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Abstract. Often one has a preference order among the different systems that
satisfy a given specification. Under a probabilistic assumption about the possible
inputs, such a preference order is naturally expressed by a weighted automaton,
which assigns to each word a value, such that a system is preferred if it generates
a higher expected value. We solve the following optimal-synthesis problem: given
an omega-regular specification, a Markov chain that describes the distribution of
inputs, and a weighted automaton that measures how well a system satisfies the
given specification under the given input assumption, synthesize a system that
optimizes the measured value.

For safety specifications and measures that are defined by mean-payoff au-
tomata, the optimal-synthesis problem amounts to finding a strategy in a Markov
decision process (MDP) that is optimal for a long-run average reward objective,
which can be done in polynomial time. For general omega-regular specifications,
the solution rests on a new, polynomial-time algorithm for computing optimal
strategies in MDPs with mean-payoff parity objectives. We present some experi-
mental results showing optimal systems that were automatically generated in this
way.

1 Introduction

Quantitative reasoning is traditionally used to measure quantitative properties of sys-
tems, such as performance or reliability (cf. [1, 4, 30, 33]). More recently, quantitative
reasoning has been shown useful also in the classically Boolean contexts of verification
(where we ask if a given system satisfies a given specification) and synthesis (where a
system is automatically derived from a specification) [6, 31]. In particular, by augment-
ing a Boolean specifications with a quantitative specifications, we can measure how
“well” a system satisfies the specification. For example, among systems that respond to
requests, we may prefer one system over another if it responds quicker, or it responds
to more requests, or it issues fewer unrequested responses, etc. In synthesis, we can use
such measures to guide the synthesis process towards deriving a system that is, in the
desired sense, “optimal” among all systems that satisfy the specification [6].
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There are many ways to define a quantitative measure that captures the “goodness”
of a system with respect to the Boolean specification, and particular measures can be
quite different, but there are two questions every such measure has to answer: (1) how
to assign a quantitative value to one particular behavior of a system (measure along a
behavior) and (2) how to aggregate the quantitative values that are assigned to the pos-
sible behaviors of the system (measure across behaviors). Recall the response property.
Suppose there is a sequence of requests along a behavior and we are interested primarily
in response time, i.e., the quicker the system responds, the better. As measure (1) along
a particular behavior, we may be interested in an average or the supremum (i.e., worst
case) of all response times, or in any other function that aggregates all response times
along a behavior into a single real value. The choice of measure (2) across behaviors
is independent: we may be interested in an average of all values assigned to individual
behaviors, or in the supremum, or again, in some other function. In this way, we can
measure the average (across behaviors) of average (along a behavior) response times, or
the average of worst-case response times, or the worst case of average response times,
or the worst case of worst-case response times, etc. Note that these are the same two
choices that appear in weighted automata and max-plus algebras (cf. [17, 25, 28]).

In previous work, we studied various measures (1) along a behavior. In particular,
lexicographically ordered tuples of averages [6] and ratios [7] are of natural interest
in certain contexts. Alur et al. [2] consider an automaton model with a quantitative
measure (1) that is defined with respect to certain accumulation points along a behavior.
However, in all of these cases, for measure (2) only the worst case (i.e., supremum) is
considered. This comes natural as an extension of Boolean thinking, where a system
fails to satisfy a property if even a single behavior violates the property. But in this
way, we cannot distinguish between two systems that have the same worst cases across
behaviors, but in one system almost all possible behaviors exhibit the worst case, while
in the other only very few behaviors do so. In contrast, in performance evaluation one
usually considers the average case across different behaviors.

For instance, consider a resource controller for two clients. Clients send requests,
and the controller grants the resource to one of them at a time. Suppose we prefer,
again, systems where requests are granted “as quickly as possible.” Every controller
that avoids simultaneous grants will have a behavior along which at least one grant is
delayed by one step, namely, the behavior along which both clients continuously send
requests. The best the controller can do is to alternate between the clients. Now, if
systems are measured with respect to the worst-case behaviors, then a controller that
always alternates between both clients, independent of the actual requests, is as good
as a controller that tries to grant all requests immediately and only alternates when
both clients request the resource at the same time. Clearly, if we wish to synthesize the
preferred controller, we need to apply an average-case measure across behaviors.

In this paper, we present a measure (2) that averages across all possible behaviors of
a system and solve the corresponding synthesis problem to derive an optimal system.
In synthesis, the different possible behaviors of a system are caused by different input
sequences. Therefore, in order to take a meaningful average across different behaviors,
we need to assume a probability distribution over the possible input sequences. For
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example, if on input 0 a system has response time r0, and on input 1 response time r1,
and input 0 is twice as likely as input 1, then the average response time is (2r0 + r1)/3.

The resulting synthesis problem is as follows: given a Boolean specification ϕ, a
probabilistic input assumption μ, and a measure that assigns to each system M a value
Vϕμ (M) of how “well”M satisfies ϕ underμ, construct a systemM such thatVϕμ (M) ≥
Vϕμ (M ′) for allM ′. We solve this problem for qualitative specifications that are given as
ω-automata, input assumptions that are given as finite Markov chains, and a quantitative
specification given as mean-payoff automata which defines a quantitative language by
assigning values to behaviors. From the above three inputs we derive a measure that
captures (1) an average along system behaviors as well as (2) an average across system
behaviors; and thus we obtain a measure that induces a value for each system.

To our knowledge this is the first solution of a synthesis problem for an average-case
measure across system behaviors. Technically the solution rests on a new, polynomial-
time algorithm for computing optimal strategies in MDPs with mean-payoff parity ob-
jectives. In contrast to MDPs with mean-payoff objectives, where pure memoryless
optimal strategies exist, optimal strategies for mean-payoff parity objectives in MDPs
require infinite memory. It follows from our result that the infinite memory can be cap-
tured with a counter, and with this insight we develop the polynomial time algorithm
for solving MDPs with mean-payoff parity objectives

Related works. Many formalisms for quantitative specifications have been considered
in the literature [2, 8–11, 19, 20, 23, 24, 32]; most of these works (other than [2, 11, 19])
do not consider mean-payoff specifications and none of these works focus on how
quantitative specifications can be used to obtain better implementations for the syn-
thesis problem. Furthermore, several notions of metrics for probabilistic systems and
games have been proposed in the literature [21, 22]; these metrics provide a mea-
sure that indicates how close are two systems with respect to all temporal properties
expressible in a logic; whereas our work uses quantitative specification to compare
systems wrt the property of interest. Similar in spirit but based on a completely differ-
ent technique, is the work by Niebert et al. [34], who group behaviors into good and
bad with respect to satisfying a given LTL specification and use a CTL∗-like analy-
sis specification to quantify over the good and bad behaviors. This measure of logical
properties was used by Katz and Peled [31] to guide genetic algorithms to discover
counterexamples and corrections for distributed protocols. Control and synthesis in the
presence of uncertainty has been considered in several works such as [3, 5, 16]: in all
these works, the framework consists of MDPs to model nondeterministic and proba-
bilistic behavior, and the specification is a Boolean specification. In contrast to these
works where the probabilistic choice represent uncertainty, in our work the probabilis-
tic choice represent a model for the environment assumption on the input sequences that
allows us to consider the system as a whole. Moreover, we consider quantitative objec-
tives. MDPs with mean-payoff objectives are well studied. The books [26, 36] present
a detailed analysis of this topic. We present a polynomial-time solution to a more
general condition: the Boolean combination of mean-payoff and parity condition on
MDPs.
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2 Preliminaries

Alphabet, words, and languages. An alphabet Σ consists of a finite set of letters σ ∈
Σ. A word w overΣ is either a finite or infinite sequence of letters, i.e., w ∈ Σ∗ ∪Σω.
Given a wordw ∈ Σω, we denote bywi the letter at position i ofw and bywi the prefix
of w of length i, i.e., wi = w1w2 . . . wi. We denote by |w| the length of the word w,
i.e., |wi| = i and |w| = ∞, if w is infinite. A qualitative language L is a subset of Σω.
A quantitative language L [11] is a mapping from the set of words to the set of reals,
i.e., L : Σω → R. Note that the characteristic function of a qualitative language L is
a quantitative language mapping words to 0 and 1. Given a qualitative language L, we
use L also to denote its characteristic function.

Automata with parity, safety, and mean-payoff objective. An (finite-state) automa-
ton is a tuple A = (Σ,Q, q0, Δ), where Σ is a alphabet, Q is a (finite) set of states,
q0 ∈ Q is an initial state, and Δ : Q × Σ ⇀ Q1 is a transition function that maps
a state and a letter to a successor state. The run of A on a word w = w0w1 . . . is a
sequence of states ρ = ρ0ρ1 . . . such that (i) ρ0 = q0 and (ii) for all 0 ≤ i ≤ |w|,
Δ(ρi, wi) = ρi+1). A parity automaton is a tuple A = ((Σ,Q, q0, Δ), p), where
(Σ,Q, q0, Δ) is a finite-state automaton and p : Q → {0, 1, . . . , d} is a priority
function that maps every state to a natural number in [0, d] called priority. A par-
ity automaton A accepts a word w if the least priority of all states occurring in-
finitely often in the run ρ of A on w is even, i.e., minq∈Inf(ρ) p(q) is even, where
Inf(ρ) = {q | ∀i∃j > i ρj = q}. The language of A denoted by LA is the set of
all words accepted by A. A safety automaton is a parity automaton with only prior-
ities 0 and 1, and no transitions from priority-1 to priority-0 states. A mean-payoff
automaton is a tuple A = ((Σ,Q, q0, Δ), r), where (Σ,Q, q0, Δ) is a finite-state au-
tomaton and r : Q × Σ → N is a reward function that associates to each transition of
the automaton a reward v ∈ N. A mean-payoff automaton assigns to each word w the
long-run average of the rewards, i.e., for a word w let ρ be the run of A on w, then we
have LA(w) = 1

n · ∑n
i=1 r(ρi, wi), if w is finite, and LA(w) = lim infn→∞ LA(wn)

otherwise. Note that LA is a function assigning values to words.

State machines and specifications. A (finite-)state machine (or system) with input sig-
nals I and output signals O is a tuple M = (Q, q0, Δ, λ), where (ΣI , Q, q0, Δ) with
ΣI = 2I is a (finite-state) automaton and λ : Q × ΣI → Σ0 with ΣI = 2I and
ΣO = 2O is a labeling function that maps every transition in Δ to an element in ΣO.
The setsΣI andΣO are called the input and the output alphabet ofM , respectively. We
denote the joint alphabet 2I∪O by Σ. Given an input word w ∈ Σ∗

I ∪ Σω
I , let ρ by the

run ofM on w, the outcome ofM on w, denoted by OM (w), is the word v ∈ Σ∗ ∪Σω

s.t. for all 0 ≤ i ≤ |w|, vi = wi ∪ λ(ρi, wi). So, OM is the function mapping input
words to outcomes. The language of M , denoted LM , is the set of all outcomes of M .

We analyze state machines with respect to qualitative and quantitative specifications.
Qualitative specifications are qualitative languages, i.e., subsets of Σω or equivalently
functions mapping words to 0 and 1. We consider ω-regular specifications given as
safety or parity automata. Given a safety or parity automatonA and a state machineM ,
we say M satisfies LA (written M |= LA) if LM ⊆ LA or equivalently ∀w ∈ Σω

I :

1 Note that our automata are deterministic and complete to simplify the presentation.
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LA(OM (w)) = 1. A quantitative specification is given by a quantitative language L,
i.e., a function that assigns values to words. Given a state machine M , we use function
composition to relate L andM , i.e., L◦OM is mapping every input wordw ofM to the
value assigned by L to the outcome of M on w. We consider quantitative specifications
given by Mean-payoff automata.

Markov chains and Markov Decision Processes (MDP). A probability distribution
over a finite set S is a function d : S → [0, 1] such that

∑
q∈Q d(q) = 1. We denote

the set of all probabilistic distributions over S by D(S). A Markov Decision Process
(MDP) G = (S, s0, E, S1, SP , δ) consists of a finite set of states S, an initial state
s0 ∈ S, a set of edges E ⊆ S × S, a partition (S1, SP ) of the set S, and a probabilistic
transition function δ: SP → D(S). The states in S1 are the player-1 states, where
player 1 decides the successor state; and the states in SP are the probabilistic states,
where the successor state is chosen according to the probabilistic transition function δ.
So, we can view an MDP as a game between two players: player 1 and a random player
that plays according to δ. We assume that for s ∈ SP and t ∈ S, we have (s, t) ∈ E
iff δ(s)(t) > 0, and we often write δ(s, t) for δ(s)(t). For technical convenience we
assume that every state has at least one outgoing edge. For a state s ∈ S, we write E(s)
to denote the set {t ∈ S | (s, t) ∈ E} of possible successors. If the set S1 = ∅, then
G is called a Markov Chain and we omit the partition (S1, SP ) from the definition. A
Σ-labeled MDP (G, λ) is an MDP G with a labeling function λ : S → Σ assigning
to each state of G a letter from Σ. We assume that labeled MDPs are deterministic
and complete, i.e., (i) ∀(s, s′), (s, s′′) ∈ E, λ(s′) = λ(s′′) → s′ = s′′ holds, and (ii)
∀s ∈ S, σ ∈ Σ, ∃s′ ∈ S s.t. (s, s′) ∈ E and λ(s′) = σ.

Plays and strategies. An infinite path, or a play, of the MDP G is an infinite sequence
ω = s0s1s2 . . . of states such that (sk, sk+1) ∈ E for all k ∈ N. Note that we use ω
for infinite sequences of states (plays) and v for finite sequences of states. We write Ω
for the set of all plays, and for a state s ∈ S, we write Ωs ⊆ Ω for the set of plays
starting at s. A strategy for player 1 is a function π: S∗S1 → D(S) that assigns a
probability distribution to all finite sequences v ∈ S∗S1 of states ending in a player-
1 state. Player 1 follows π, if she make all her moves according to the distributions
provided by π. A strategy must prescribe only available moves, i.e., for all v ∈ S∗,
s ∈ S1, and t ∈ S, if π(vs)(t) > 0, then (s, t) ∈ E. We denote by Π the set of all
strategies for player 1. Once a starting state s ∈ S and a strategy π ∈ Π is fixed, the
outcome of the game is a random walk ωπs for which the probabilities of every event
A ⊆ Ω, which is a measurable set of plays, are uniquely defined. For a state s ∈ S
and an event A ⊆ Ω, we write μπs (A) for the probability that a play belongs to A if
the game starts from the state s and player 1 follow the strategy π, respectively. For a
measurable function f : Ω → R we denote by E

π
s [f ] the expectation of the function f

under the probability measure μπs (·). Strategies that do not use randomization are called
pure. A player-1 strategy π is pure if for all v ∈ S∗ and s ∈ S1, there is a state t ∈ S
such that π(vs)(t) = 1. A memoryless player-1 strategy depends only on the current
state, i.e., for all v, v′ ∈ S∗ and for all s ∈ S1 we have π(vs) = π(v′s). A memoryless
strategy can be represented as a function π: S1 → D(S). A pure memoryless strategy
is a strategy that is both pure and memoryless and can be represented as π: S1 → S.



Measuring and Synthesizing Systems in Probabilistic Environments 385

Quantitative objectives. A quantitative objective is given by a measurable function
f : Ω → R. We consider several objectives based on priority and reward functions.
Given a priority function p : S → {0, 1, . . . , d}, we defined the set of plays satisfying
the parity objective as Ωp = {ω ∈ Ω | min

(
p(Inf(ω))

)
is even}. A Parity objective

parityp is the characteristic function of Ωp. Given a reward function r : S → N ∪ {⊥},
the mean-payoff objective meanr for a play ω = s1s2s3 . . . is defined as meanr(ω) =
lim infn→∞ 1

n · ∑n
i=1 r(si), if for all i > 0 : r(si) �= ⊥, otherwise meanr(ω) = ⊥.

Given a priority function p and a reward function r the mean-payoff parity objective
mpp,r assigns the long-run average of the rewards if the parity objective is satisfied;
otherwise it assigns ⊥. Formally, for a play ω we have

mpp,r(ω) =

{
meanr(ω) if parityp(ω) = 1,
⊥ otherwise.

For a reward function r : S → R the

max objective maxr assigns to a play the maximum reward that appears in the play. Note
that since S is finite, the number of different rewards appearing in a play is finite and
hence the maximum is defined. Formally, for a playω = s1s2s3 . . .we have maxr(ω) =
max〈r(si)〉i≥0.

Values and optimal strategies. Given an MDP G, the value function VG for an objec-
tive f is the function from the state space S to the set R of reals. For all states s ∈ S, let
VG(f)(s) = sup

π∈Π
E
π
s [f ]. In other words, the value VG(f)(s) is the maximal expectation

with which player 1 can achieve her objective f from state s. A strategy π is optimal
from state s for objective f if VG(f)(s) = E

π
s [f ]. For parity objectives, mean-payoff

objectives, and max objectives pure memoryless optimal strategies exist in MDPs.

Almost-sure winning states. Given an MDP G and a priority function p, we denote by
WG(parityp) = {s ∈ S | VG(parityp)(s) = 1}, the set of states with value 1. These
states are called the almost-sure winning states and an optimal strategy from the almost-
sure winning states is called a almost-sure winning strategy. The setWG(parityp) for an

MDP G with priority function p can be computed in O(d ·n 3
2 ) time, where n is the size

of the MDP G and d is the number of priorities [14, 15]. For states in S \WG(parityp)
the parity objective is falsified with positive probability for all strategies, which implies
that for all states in S \WG(parityp) the value is less than 1 (i.e., VG(parityp)(s) < 1).

3 Measuring Systems

In this section, we start with an example to explain the problem and introduce our
measure. Then, we define the measure formally and show finally, how to compute the
value of a system with respect to the given measure.

Example 1. Recall the example from the introduction, where we consider a resource
controller for two clients. Client i requests the resource by setting its request signal ri.
The resource is granted to Client i by raising the grant signal gi. We require that the
controller guarantees mutually exclusive access and that it is fair, i.e., a requesting
client eventually gets access to the resource. Assume we prefer controllers that respond
quickly. Fig. 1 shows a specification that rewards a quick response to request ri. The
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q0 q1

gi(1)

r̄iḡi(1)

ḡi(0)

riḡi(0)

gi(1)

Fig. 1. Automaton Ai

q0 q1

/g1ḡ2

/ḡ1g2

Fig. 2. System M1

q0q0q0

q1q0q0

q1q0q1

q0q1q0

r̄2/g1ḡ2(2)

r2/g1ḡ2(1)

r1/ḡ1g2(1)

r1/ḡ1g2(1)r̄1/ḡ1g2(2)

r̄1/ḡ1g2(2)

r̄2/g1ḡ2(2)

r2/g1ḡ2(1)

Fig. 3. Product of System M1 with
Specification A1 and A2

specification is given as a Mean-payoff automaton that measures the average delay be-
tween a request ri and a corresponding grant gi. Transitions are labeled with a conjunc-
tion of literals2 and a reward in parentheses. In particular, whenever a request is granted
the reward is 1, while a delay of the grant results in reward 0. The automaton assigns to
each word in (2{ri,gi})ω the average reward. E.g., the value of the word (riḡi rigi)ω is
(0 + 1)/2 = 1/2. We can take two copies of this specification, one for each client, and
assign to each word in (2{r1,r2,g1,g2})ω the sum of the average rewards. E.g., the word
(r1r̄2ḡ1g2 r1r̄2g1ḡ2)ω gets an average reward of 1/2 with respect to the first client and
reward 1 with respect to the second client, which sums up to a total reward of 3/2.

Consider the systemsM1 andM2 in Fig. 2 and 4, respectively. Transitions are labeled
with conjunctions of input and output literals separated by a slash. SystemM1 alternates
between granting the resource to Client 1 and 2. System M2 grants the resource to
Client 2, if only Client 2 is sending requests. By default it grants the resource to Client 1.
If both clients request, then the controller alternates between them. Both systems are
correct with respect to the functional requirements describe above: they are fair to both
clients and guarantee that the resource is not accessed simultaneously.

Though, one can argue that System M2 is better than M1 because the delay be-
tween requests and grants is, for most input sequences, smaller than the delay in Sys-
tem M1. For instance, consider the input trace (r̄1r2 r1r̄2)ω . The response of Sys-
tem M1 is (g1ḡ2 ḡ1g2)ω. Looking at the product between the system M1 and the spec-
ifications A1 and A2 shown in Fig. 3, we can see that this results in an average reward
of 1. Similar, Fig. 5 shows the product of M2, A1, and A2. System M2 responds with
(ḡ1g2 g1ḡ2)ω and obtains a reward of 2. Now, consider the sequence (r1r2)ω, which is
the worst input sequence the environment can provide. In both systems, this sequences
leads to a reward of 1, which is the lowest possible reward. So M1 and M2 cannot be
distinguished with respect to their worst case behavior.

To measure a system with respect to its average behavior, we aim to average over the
rewards obtained for all possible input sequences. Since we have infinite sequences, one
way to average is the limit of the average over all finite prefixes. Note that this can only
be done if we know the values of finite words with respect to the quantitative specifica-
tion. For instance, for a finite-state machineM and a Mean-payoff automatonA, we can
define the average as VLA	 (M) := limn→∞ 1

|ΣI |n
∑
w∈Σn

I
LA(OM (wn)). However, if

we truly want to capture the average behavior, we need to know, how often the different

2 Note that transitions depend only on the signals that appear in their labels.
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q0 q1 q2
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r̄1r2/ḡ1g2

r1r2/g1ḡ2

r̄1/ḡ1g2

r1/ḡ1g2

r2/g1ḡ2

r̄2/g1ḡ2

Fig. 4. System M2 that prefers r1

q0q0q0 q1q0q1 q2q1q0

r̄2/g1ḡ2(2)

r̄1r2/ḡ1g2(2)

r1r2/g1ḡ2(1)

r̄1/ḡ1g2(2)

r1/ḡ1g2(1)

r2/g1ḡ2(1)

r̄2/g1ḡ2(2)

Fig. 5. Product of M1, A1, and A2

parts of the system are used. This corresponds to knowing how likely the different input
sequences are. The measure above assumes that all input sequences are “equally likely”.
In order to define measures that take the behavior of the environment into account, we
use a probability measure on input words. In particular, we consider the probability
space (Σω

I ,F , μ) over Σω
I , where F is the σ-algebra generated by the cylinder sets of

Σω (which are the sets of infinite words sharing a common prefix) (in other words, we
have the Cantor topology on Σω

I ) and μ is a probability measure defined on (Σω,F).
We use finite labeled Markov chains to define the probability measure μ.

Example 2. Recall the controller of Example 1. Assume we know that Client 1 is
more likely to send requests than Client 2. We can represent such a behavior by as-
signing probabilities to the events in Σ = 2{r1,r2}. Assume Client 1 sends requests
with probability p1 and Client 2 sends them with probability p2 < p1, independent
of what has happened before. Then, we can build a labeled Markov chain with four
states Sp = {s0, s1, s2, s3} each labeled with a letter in Σ, i.e., λ(s0) = r̄1r̄2,
λ(s1) = r̄1r2, λ(s2) = r1r̄2, and λ(s3) = r1r2., and the following transition prob-
abilities: (i) δ(si)(s0) = (1 − p1) · (1 − p2), (ii) δ(si)(s1) = (1 − p1) · p2, (iii)
δ(si)(s2) = p1 · (1 − p2), and (iv) δ(si)(s3) = p1 · p2, for all i ∈ {0, 1, 2, 3}.

Once we have a probability measure μ on the input sequences and the associated
expectation measure E, we can define a satisfaction relation between systems and spec-
ifications and a measure for a system with respect to a qualitative and a quantitative
specification.

Definition 1 (Satisfaction). Given a state machineM with input alphabetΣI , a quali-
tative specification ϕ, and a probability measure μ on (Σω

I ,F), we say that M satisfies
ϕ under μ (written M |=μ ϕ) iff M satisfies ϕ with probability 1, i.e., E[ϕ ◦ OM ] = 1,
where E is the expectation measure for μ.

Recall that we use a quantitative specification to describe how “good” a system is. Since
we aim for a system that satisfies the given (qualitative) specification and is “good” in
a given sense, we define the value of a machine with respect to a qualitative and a
quantitative specification.

Definition 2 (Value). Given a state machine M , a qualitative specification ϕ, quanti-
tative specification ψ, and a probability measure μ on (Σω

I ,F), the value of M with
respect to ϕ and ψ under μ is defined as the expectation of the function ψ ◦ OM under
the probability measure μ if M satisfies ϕ under μ, and ⊥ otherwise. Formally, let E

be the expectation measure for μ, then
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Vϕψμ (M) :=

{
E[ψ ◦ OM ] if M |=μ ϕ,

⊥ otherwise.

If ϕ is the set of all words, then we write Vψμ (M). Furthermore, we say M optimizes ψ
under μ, if Vψμ (M) ≥ Vψμ (M ′) for all systems M ′.

We could consider here also the traditional satisfaction relation, i.e., M |= ϕ. We have
algorithms for both notions but we focus on satisfaction under μ, since satisfaction with
probability 1 is the natural correctness criterion, if we are given a probabilistic environ-
ment assumption. Note that for safety specifications the two notions coincide, because
we assume that the labeled Markov chain defining the input distribution is complete.3

For parity specifications, the results in this section would change only slightly if we
replace M |=μ ϕ by M |= ϕ. In particular, instead of analyzing a Markov chain with
parity objective, we would have to analyze an automaton with parity objective. We dis-
cuss the the alternative synthesis algorithm in the conclusions.

Lemma 1. Given a finite-state machineM , a safety or a parity automatonA, a mean-
payoff automaton B, and a labeled Markov chain (G, λG) defining a probability mea-
sure μ on (Σω

I ,F), we can construct a Markov chain G′ = (S′, s′0, E
′, δ′), a reward

function r′, and a priority function p′ such that

VLA,LB
μ (M) =

{
2 · VG′(meanr′)(s′0) if A is a safety automaton,

2 · VG′(mpp′,r′)(s
′
0) otherwise.

We first build the product of M , A, B (cf. Fig. 3). Then, G′ alternates between (1)
moving according to G, which means choosing an input value according to the distri-
bution given by G, and (2) moving in M × A × B according to the chosen input. The
reward given by B for this transition is assigned to the intermediate state. The priori-
ties are copied from A. The value VLB

μ (M) is twice the expectation VG′(meanr′)(s′0),
since we have introduced 0-rewards in every second step. Using Lemma 1 and the fact
that we can compute VG′(meanr′)(s′0) and VG′(mpp′,r′)(s′0) in polynomial time for
Markov chains [14, 26], we obtain the following results. Detailed proofs can be found
in the technical report [12].

Theorem 1. Given a finite-state machine M , a parity automaton A, a mean-payoff
automaton B, and a labeled Markov chain (G, λG) defining a probability measure μ,
we can compute the value VLA,LB

μ (M) in polynomial time. Furthermore, if (G, λG)
defines a uniform input distribution, then VLB	 (M) = VLB

μ (M)4.

Example 3. Recall the two system M1 and M2 (Fig. 2 and 4, respectively) and the
specificationA (cf. Fig. 1) that rewards quick responses. The two systems are equivalent

3 Recall that a Markov chain is complete, if in every state there is an edge for every input value.
Since every edge has a positive probability, also every finite path has a positive probability and
therefore a system violating a safety specification will have a value ⊥. If the Markov chain is
not complete (i.e., we are given an input distribution that assigns probability 0 to some finite
input sequences), we require a simple pre-processing step that restricts our algorithms to the
set of states satisfying the safety condition independent of the input assumption. This set can
be computed in linear time by solving a safety game.

4 We can show that this measure is invariant under transformations of the computation tree.
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wrt the worst case behavior. Let us consider the average behavior: we build a Markov
chainG	 that assigns 1/4 to all events in 2{r1,r2}. To measureM1, we take the product
between G	 and M1 × A (shown in Fig. 3). The product looks like the automaton in
Fig. 3 with an intermediate state for each edge. This state is labeled with the reward
of the edge. All transition leading to intermediate states have probability 1/2, the other
once have probability 1. So the expectation of being in a state is the same for all four
main states (i.e., 1/8) and half of it in the eight intermediate states (i.e., 1/16). Four
(intermediate) states have a reward of 1, four have a reward of 2. So we get a total
reward of 4 ·1/16+4 ·2 ·1/16 = 3/4, and a system value of 1.5. This is expected when
looking at Fig. 3 because each state has two inputs resulting in a reward of 2 and two
inputs with reward 1. For SystemM2, we obtain Markov chain similar to Fig. 5 but now
the probability of the transitions corresponding to the self-loops on the initial state sum
up to 3/4. So it is more likely to state in the initial state, then to leave it. The expectation
for being in the states (q0, q0, q0),(q1, q0, q1), and (q2, q1, q0) are 2/3, 2/9, and 1/9,
respectively, and their expected rewards are (2 + 2 + 2 + 1)/4 = 7/4, 3/2, and 3/2,
respectively. So, the total reward of SystemM2 is 2/3·7/4+2/9·3/2+1/9·3/2 = 1.67,
which is clearly better than the value of system M1 for specification A.

4 Synthesizing Optimal Systems

In this section, we show how to construct a system that satisfies a qualitative specifi-
cation and optimizing a quantitative specification under a given probabilistic environ-
ment. First, we reduce the problem to finding an optimal strategy in an MDP for a
mean-payoff (parity) objective. Then, we show how to compute such a strategy using
end components and a reduction to max objective. Finally, we provide a linear program
that computes the value function of an MDP with max objective. This shows that MDPs
with mean-payoff parity objective can be solved in polynomial time.

Lemma 2. Given a safety (resp. parity) automaton A, a mean-payoff automaton B,
and a labeled Markov chain (G, λG) defining a probability measure μ on (Σω

I ,F), we
can construct a labeled MDP (G′, λG′) with G′ = (S′, s′0, E

′, S′
1, S

′
P , δ

′), a reward
function r′, and a priority function p′ such that every pure strategy π that is optimal
from state s′0 for the objective meanr′ (resp. mpp′,r′) and for which E

π
s′0

(meanr′) �= ⊥
(resp. E

π
s′0

(mpp′,r′) �= ⊥) corresponds to a state machine M that satisfies LA under μ
and optimizes LB under μ.

The construction of G′ is very similar to the construction used in Lemma 1. Intuitively,
G′ alternates between mimicking a move of G and mimicking a move of A × B × C,
where C is an automaton with |ΣO|-states that pushes the output labels from transi-
tions to states, i.e., the transition function δC of C is the largest transition function s.t.
∀s, s′, σ, σ′ : δC(s, σ) = δC(s′, σ′) → σ = σ′. Priorities p′ are again copied from A
and rewards r′ from B. The labels for λG′ are either taken from λG (in intermediate
state) or they correspond to the transitions taken in C. Every pure strategy in G′

fixes one output value for every possible input sequence. The construction of the state
machine depends on the structure of the strategy. For pure memoryless strategies, the
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construction is straight forward. At the end of this section, we discuss how to deal with
other strategies.

The following theorem follows from Lemma 2 and the fact that MDPs with mean-
payoff objective have pure memoryless optimal strategies and they can be computed in
polynomial time (cf. [26]).

Theorem 2. Given a safety automaton A, a mean-payoff automaton B, and a labeled
Markov chain (G, λG) defining a probability measure μ, we can construct a finite-state
machine M (if one exists) in polynomial time that satisfies LA under μ and optimizes
LB under μ.

MDPs with mean-payoff parity objectives. It follows from Lemma 2 that if the quali-
tative specification is a parity automaton, along with the Markov chain for probabilistic
input assumption, and mean-payoff automata for quantitative specification, then the so-
lution reduces to solving MDPs with mean-payoff parity objective. In the following we
provide an algorithmic solution of MDPs with mean-payoff parity objective. We first
present few basic results on MDPs.

End components of MDPs. Given an MDP G = (S, s0, E, S1, SP , δ) , a set U ⊆ S
of states is an end component [16, 18] if U is δ-closed (i.e., for all s ∈ U ∩ SP we
have E(s) ⊆ U ) and the sub-game of G restricted to U (denoted G � U ) is strongly
connected. We denote by E(G) the set of end components of an MDP G. Given any
strategy (memoryless or not), with probability 1 the set of states visited infinitely often
along a play is an end component. More precisly, given an MDP G, for all states s ∈ S
and all strategies π ∈ Π , we have μπs ({ω | Inf(ω) ∈ E(G)}) = 1 [16, 18]. Further-
more, for an end componentU ∈ E(G), consider the memoryless strategy πU that plays
in any state s in U ∩S1 all edges in E(s)∩U uniformly at random. In the Markov chain
obtained by fixing πU , the end component U is a closed connected recurrent set.

Lemma 3. Given an MDP G and an end component U ∈ E(G), the strategy πU en-
sures that for all states s ∈ U , we have μπU

s ({ω | Inf(ω) = U}) = 1.

It follows that the strategy πU ensures that from any starting state s, any other state t
is reached in finite time with probability 1. From Lemma 3 we can conclude that in an
MDP the value for mean-payoff parity objectives can be obtained by computing values
for end-components and then applying the maximal expectation to reach the values of
the end components.

Lemma 4. Consider an MDP G with state space S, a priority function p, and reward
function r such that (a)G is an end-component (i.e., S is an end component) and (b) the
minimum priority in S is even. Then the value for mean-payoff parity objective for all
states coincide with the value for mean-payoff objective, i.e., for all states s we have
VG(mpp,r)(s) = VG(meanr)(s).

The proof idea is to take two strategies: one for the mean-payoff and one for the parity
objective, and combine them to produce the optimal value for the mean-payoff parity
objective, which is equal to the optimal mean-payoff value. We take an optimal pure
memoryless strategy πm for the mean-payoff objective and a pure memoryless strat-
egy πS for the stochastic shortest path to reach the states with the minimum priority
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(which is even). Observe that (i) under the strategy πS , from any state swe can reach the
minimum (even) priority in finite time with probability 1; (ii) the mean-payoff value for
all states is the same, because strategy πU (from Lemma 3) ensures that every state can
reach every other state in finite time with probability 1; and (iii) the strategy πm ensures
that for any ε > 0, there exists j(ε) ∈ N such that if πm is played for any � ≥ j(ε) steps
then the expected average of the rewards for � steps is within ε of optimal mean-payoff
value. So, we can achieve the optimal mean-payoff value and satisfies the parity objec-
tive by alternating between the two strategies, if we ensure to play πm “long enough”.
Let β be the maximum absolute value of the rewards. The optimal strategy for mean-
payoff objective is played in rounds, each having two stages. The strategy for round i is
as follows: (Stage 1) First play the strategy πS till the minimum priority state is reached.
(Stage 2) Let εi = 1/i. If the game was in the first stage in this (i-th round) for ki steps,
then play the strategy πm for �i steps such that �i ≥ max{j(εi), i · ki · β}. Then the
strategy proceeds to round i+ 1. This strategy guarantees the satisfaction of the parity
objective and the optimal mean-payoff value. A full proof can be found in [12].

The above lemma shows that in an end component if the minimum priority is even,
then the value for mean-payoff parity and mean-payoff objective coincide if we consider
the sub-game restricted to the end component.

Computing best end-component values. We first compute a set S∗ such that every end
componentU with min(p(U)) is even is a subset of S∗. We also compute a function f∗ :
S∗ → R

+ that assigns to every state s ∈ S∗ the mean-payoff parity value that can be
obtained by visiting only states of an end component that contains s. The computation
of S∗ and f∗ is as follows: (1) S∗

0 is the set of maximal end-components with priority 0
and for a state s ∈ S∗

0 the function f∗ assigns the mean-payoff value when the sub-
game is restricted to S∗

0 (by Lemma 4 we know that if we restrict the game to the
end-components, then the mean-payoff values and mean-payoff parity values coincide);
(2) for i ≥ 0, let S∗

2i be the set of maximal end components with states with priority
2i or more and that contains at least one state with priority 2i, and f∗ assigns the
mean-payoff value of the MDP restricted to the set of end components S∗

2i. The set
S∗ =

⋃
d/2�
i=0 S∗

2i. This gives the values under the end-component consideration, and to
compute the maximal reachability expectation we present the following reduction.

Transformation to MDPs with max objective. Given an MDP G = (S, s0, E, S1,
SP , δ) with a positive reward function r : S → R

+ and a priority function p : S →
{0, . . . , d}, and let S∗ and f∗ be the output of the above procedure. We construct an
MDP G = (S, s0, E, S1, SP , δ) with a reward function r as follows: S = S ∪ Ŝ∗ (i.e.,
the set of states consists of the state space S and a copy Ŝ∗ of S∗), E = E ∪ {(s, ŝ) |
s ∈ S∗ ∩ S1and ŝ is the copy of s in Ŝ∗} ∪ {(ŝ, ŝ) | ŝ ∈ Ŝ∗} (i.e., along with edges E,
for all player 1 states s in S∗ there is an edge to its copy ŝ in Ŝ∗, and all states in Ŝ∗ are
absorbing states), S1 = S1 ∪ Ŝ∗, r(s) = 0 for all s ∈ S and r(ŝ) = f∗(s), where ŝ is
the copy of s. This construction ensures that VG(mpp,r)(s) = VG(maxr)(s). We refer
the reader to [12] for a detailed proof.

In order to solve G with the objective maxr, we set up the following linear program,
which can be solved with a standard LP solver (e.g., [29]).
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Linear programming for the max objective in G. The following linear program
characterizes the value function VG(maxr). Observe that we have already restricted
ourselves to the almost-sure winning states WG(parityp), and below we assume
WG(parityp) = S. For all s ∈ S we have a variable xs and the objective function
is min

∑
s∈S xs. The set of linear constraints are as follows: (1) ∀s ∈ S : xs ≥ 0,

(2) ∀s ∈ Ŝ∗ : xs = r(s), (3) ∀s ∈ S1, (s, t) ∈ E : xs ≥ xt, and (4) ∀s ∈ SP : xs =∑
t∈S δ(s)(t) · xt. The correctness proof of this linear program can be found in [12].

Lemma 5. Given a MDP with a mean-payoff parity objective, the value function for
the mean-payoff parity objective can be computed in polynomial time.

Note that the optimal strategies constructed for mean-payoff parity requires memory,
but the memory requirement is captured by a counter (which can be represented by a
state machine with state space N). The optimal strategy as described in Lemma 4 plays
two memoryless strategies, and each strategy is played a number of steps which can be
stored in a counter. Furthermore, we can show that the decision problem, whether there
exists an optimal pure memoryless strategy is NP-complete; the upper bound follows
from Theorem 1; the lower bound follows from a reduction of the directed subgraph
homeomorphism problem [27]. Lemma 2 and Lemma 5 yield the following theorem.

Theorem 3. Given a Parity specification A, a Mean-payoff specification B, and a la-
beled Markov chain (G, λ) defining a probability measure μ on (Σω

I ,F), we can con-
struct a state machine M (if one exists) in polynomial time that satisfies LA under μ
and optimizes LB under μ.

5 Experimental Results

The aim of this section is to show which types of systems, we can construct using
qualitative and quantitative specifications under probabilistic environment assumptions.
We have implemented the approach for specifications consisting of a safety automaton
A and a mean-payoff automaton B, and where the assumption μ is given as a set of
probability distributions ds over input letters for each state s of B. Our implementation
is in Scala [35]. It takes automata in GOAL-format [37] as input and first builds the
product of A and B. Then, it construct the corresponding MDP G and computes an
optimal pure memoryless strategy using policy iteration for multi-chain MDPs [26].
Finally, if the value of the strategy is different from ⊥, then it converts the strategy to a
finite-state machine M which satisfies LA (under μ) and is optimal for B under μ.

Priority-driven controller. In our first experiment, we took as the quantitative spec-
ification B the product of the specifications A1 and A2 from Example 1 (Fig. 1),
where we sum the weights on the edges. The qualitative specification is a safety au-
tomaton A ensuring mutually exclusive grants. We assumed the constant probabilities
P ({r1 = 1}) = 0.4 and P ({r2 = 1}) = 0.3 for the events r1 = 1 and r2 = 1,
respectively. The optimal machine5 constructed by the tool is shown in Fig. 6. This sys-
tem behaves like a priority-driven scheduler, which always grants the resource to the

5 State q0 and q1 are simulation equivalent but our tool does not minimize state machines yet.
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q0 q1

r1r2/g1ḡ2

r̄1 r̄2/ḡ1g2

r̄1/ḡ1g2 r1/g1ḡ2

r̄1r2/ḡ1g2

r1 r̄2/g1ḡ2

Fig. 6. Optimal machine

Table 1. Results for n-client
without response constraints

n A × B G M Value
2 4 13 2 1.854
3 8 35 4 2.368
4 16 97 8 2.520
5 32 275 16 2.534
6 64 793 32 2.534

Table 2. Results for n-client
with response constraints

n A × B G M Value
2 3 11 3 1.850
3 34 156 16 2.329
4 125 557 125 2.366

client that is more likely to send requests, if she is requesting it, otherwise the resource
is granted to the other client. This is optimal because client 1 is more likely to send
requests and so missing a request from client 2 is better than missing a request from 1.

Fair controller. In the second experiment, we added response constraints to the safety
specification. The constraints are given as safety automata that require that every request
is granted within two steps. We added one automaton Ci for each client i and the final
qualitative specification was A × C1 × C2. The optimal machine the tool constructs
is System M2 of Example 1 (Fig. 4). System M2 follows the request sent, if only a
single request is send. If both clients request simultaneously, it alternates between g1
and g2. If none of the clients is requesting it grants g1. Recall that system M1 and M2

from Example 1 exhibit the same worst-case behavior, so a synthesis approach based
on optimizing the worst-case behavior would not be able to constructM2.

General controllers. We reran both experiments for several clients. Again, the quanti-
tative specification was the product of Ai’s. We used a skewed probability distribution
with P ({rn = 1}) = 0.3 and P ({ri = 1}) = P ({ri+1 = 1}) + 0.1 for 1 ≤ i ≤ 6
and the qualitative specification required mutual exclusion. Table 1 shows the number
of clients (n), the size of the specification (A×B), the size of the corresponding MDP
(G), and the size of the resulting machine (M) and the optimal value (Value). The
runs took between least than a second to a couple of minutes. The systems generated
as a result of this experiment have an intrinsic priority to granting requests in order of
probabilities from largest to smallest. Table 2 shows the results when adding response
constraints that require that every request has to be granted within the next n steps. This
experiment leads to quite intelligent systems which prioritize with the most probable in-
put request but slowly the priority shifts to the next request variable cyclically resulting
into servicing any request in n steps when there are n clients. Note that these systems
are (as expected) quite a bit larger than the corresponding priority-driven controllers.

6 Conclusions and Future Work

In this paper we showed how to measure and synthesize systems under probabilistic
environment assumptions wrt qualitative and quantitative specifications. We considered
the satisfaction of the qualitative specification with probability 1 (M |=μ ϕ). Alterna-
tively, we could have considered the satisfaction of the qualitative specification with
certainty (M |= ϕ). For safety specification the two notions coincide, however, they
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are different for parity specification. The notion of satisfaction of the parity specifi-
cation with certainty and optimizing the mean-payoff specification can be obtained
similar to the solution of mean-payoff parity games [13] by replacing the solution of
mean-payoff games by solution of MDPs with mean-payoff objectives. However, since
solving MDPs with parity specification for certainty is equivalent to solving two-player
parity games, and no polynomial time algorithm is known for parity games, the al-
gorithmic solution for the satisfaction of the qualitative specification with certainty is
computationally expensive as compared to the polynomial time algorithm for MDPs
with mean-payoff parity objectives. Moreover, under probabilistic assumption satisfac-
tion with probability 1 is the natural notion.

In our future work, we will implement our algorithm for MDPs with mean-payoff
parity conditions and develop a tool for synthesizing systems in probabilistic environ-
ments with ω-regular specifications. In the course of developing this tool, it will be
interesting to study subclasses of specifications for which we can construct finite-state
systems (i.e., systems without counters). We will also explore the use of a logical frame-
work to express quantitative properties to simplify stating quantitative specifications.
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