runtime
of all algorithms increases for higher dimensional clusters. The clustering quali-
ties of DB-CSC and CoPaM slightly decrease. This can be explained by the fact
that for high dimensional clusters it is likely that additional clusters occur in
subsets of the dimensions. However, DB-CSC still has the best clustering quality
and runtime in this experiment. In Fig. 7(c) the cluster size (i.e. the number of
vertices per cluster) is varied. The runtimes of DB-CSC and GAMer are very
similar to each other, whereas the runtime of CoPaM increases dramatically
until it is not applicable any more. The clustering quality of DB-CSC remains
relatively stable while the qualites of the other approaches decrease constantly.
For increasing cluster sizes the expansion of the clusters in the graph as well as
in the attribute space increases, thus the restrictive cluster models of GAMer
and CoPaM can only detect subsets of them.

Robustness. In Fig. 8(a) we analyze the robustness of the methods w.r.t. the
number of “noise” vertices in the datasets. The clustering quality of all ap-
proaches decreases for noisy data, however the quality of DB-CSC is still rea-
sonably high even for 1000 noise vertices (which is nearly 50% of the overall
dataset). In the next experiment (Fig. 8(b)) we vary the clustering parameter ε.
For GAMer and CoPaM we vary the allowed width of a cluster in the attribute
space instead of ε. As shown in the figure, by choosing ε too small we cannot
find all clusters and thus get smaller clustering qualities. However, for ε > 0.05
the clustering quality of DB-CSC remains stable. The competing methods have
lower quality. In the last experiment (Fig. 8(c)) we evaluate the robustness of
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Fig. 8. Robustness of the methods w.r.t. noise and parameter values

DB-CSC w.r.t. the parameter minPts. For too small values for minPts, many
vertex sets are falsely detected as clusters, thus we obtain small clustering qual-
ities. However, for sufficiently high minPts values the quality remains relatively
stable, similar to the previous experiment.

Overall, the experiments show that DB-CSC obtains significantly higher clus-
tering qualities. Even though it uses a more sophisticated cluster model than
GAMer and CoPaM, the runtimes of DB-CSC are comparable to (and in some
cases even better than) those of the other approaches.

Real world data. As real world data sets we use gene data1 and patent data2

as also used in [9]. Since for real world data there are no “hidden” clusters given
that we could compare our clustering results with, we compare the properties of
the clusters found by the different methods. For the gene data DB-CSC detects
9 clusters with a mean size of 6.3 and a mean dimensionality of 13.2. In con-
trast, GAMer detects 30 clusters (mean size: 8.8 vertices, mean dim.: 15.5) and
CoPaM 115581 clusters (mean size: 9.7 vertices, mean dim.: 12.2), which are far
too many to be interpretable. In the patent data, DB-CSC detects 17 clusters
with a mean size of 19.2 vertices and a mean dimensionality of 3. In contrast,
GAMer detects 574 clusters with a mean size of 11.7 vertices and a mean di-
mensionality of 3. CoPaM did not finish on this dataset within two days. The
clusters detected by DB-CSC are more expanded than the clusters of GAMer,
which often simply are subsets of the clusters detected by DB-CSC.

6 Conclusion

We introduce the combined clustering model which simultaneously considers
graph data and attribute data in subspaces. Our novel model is the first approach
that exploits the advantages of density-based clustering in both domains. Based
on the novel notion of local densities, our clusters correspond to dense regions in
the graph as well as in the attribute space. To avoid redundancy in the result,
our model selects only the most interesting clusters for the final clustering. We
develop the algorithm DB-CSC to efficiently determine the combined clustering

1 http://thebiogrid.org/ and http://genomebiology.com/2005/6/3/R22
2 http://www.nber.org/patents/

http://thebiogrid.org/
http://genomebiology.com/2005/6/3/R22
http://www.nber.org/patents/
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solution. The clustering quality and the efficiency of DB-CSC are demonstrated
in the experimental section.
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