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Abstract. PerTurbo, an original, non-parametric and efficient classifi-
cation method is presented here. In our framework, the manifold of each
class is characterized by its Laplace-Beltrami operator, which is evalu-
ated with classical methods involving the graph Laplacian. The classifi-
cation criterion is established thanks to a measure of the magnitude of
the spectrum perturbation of this operator. The first experiments show
good performances against classical algorithms of the state-of-the-art.
Moreover, from this measure is derived an efficient policy to design sam-
pling queries in a context of active learning. Performances collected over
toy examples and real world datasets assess the qualities of this strategy.

1 Introduction

Let us consider a vector space X (classically, a subspace of R
n, n ∈ N), called

the input space, and a set of m labels U = {u1, . . . , u�, . . . , um}. Moreover,
we assume that there is an unknown function h : X �→ U , which maps any item
x ∈ X onto a label u = h(x) ∈ U which identifies a class. The purpose of training
a classifier on X ×U is to find a “good” estimation ĥ of h. To do so, we consider
a training set T = {(x1, h(x1)), . . . , (xN , h(xN ))}, made of N items, as well as
their corresponding labels. Any such (xi, h(xi)) ∈ X × U is called a training
example. Then, ĥ is derived so that it provides a mapping which is as correct
as possible on T , and following the Empirical Risk Minimization principle, it is
expected that ĥ will correctly map onto U other items x̃ of X for which h(x̃) is
unknown (called test samples).

Most of the time, T is assumed to have some coherence from a geometric point
of view in X and one seeks to characterize where items of T live [1]. Classically,
one defines for each class �, a latent space Y� spanned by T�, the set of all the
training examples with label u�. Then, when a new test sample x̃ is considered,
it is projected onto Y�, ∀� in order to estimate the similarity between x̃ and the
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Fig. 1. The training examples (points in red) are used to evaluate a low-dimensional
space where the data live (in light blue). Then, classicaly, once a new sample (in green)
has to be labelled, it can be projected in this embedding, where an embedded metric
is used (a). In the case of Perturbo (b), the deformation of the manifold is evaluated,
thanks to the Laplace-Beltrami operator.

T�, as is illustrated in Figure 1(a). Finally, x̃ is classified according to the class
to which it is the most similar.

In the literature [1], there are many such classification algorithms. Nonethe-
less, the main criticism is that these methods are parametric, or that strong
assumptions are made, such as gaussianity and linearity (PCA+mahalanobis
distance), or gaussianity and countablity (Hidden Markov Models). In this pa-
per, we propose a non-parametric algorithm, efficient on datasets which may be
embedded in non-linear manifolds. It is based on the following principle:

1- Each T� is embedded in a dedicated manifold M�, which is characterized
by means of tools derived from Riemannian geometry: an approximation of the
Laplace-Beltrami operator. The latter is used to define the Y�.
2- The test sample x̃ is considered. Its similarity with each class u� is computed

as follows: We consider the manifold M̃� which embeds {T�, x̃}, i.e. the original
training set T� to which the test sample x̃ has been added, and we quantify
the differences between the spectrum of M̃� and M�, as is illustrated in Figure
1(b). In other words, we quantify the perturbation of the manifold M� when x̃
is added to class u�.
3- x̃ is classified into the class, the manifold of which was the least perturbated

by its adjunction.

The characterization of a Riemannian manifold by means of the Laplace-
Beltrani operator is known from a long time [2], and was exploited thoroughly
in the machine learning community [3,4]. In the context of computer vision
and graphics, this theoretical framework has been used for 3D mesh manipula-
tion [5,6] or, as an example, for large graph matching of 3D meshes [7]. Among
other, it has recently been proposed to quantify the interest of a sample in a
3D mesh resampling task by use of matrix pertubation theory [8]. The main
contributions of this paper are the following:
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1- The adaptation of the perturbation measure used in mesh resampling to
define a dissimilarity measure between a manifold and a sample, so that a new
classification algorithm, called PerTurbo, can be derived;
2- Links between these computer graphics tools and classical methods in ma-

chine learning are provided;
3- Finally, we show the interest of PerTurbo for active learning problems.

The paper is organized as follows: Section 2 goes over the state-of-the-art. Section
3 is the core of the paper, in which the PerTurbo algorithm is derived and
formal justifications are given. Finally, experimental assessments are described
in Section 4.

2 State-of-the Art

Let us consider a Riemannian manifold M , (i.e. differentiable everywhere). Its
geometric structure can be expressed by defining the Laplace-Beltrami opera-
tor �(.), which can be seen as a generalization of the Laplacian operator over
Riemannian manifolds. It completely defines the manifold up to an isometry [5].
Performing an eigenanalysis of this operator makes it possible to conduct various
tasks on the manifold. Let ui(x) be the eigenfunctions and their corresponding
eigenvalues λi of this operator. They are the solutions to the equation:

�(M ) · ui(x) = λi · ui(x). (1)

Unfortunately, finding an analytic expression of this operator is generally not
possible. However, it is established in [9], that the kernel function in the integral
transform which models the propagation of the heat on a graph along time,
noted Ht(.), and called the Heat Kernel, shares some properties with the Laplace-
Beltrami operator. Notably, we have Ht(M ) = e−t�(M ). For a short propagation
time period, the exponential converges to its first order terms and we have [9]:

�(M ) = lim
t→0

I− Ht(M )
t

. (2)

Hence the Heat Kernel can be used as a good approximation for the Laplace-
Beltrami operator�(M ). Unfortunately, the Heat Kernel may also not be known
on M . However, the latter can be robustly approximated by the Gaussian kernel
applied to a sample T of M . Finally, in [8,9], the characterization of a manifold
M by means of the spectrum of its Laplace-Beltrami operator is approximated
by the spectrum of K(T ), the Gram matrix of T , where the Gaussian kernel
k(., .) is used as a dot product. Hence, the (ith, jth) term of K(T ) is:

Kij(T ) = k(xi, xj) = exp
(
−||xi − xj ||2

2σ2

)
(3)

For the sake of compact notation, we simply write K instead of K(T ), and we
consider the spectrum of K as an approximation of the spectrum of �(M ) that
should be used for the characterization of M .



362 N. Courty, T. Burger, and J. Laurent

Besides, as explained in the spectral graph theory framework [10,4,3,11], the
Laplace-Beltrami operator shares a lot of properties with operators defined on
the weighted graph of a manifold (called graph matrices). Notably, it is well-
known [12] that � shares a common spectrum with the generalized graph Lapla-
cian L. Let us note G the fully connected graph (T , E), the vertice T of which
are sampled elements of M , and the edges E of which are fitted with weights
given by a symetric matrix W . The latter encodes a similarity metric on M , and
Wij ≥ 0. Then, L is defined such that Lij = Wij if i �= j, and Lii = −

∑
j �=i Wij

otherwise. The spectrum of L is particuarly interesting to efficiently capture the
geometry of G: The multiplicity of eigenvalue 0 provides the number of con-
nected components of G, and the corresponding eigenfunctions are (1) indicator
functions of these connected components, and (2) invariant mesures of random
walks evolving on these connected components.

In case of no eigenfunctions with eigenvalue 0, the k eigenfunctions with the
smallest eigenvalues are indicator functions of a clustering of G into k clusters
[13]. This result is derived from the previous one: the edges of G for which the
smallest perturbation would lead to a 0 weight are highlighted by the procedure,
so that separeted connected components appear. This perturbation of the edges
can also be seen as a perturbation of the spectrum of L: We look for the graph
with k connected components, the graph Laplacian spectrum of which is the
closest to that of G.

More generally, the eigenfunctions with the smallest eigenvalues capture the
main part of the geometry of G. In other words, if the largest eigenvalues are
dropped, G is simplified (in the sense that fewer eigenfunctions are necessary
to described it) in a manner which best preserves its geometry. If the edges of
G only encode local neighborhood, only the local geometry is preserved, while
more global patterns are regularized, such as in Graph Laplacian Eigenmap [14]
(GLE).

GLE and similar techniques based on simplifying the geometry of a graph
thanks to spectral analysis are really useful to estimate a “smooth” function on
the graph, i.e. a function the behavior of which is rather homogeonous with re-
spect to the simplified geometry, such as, for instance, the fonction h which maps
the training examples and test samples to the labels. This is why they are rather
similar to matrix regularization methods [15]. On the other hand, they can also
be seen as dimensionality reduction methods [16]. More specifically, it appears
that GLE is a particular case of Kernel-PCA [17], as is established in [10].

The core idea of Kernel PCA [17] is to perform a principal component analysis
(PCA) in a feature space Z rather than in the input space X . If one wants to
embed a set of points T in a space Y of smaller dimensionality, the classical
PCA corresponds to finding the eigenvectors of the dim(Y) highest eigenvalues
of the following covariance matrix,

Cov(T ) =
∑

xi∈M

xi · xT
i , (4)
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whereas the Kernel PCA considers the Gram matrix G(T ), whose (ith, jth) el-
ement is q(xi, xj), where q is a kernel function. If the kernel is the euclidian dot
product, i.e. if qi,j =< xi, xj >, then G(T ) turns out to have the same eigen-
vectors and eigenvalues as Cov(T ) (up to a square root). Finally, the projection
x̃Y of any test sample x̃ in the latent space Y is given by the following linear
combination:

x̃Y =
dim(Y)∑

�=1

⎛
⎝ |T |∑

i=1

α�
i · q(x̃, xi)

⎞
⎠ · e� (5)

where α� = {α�
1, . . . , α

�
|T |} is the eigenvector of G(T ) associated to the �th

eigenvalue, and e� the unit vector colinear to α�.
In [10], it is established that GLE [14] can be re-interpretated as particular

cases of Kernel PCA, with a data-designed kernel. Let us consider the preivous
graph G, but we fit its edges with the following weights: Wij = exp

(
− ||xi−xj||2

2σ2

)
,

i.e. W = K. Roughly, L can be interpreted as the transition rate matrix of a
random walk (a continuous time markov chain) on G. Then, from L, let us define
another matrix T such that Tij corresponds to the expectation of commutation
time of the random walk between xi and xj . We have

T =
1
2

∫ ∞

0

(
eLt − 11

|T |2

)
dt, (6)

where 11ij = 1. As can be seen in [10], finding the space spanned by the eigen-
vectors of the dim(Y) smallest eigenvalues of L is equivalent to find the space
spanned by the eigenvectors of the dim(Y) largest eigenvalues of T . Then, per-
forming a Kernel PCA with kernel q(xi, xj) = Tij is equivalent to applying GLE.

The main interest of GLE with respect to generic kernel PCA, is to provide
a more interpretable feature space. On the other hand, as pointed out in [10],
the projection of a test sample onto Y is not possible, as there is no analytical
form for the kernel: The consideration of a new sample would mean redefining
G as well as q, and re-performing the kernel PCA. Thus, GLE can not be used
for classification issue.

In [8], the manifold M practically corresponds to the 3D surface of an ob-
ject that one wants to reconstruct from a mesh T which samples M . To make
sure that the reconstruction is the most accurate possible while minimizing the
number of points in the mesh, it is necessary to add or remove samples to T .
To evaluate the interest of a point in the mesh, the authors propose to estimate
the modification of the Laplace-Beltrami spectrum induced by the adjunction of
this point. This work is based on the interpretation of this pertubation estima-
tion in a kernel machine learning setting. In this paper, we propose to interpret
the perturbation measure from [8] as a dissimilarity criterion. We show that the
latter allows to conduct classification according to the dimensionality reduction
performed in GLE. We also establish that this measure provides an efficient tool
to design queries in an active learning scheme.
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3 A New Classification Method

3.1 A Kernel Machine View on the Perturbation Measure

The perturbation measure proposed in [8] is easily understadable in the frame-
work of the kernel trick [18]. First, as the Gram matrix of the Gaussian kernel
can be used as a good approximation for the Laplace-Beltrami operator, let
us consider the feature space corresponding to the Gaussian kernel. Let φ be
the mapping from the input space X to the feature space Z. In [8], it is es-
tablished that the perturbation involved by the projection r(x̃) of φ(x̃) on Y
(the subspace spanned by φ(T )) can be neglected, and that the perturbation is
mainly the result of o(x̃), the component of φ(x̃) which is orthogonal to Y. As
a consequence, a fair and normalized measure of the perturbation is given by
||o(x̃)||2
||φ(x̃)||2 = 1 − ||r(x̃)||2

||φ(x̃)||2 . The norm of r(x̃) remains to be computed. The projec-
tion over the space spanned by φ(T ) can be written as the following operator:
Φ(ΦT Φ)−1ΦT [19] if Φ is the matrix whose columns are the elements of φ(T ).
We get:

||r(x̃)||2 = ||Φ(ΦT Φ)−1ΦT φ(x̃)||2 = (Φ(ΦT Φ)−1ΦT φ(x̃))T · Φ(ΦT Φ)−1ΦT φ(x̃)
= φ(x̃)T Φ((ΦT Φ)−1)T ΦT Φ(ΦT Φ)−1ΦT φ(x̃)
= (φ(x̃)T Φ)((ΦT Φ)T )−1(ΦT φ(x̃)) (7)

which, with the kernel notation kx̃ = ΦT φ(x̃) and noting that K = ΦT Φ, gives
||r(x̃)||2 = kT

x̃K−1kx̃. Finally, remarking that for a Gaussian kernel ||φ(x̃)||2 =
k(x̃, x̃) = 1, the final perturbation measure reads [8]:

τ(x̃, M ) = 1 − kT
x̃K−1kx̃. (8)

Fig. 2. Illustration of the measure on a spiral toy dataset: (a-b) The measure τ is
shown with respectively two different sigma parameters σ = 0.1 and σ = 1. (c) The
regularized τ measure according to equation (11) with σ = 1 and α = 0.1.

Practically, this measure belongs to [0, 1]. If τ(x̃, M ) = 0, then, the new
point does not modify the manifold, whereas if τ(x̃, M ) = 1, the modification is
maximum, as is illustrated in Figure 3. From this measure, a natural class-wise
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measure arises, where a dissimilarity to each class is derived from the perturba-
tion of the manifold M� associated to class �:

τ(x̃, M�) = 1 − kT
x̃K−1

� kx̃. (9)

Then, each new test sample x̃, is associated to the class with the least induced
perturbation, which reads as:

arg min
�

τ(x̃, M�), (10)

Finally, the PerTurbo algorithm simply relies on:

(1) Training step: The computation of the inverse of K�, ∀� ≤ m. This cor-
responds to a computational complexity of o(m ×

(
N
m

)3
), N

m being the mean
number of training examples per classes.

(2) Testing step: The application of Eq. 9 and 10 which only involves basic
vector-matrix multiplications to evaluate the perturbation measure m times.

Figures 3(a) and 3(d) illustrate the behavior of the estimated classification
function (ĥ, according to the notation defined in the introduction) in different
toy examples.

3.2 Perturbation Measure and Regularization Techniques

PerTurbo works as long as the perturbation measure τ is defined for all the
classes. Hence, PerTurbo is always defined as long as K� is invertible ∀� ≤ m.
If any of these matrices is not invertible, then, it is always possible to consider
the pseudo-inverse: Roughly, it corresponds to only inverting the eigenvalues
which are strictly greater than zero, and dropping the others. This logic can
be extended to any cut in the spectrum of K−1, by dropping some eigenvalues
of too small norm, as is explained in Section 2. Hence, if we consider only the
greatest eigenvalues of K−1, i.e. (only the smallest none zero eigenvalues of K),
then, we practically consider for each class � the subspace Y� corresponding to
the application of the GLE algorithm for dimensionality reduction to each set
of example T�.

It is also possible to consider regularization techniques to find a close invertible
matrix: For instance, in the case of Tikhonov regularization, one considers

K̃ = K + αI, (11)

where I is the identity matrix, and α ∈ R
∗
+. In such a case, it appears that the

perturbation measure τ(.) shares important similarities with the kernel Maha-
lanobis distance derived from the regularized covariance operator [20]. The main
difference derives from the fact that the measure τ is normalized and thus al-
lows for comparisons between several classes. Hence, in spite of lack of centered
data, the perturbation measure can be pictured as a Mahalanobis distance in
the feature space. Let us note that, as indicated in [20], the kernel Mahalanobis
distance is not affected by kernel centering.
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Fig. 3. Illustration of the classification procedure on two different datasets: (a-b-c) Two
imbricated spirals and (d-e-f) a mixture of 3 Gaussians. In both cases, the lefthand
images (a-d) present the classification with the original Perturbo measure, whereas
center images (b-e) present sprectrum cut (95% of the eigenvalues were kept) and the
righthand images (c-f) present the classification with the regularized Perturbo measure.
In the two examples, we have σ = 1 and α = 0.1.

Hence, beyond alternatives to define an approximation for K−1 when K is
not invertible, these strategies are interesting to regularize the graph and conse-
quently, the function that has to be trained on it. Finally, they can be used even
in case of invertible matrices, in order to improve the efficiency of the classifi-
cation, by an adapted dimentionality reduction strategy, such as illustrated on
Figure 3, which exhibits the classification behavior of two toy examples, under
different regularization constraints. This issue will be quantitatively discussed in
the experimental section.

3.3 Active Learning

In most problems, unlabeled data (test samples) are numerous and free, whereas
labelled data (training examples) are usually not, as the labeling task is expen-
sive. Thus, the purpose of active learning is to improve the training by extracting
some knowledge from the huge amount of test samples available. To do so, the
training algorithm is allowed to query an oracle (classically, a human operator)
to get the label of particular test samples, the knowledge of which would greatly
improve the capability of the classfier. Thus, the key issue in active learning is
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to derive methods to detect these particular test examples [21]. To do so, rather
intuitive and efficient strategies are based on defining particular regions of in-
terest in X , and to query the test samples which lives in them. More precisely,
it is particularly efficient to query near the expected boundaries of the classes.
Following the same idea, several other strategies can be defined, as is described
in [21].

Depending on the classification algorithm, defining a region of interest around
the expected borders of the classes may be rather complicated. To this extent,
PerTurbo is particularly interesting, as such a region of interest can easily be
defined according to the level sets of the implicit surfaces derived from the po-
tentials of the τ�(x̃), ∀�. In the case there are only two classes, the border
corresponds to the zeros of |τ1(.) − τ2(.)|. Then, the region of the query should
be defined around the border:

B = {x ∈ X| |τ1(x) − τ2(x)| < γ} (12)

and it can easily be represented, as depicted in Fig. 4. Similarly, in the case of
more than two classes, the region to query corresponds to the neighborhood of
the border between any pair of classes. Let us consider the two classes which
are the least perturbated by the sample x, and let us consider the correspond-
ing pertubation functions τr(1)(x) (r(1) being the least perturbated class) and
τr(2)(x) (r(2) being the second least perturbated class):

B′ = {x ∈ X| |τr(1)(x) − τr(2)(x)| < γ} (13)

As pictured in Fig. 4, this region corresponds to the neighborhood of the expected
borders of the classes. In the experimental section, we illustrate the efficiency of
this query strategy for active learning with PerTurbo.

4 Experimental Assesment

In this part, we provide experimental comparisons between PerTurbo and the
state-of-the-art. First we only consider the off-line classification, whithout any
active learning method. Second, we focus on the relevance of the query strategies.

4.1 Classification Performances

In this section, we apply PerTurbo to various datasets, and we compare the
resulting performances to the state-of-the-art.

We consider two kinds of datasets. First, there are three synthetic datasets
that can be easily reproduced. Second, there are ten real datasets that are pub-
licly available on the UCI Machine Learning Repository [22]. They are described
in Table 1. In the case of simulated datasets, we use a Gaussian Mixture Model
(GMM). For most of the datasets, no predefined training and test sets exists, so
we randomly define them, so that 20% of the datasets are used for training, and
the classification process is repeated ten times so that means and variances of
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Fig. 4. Illustration of the estimation of the location of the border (top), and selection
of the region to query (bottom), for toy examples: A two spiral case (left) and a three
Gaussian case (right).

the performances can be computed. On the other hand, for datasets with pre-
defined training and testing set (such as Hill-valley), we keep those provided so
that the results are reproducible.

Three versions of PerTurbo are considered. In PerTurbo (full), we do not
reduce the dimensionality of K−1. In PerTurbo (gle), on the contrary, we consider
only its highest eigenvalues of K−1, so that they sum up to 95% of its trace, in
a GLE-inspired way. Although it is possible, here we do not try to optimize the
dimensionality reduction according to the dataset. Finally, in PerTurbo (reg),
we apply a regularisation to K. K−1 being non-inversible is mentionned in the
experiments. Theoretically this should not happen, unless two samples are very
close to each other, or due to numerical precision issues . Finally, the tuning of
the σ parameter (from the Gaussian kernel) and the α parameter when needed
are obtained by a classical cross-validation procedure operated on the learning
set. Those parameters were set once for all the classes in a given dataset, although
one value per class could have been obtained.
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Table 1. Description of the GMM simulated datasets and of the datasets from UCI

Datasets #Training #Tests #Classes #Variables Comments
SimData-1 200 800 10 19 64 components
SimData-2 200 800 10 26 64 components
SimData-3 200 800 10 31 75 components
Ionosphere 71 280 2 34

diabets 154 614 2 8 missing values
Blood-transfusion 150 598 2 4

Ecoli 67 269 8 7 too small for CV
Glasses 43 171 6 9
Wines 36 142 3 13

Parkinsons 39 156 2 22
Letter-reco 4000 16000 26 16
Hill-valley1 606 606 2 100 50% unlabeled
Hill-valley2 606 606 2 100 50% unlabeled

For comparisons, we consider Support Vector Machines (SVM) and k Nearest
Neighbors (k-NN): SVM provides among the highest classification performances
in the state-of-the-art. Moreover, numerous libraries implement it with several
additional tools which help to tune the numerous parameters required in the
use of SVM, or better, provide an automatic procedure to select the optimum
parameters by means of cross-validation. This guaranties that the reference per-
formances are optimized. On the other hand, k-NN is completely intuitive and
requires the tuning of a single parameter (k the number of considered neigh-
bors), so that it provides a naive and easy-to-interpret lower bound for any
non-parametric model. Moreover, the difference of the performances between
k-NN and SVM provides an indication of the sensitivity of the performances to
the choice of the algorithm.

For SVM, we use, the R toolbox kernlab [23]. To choose the hyperparameter
of the algorithm, we simply test all the available kernel and choose the most
efficient one, which appears to be the Gaussian kernel. As a matter of fact, in all
the datasets but one, the Gaussian Kernel provides the best results, sometimes
with ties, sometimes with a strong difference. In the remaining one, the Laplace
kernel performed very slightly better. Thus, the choice of the Gaussian kernel for
all the dataset is reasonable. Then, the tuning of the parameters is automatically
achieved thanks to a 5-fold cross-validation. For problems with more than two
classes, a 1-versus-1 combination scheme is considered.

Concerning k-NN, the algorithm is applied for all the possible values of k ∈ I
and the highest performance only is considered. Practically, the best value for k

is sought in I =
[
1,

⌊√
2 · N

m

⌋]
, where N

m is the means of training examples per
classes, and 
.� represents the integer part. Depending on the number of classes
and of k, ties are possible in the k-NN procedure. Then, they are randomly
solved. In such a case, the performances vary, and we provide their expectation
by computing the means of the repetition of 10 classifications.
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Table 2. Comparison of the accuracy rates (percentages) with the various classifica-
tion algorithms. For simulated datasets, the mean and standard deviation on ten-fold
repetition is given. N.I stands for “not inversible", which refers to the inverse of K.

Datasets PerTurbo (full) PerTurbo (gle) PerTurbo (reg) SVM k-NN
SimData-1 78.7(1.9) 79.0 (1.8) 78.7 (1.9) 76.7 (1.3) 75.7 (1.6)
SimData-2 54.0 (2.4) 54.7 (2.5) 54.0 (2.4) 45.0 (1.8) 40.5 (1.9)
SimData-3 19.5 (1.2) 19.7 (1.2) 19.5 (1.2) 16.2 (1.3) 16.7 (1.7)
Ionosphere 91.9 (2.5) 91.5 (2.0) 92.1 (1.6) 92.5 (1.8) 84.2 (1.3)

diabets 71.0 (3.0) 71.6 (3.2) 72.6 (2.2) 74.0 (1.7) 71.2 (1.9)
Blood-transfusion N.I. 74.5 (2.3) 76.9 (1.0) 77.6 (1.5) 75.1 (0.9)

Ecoli 82.4 (2.8) 82.7 (2.45) 83.7 (2.5) 83.2 (2.2) 82.5 (1.8)
Glass 65.4 (2.9) 64.5 (3.9) 65.4 (2.9) 60.6 (4.4) 63.5 (2.4)
Wines 70.9 (3.3) 72.60 (1.3) 70.5 (2.8) 96.1 (1.7) 70.5 (2.1)

Parkinsons 82.8 (1.9) 82.8 (1.8) 83.8 (1.3) 85.0 (3.3) 82.5 (1.1)
Letter-reco N.I. 92.7 (0.2) 92.5 (0.3) 91.9 (0.3) 90.0 (0.4)
Hill-valley1 60.5 53.8 60.7 56.4 (2.4) 62.0
Hill-valley2 59.6 54.1 59.9 55.3 (1.0) 56.3

Accuracy rates are given in Table 2. Let us note that, in this table, k-NN ac-
curacies are over-estimated, as the k parameter is not estimated during a cross
validation, but directly on the test set. This explains why its performances are
sometimes higher than with SVM. On the contrary, SVM performances are opti-
mized with cross-validations, as SVM is much too sensitive to (hyper-)parameter
tuning. Finally, PerTurbo evaluations are loosly optimized, and a common tuning
for each class is used. Hence, the comparison is sharp with respect to PerTurbo,
and loose with respect to reference methods. From the accuracy rates, it ap-
pears that, except for the Wine datasets, where SVM completely outperforms
both PerTurbo and k-NN, there is no strict and major dominance of a method
over the others. Moreover, the relative interest of each method strongly depends
on the datasets, such as suggested by the No Free Lunch theorem [24]. There
are numerous datasets promoting PerTurbo (SimData-1, SimData-2, SimData-
3, Glass, hill-valley1, hill-valley2), whereas some other promote SVM (Diabete,
Blood-transfusion, Wine, Parkinsons), while the remaining are not significant to
determine a best method (Ionosphere, Ecoli, Letter-recognition), as the perfor-
mances are similar. Hence, even if from these tests, it is impossible to assess the
superiority of PerTurbo, it appears that this framework is able to provide classi-
fication methods comparable to that of the state-of-the-art, and we are confident
that, in the future, more elaborated and tuned version of PerTurbo will provide
even more accurate results.

Concerning, the variations of PerTurbo (full, gle, reg), it appears that the
best method is not always the same, and that accuracies strongly depend on
the datasets. Hence, further investigations are required to find the most adapted
variation, as well as a methodology to tune the corresponding parameters.
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Beyond these tests, we have observed that, in general, PerTurbo is less ro-
bust/accurate than SVM when:

(1) values of some variables are missing or when there are integer-valued
variables (binary variables being completely unadapted),

(2) the number of example is very small, as the manifold is difficult to charac-
terize (However, the cross-validation for the tuning of the numerous parameters
of SVM is also not possible with too few examples).

On the other hand, we have observed that when the number of classes is
important, PerTurbo is more efficient than SVM. Moreover, in presence of nu-
merous noisy variables, dimensionality reduction or regularization techniques
provide a fundamental advantage to PerTurbo with respect to SVM. Finally,
several other elements promotes PerTurbo: First, its extreme algorithmic sim-
plicity, comparable to that of a PCA; Second, its simplicity of use and the re-
stricted number of parameters; Third, its high computational efficiency, for both
training and testing. As a matter of fact, the training is so efficient that the
active learning procedures requiring several iterations of the training are easily
manageable.

4.2 Active Learning Evaluation

Now, we focus on the active part of the training algorithm, and more specifically,
we validate that the pertubation measure used in PerTurbo is adapted to derive
and implement one of the most classical strategies to define queries (i.e. where
queries are performed around the borders of the classes).

We both consider PerTurbo and k-NN. For these two algorithms, we construct
the queries according to the perturbation measure, such as described in Section
3.3. Hence, we show that the validity of the latter for active learning is inde-
pendent of the classification algorithm, also it naturally fits best with PerTurbo.
Practically, between each training, the training set is enriched with a single sam-
ple, which has been chosen randomly amongst the samples which corresponds
to 10% of the test set for which the criterion of Eq. 13 is the smallest. These
results are compared to a reference strategy, where the queries are randomly cho-
sen from the test dataset, according to a uniform distribution. Such a reference
strategy is equivalent to compute the off-line performances of the classification
algorithm for various sizes of the training dataset. Due to the random selection
of the samples, the evolution of the accuracy of the classifiers may be rather
noisy. Thus, the process is repeated 10 times, and we only provide means and
variances. The results are given in Fig. 4.2 for three different datasets: Ecoli,
Wine, and SimData-1. It clearly illustrates the efficiency of the algorithm, as the
active learning strategy always outperforms the reference one: At the end of the
process, the differences of performances correspond to 14.2, 27.8 and 12.9 points
with the k-NN (respectively for Ecoli, Wine and SimData-1), and to 12.9, 20.9
and 10.5 with PerTurbo.
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Fig. 5. Comparison of the active learning stragegy (red, upper trajectory) with the
reference one (blue lower trajectory), for SimData-1 (Top), Ecoli (middle) and Wine
(bottom) datasets. The classification algorithm is either PerTurbo (right column) or
k-NN (left column). The thick line represents the mean trajectory, and the shaded strip
around the mean represents the volatility.

5 Conclusion

In this paper, we have presented an original classification method based on the
analysis of the perturbations of the spectrum of an approximation of the Laplace-
Beltrami operator. Provided that the training examples of each class live on a
dedicated manifold which dimension is much lower than the input space dimen-
sion, we propose to evaluate the modification induced by any test sample when
added to the manifold of each class, and to choose the class corresponding to the
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manifold where the perturbation is the smallest. This makes it possible to de-
rive an interesting strategy for sample queries in an active learning scenario. The
method is very simple, easy to implement and involves very few extra parameters
to tune. The experiments conducted with toy examples and real world datasets
showed performances comparable or slightly better than classical methods of the
state-of-the-art, including SVM. Future works will focus on a more systematical
consideration of the parameters of the algorithm, as well as comparisons with
more powerful kernel-based methods.
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