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Abstract. This paper considers the probabilistic may/must testing the-
ory for processes having external, internal, and probabilistic choices.
We observe that the underlying testing equivalence is too strong and
distinguishes between processes that are observationally equivalent.
The problem arises from the observation that the classical compose-
and-schedule approach yields unrealistic overestimation of the proba-
bilities, a phenomenon that has been recently well studied from the
point of view of compositionality (de Alfaro/Henzinger/Jhala 2001, Che-
ung/Lynch/Segala/Vaandrager 2006), in the context of randomized pro-
tocols (Chatzikokolakis/Palamidessi 2007), and in probabilistic model
checking (Giro/D’Argenio/Ferrer Fioriti 2009). To that end, we propose
a new testing theory, aiming at preserving the probability information in
a parallel context. The resulting testing equivalence is insensitive to the
exact moment the internal and the probabilistic choices occur. We also
give an alternative characterization of the testing preorder as a proba-
bilistic ready-trace preorder.

1 Introduction

The testing theory for concurrent processes [7, 13] is based on the criterion that
two processes are equivalent iff they cannot be distinguished when interacting
with their environment, which is an arbitrary process itself. The aim is to obtain
the coarsest congruence for parallel composition by the definition of the relation.
It turned out that, for a broad class of processes, the testing equivalence [7, 13]
and the failures equivalence [1] coincide [20]. Both theories, [1] and [7, 13] gave
prominence to the notion of “unobservability” of the exact moment in which a
process makes an internal choice.

Originally, only qualitative properties were in the focus of theories for reactive
processes. In many applications with unreliable components, however, it is more
useful to prove that a system will deadlock less than 0.1% of the time, rather
than never. This is one of the reasons why probabilistic choice, as a refinement
of internal choice, was introduced in process semantics, in addition to action
choice and standard internal choice. To be able to reason about the probabilistic
behavior of systems, schedulers were adopted, which resolve the nondeterminism
and yield fully probabilistic systems.
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Fig. 1. The coin-flipping machine and the guessing user

Originally, schedulers were monolithic: processes were composed and sched-
ulers were applied to the composed system. With this reasoning, an extension of
the may/must testing theory for the case with probabilistic choice was defined
[24]. However, it was soon observed that the compose-and-schedule approach
could yield unrealistic overestimation of the probabilistic behaviour of the com-
posed system [17, 19, 22]. We explain this phenomenon via the examples that
follow.

The gambling machine. Consider a system consisting of a machine and a user,
that communicate via a menu of two buttons “head” and “tail” positioned at
the machine. The machine first makes a fair choice (i.e. flips a coin) whether to
give a prize if “head” is chosen or if “tail” is chosen. Then the user is allowed to
choose “head” or “tail” by pressing the appropriate button. If the user chooses
the right outcome, a prize is awarded. Note that by no means the user could
have detected the machine’s choice beforehand. The machine can be modeled
by process graph s in Fig. 1. Thus, in half of the machine runs, it offers a prize
after the “head” button has been pressed (out of the two-button menu “head”
and “tail”), while in the other half of the runs it offers a prize after the “tail”
button has been pressed (out of the two-button menu “head” and “tail”). The
user can be modeled by process graph u in Fig. 1. Sometimes she would press
“head” and sometimes “tail”; however, she is “happy” (denoted by action �)
iff, after pressing a button, a prize follows. Note that the user makes her choice
based on the options the machine offers; in this example the menu consists of
two options.

Let the user and the machine interact, by synchronizing on their common ac-
tions, except on action �. In terms of testing theory [7], process s is tested with
test u. By means of probability theory, it can be calculated that the probability
that the user has guessed the output of flipping is 1

2 . That is, the probability of a� action being reported is 1
2 . However, most of the existing approaches for prob-

abilistic testing, in particular probabilistic may/must testing [8, 9, 15, 21, 23, 24],
do not give this answer. As we mentioned above, in order to compute the prob-
ability of � being reported, the probabilistic may/must testing uses schedulers.
These schedulers have access to the nodes of the graph of the synchronized
process.
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Fig. 2. The coin tosser and
result-guesser game: a) fair
play; b) unfair play

Consider the synchronization s ‖ u represented
by the process graph in Fig. 1, where actions are
hidden after they have synchronized (τ -labels are
omitted in the figure). Each scheduler resolves the
choice in the nondeterministic nodes of s ‖ u and
yields a fully probabilistic process graph. For s ‖ u
in Fig. 1 there are four possible schedulers, which
yield the following set of probabilities with which
s passes the test u: {0, 1

2 , 1}. We can see that, be-
cause the power of the schedulers is unrestricted,
unrealistic upper and lower bounds for the proba-
bilities are obtained. Observe that this happens due
to the effect of “cloning” the synchronization non-
determinism. The choice between synchronizing on
h or t has been “cloned” in both futures after the
probabilistic choice in s ‖ u. In this way, when re-
solving the nondeterminism in s ‖ u, a scheduler
assumes that the user has unrealistic power to see
the result of the coin-flipping before guessing.

Consider now process graph s̄ in Fig. 1. To
the user s̄ may as well represent the behaviour of
the coin-flipping machine – the user cannot see
whether the machine flips the coin before or after
making the “head or tail” offers. According to the
user, the machine acts as specified as long as she
is able to guess the result in half of the cases. In fact, both schedulers defined
by the probabilistic may/must testing, when applied to s̄ ‖ u yield exactly
probability 1

2 of reporting a � action. Consequently, none of the approaches
in [8, 9, 15, 21, 23, 24] equate processes s and s̄: when tested with u, they
produce different bounds for the probabilities of reporting �1.

The coin tosser – result guesser game. Consider the following game. Player x
tosses a fair coin and hides the outcome. Player y guesses the outcome of the
tossing and writes it down. While he is writing the result down, player x waits
(i.e. he may write down something meaningless). Then, they both agree to reveal
their outcomes, i.e. x to uncover the coin and y to show what he has written.
Players x and y are modeled in Fig. 2a. Obviously, the probability that the
second player guesses correctly, i.e. reports �, equals 1

2 . However, the schedulers
applied to the resulting graph for the synchronization of both players give the
set of probabilities {0, 1

2 , 1}, thus, suggesting that there is a strategy such that
player y can always guess the result correctly. On the other hand, if process
x′ = w.r.(h⊕ 1

2
t) is synchronized with y, both schedulers applied to the resulting

process graph suggest that the probability of reporting a � action is exactly
1
2 . Hence, in probabilistic may/must testing theory processes x and x′ cannot

1 If we ignore the probabilities, processes s and s̄ are testing-equivalent by [7].



82 S. Georgievska and S. Andova

be equated, and therefore prefix does not distribute over internal probabilistic
choice. In other words, the internal (probabilistic) choice is “observable”. 2

It is important to note that, if the players are as in Fig. 2b, i.e. the coin tosser
reveals the outcome by offering different actions for synchronization (a or b),
then the guesser can surely guess the result: he would make his guess depending
on the action on which both players previously synchronized (a or b).

1.1 Contributions

The testing preorder relations defined in [23, 24] were shown to be branch-
ing time (simulations) in [9, 15, 18]. Thus, distribution of prefix over inter-
nal/probabilistic choice is not allowed. This implies that if we are about to com-
bine external, classical internal and internal probabilistic choice, for verification
purposes we can only rely on equivalences that inspect the internal structure of
the process graphs. Nevertheless, the most discouraging fact is that in a parallel
composition the probability information might be lost, as the previous examples
show. This questions the reasons for adding probabilities in the model initially.

The main contribution of this paper is testing semantics in the style of [7]
for processes exhibiting external, internal and probabilistic choices that does
not yield over-estimated or under-estimated probabilities with which a process
passes a test. To achieve this, we propose a novel method for labeling the internal
transitions that arise in the parallel composition of the process and the test.
The usage of the labels solves the problem with the “cloned nondeterminism”
and allows us to compute the probabilities with which a process passes a test.
Moreover, unlike the schedulers-based approaches [23, 24], our approach makes
the resolution of the nondeterminism state-independent, which, we believe, is
more appropriate for testing-based semantics.

The technical contributions of the paper are the following. In our model the
internal transitions with the same node of origin have different labels which serve
as identifiers for the transitions in a parallel context (Sec. 3). Having this, we
first define resolution of the internal nondeterminism in a process (Sec. 4.1).
Then, when testing a process with a test, given a resolution of the internal non-
determinism of the process, we define how the synchronization nondeterminism
and the internal nondeterminism of the test are resolved (Sec. 4.2). Our solution
avoids overestimation and underestimation of the probabilities with which the
process passes the test. Based on the testing semantics, we define a preorder
relation between processes from which it follows that one process implements
another iff the former contains “less” nondeterminism (Sec. 4.2). Finally, we
characterize the testing preorder as a probabilistic ready-trace preorder relation
(Sec. 5). The latter reveals that, indeed, our testing equivalence is insensitive to
the exact moment of occurrence of internal/probabilistic choices.

Due to lack of space and to avoid technical complications while presenting the
ideas and the results, in this paper we restrict to finitely-branching, divergence-
free, though recursive processes and to finite tests.
2 Variants of this problem were initially pointed in [17, 19, 22] and treated in [3, 5,

6, 11].
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2 Preliminaries

In this paper we use the Bayesian definition of probability because it is more
suitable than the measure-theoretic one for our definition of ready-trace preorder.

Bayesian probability For a set A, 2A denotes its power-set. The following defi-
nitions are taken from [16].

We consider a sample space, Ω, consisting of points called elementary events.
Selection of a particular a ∈ Ω is referred to as an “a has occurred”. An event
A ⊆ Ω is a set of elementary events. A, B, C, . . . range over events. An event A
has occurred iff a has occurred for some a ∈ A. Let A1, A2, . . . be a sequence
of events and C be an event. The members of the sequence are exclusive given
C, if whenever C has occurred no two of them can occur together, that is,
if Ai ∩ Aj ∩ C = ∅ whenever i 	= j. C is called a conditioning event. If the
conditioning event is Ω, then “given Ω” is omitted.

For certain pairs of events A and B, a real number P (A|B) is defined and
called the probability of A given B. These numbers satisfy the following axioms:

A1: 0 ≤ P (A|B) ≤ 1 and P (A|A) = 1.
A2: If the events in {Ai}∞i=1 are exclusive given B, then P (∪∞

i=1Ai | B) =∑∞
i=1 P (Ai|B).

A3: P (C|A ∩ B) · P (A|B) = P (A ∩ C|B).

For P (A|Ω) we simply write P (A).

3 Model

We define our model of process graphs and operations on them. Presuppose
a finite set of actions A and a countable set of labels L such that A ∩ L =
∅. A process graph has three types of transitions (edges), representing action,
internal, and probabilistic transitions; a state (node) can perform only one type
of transitions. The action transitions are decorated with actions from A, while
the internal transitions with labels from L. No two action transitions with the
same state of origin are labeled the same and no two internal transitions with the
same state of origin are labeled the same. Moreover, if two states have transitions
each with the same label, then the sets of all labels of their outgoing (internal)
transitions coincide. All states are reachable from a designated initial state via
zero or more transitions.

Definition 1 (Process graph). A process graph (or simply process) is a tuple
P = (SA, Sp, Sτ ,→, �, ���, r), where

– SA, Sp, Sτ are finite sets of action, probabilistic, and nondeterministic states
respectively,

– r ∈ SA ∪ Sp ∪ Sτ is the initial state,
– → ⊆ SA × A × (SA ∪ Sp ∪ Sτ ) is an action transition relation such that

(s, a, t) ∈ → and (s, a, t′) ∈ → implies t = t′,
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– �⊆ Sτ × L× (SA ∪ Sp ∪ Sτ ) is an internal transition relation such that
• (s, l, t) ∈� and (s, l, t′) ∈� implies t = t′, and
• if (s, l, t) ∈� and (s′, l, t′) ∈� for some l ∈ L and states t, t′, then, for

every k ∈ L, (s, k, q) ∈� for some q iff (s′, k, q′) ∈� for some q′,
– ��� ⊆ Sp × (0, 1] × (SA ∪ Sp ∪ Sτ ) is a probabilistic transition relation

such that (s, π, t) ∈��� and (s, ρ, t) ∈��� implies π = ρ, and for all s ∈ S,∑
(s,π,t)∈��� π = 1, and

– for every state s ∈ SA ∪ Sp ∪ Sτ , there exists a sequence {(si, αi, si+1)}n
i=1

such that s1 = r, sn+1 = s, and for every i ∈ {1, . . . n}, (si, αi, si+1) belongs
to one of the transition relations.

The set of all process graphs is denoted by G. A process graph is usually named

by its initial state. We write s
a−→ t rather than (s, a, t) ∈ →, s

l� t rather than
(s, l, t) ∈�, and s

π��� t rather than (s, π, t) ∈ ��� (or s ��� t if the value of π

is irrelevant in the context). We write s
a−→ to denote that there exists an action

transition s
a−→ s′ for some s′ ∈ S, where by S we denote SA ∪ Sp ∪ Sτ . Given a

process s and an action a ∈ A, by sa we denote the process (if exists) for which
s

a−→ sa.
For a finite index set I, by s

ai−→ {si}i∈I (resp. s
πi��� {si}i∈I , s

τi� {si}i∈I) we
denote that there exist transitions {s ai−→ si}i∈I (resp. {s πi��� si}i∈I , {s

τi� si}i∈I)
and s has no other outgoing transitions.

We define the parametric operators ⊕, , � 3 on process graphs.

Definition 2. Let I be a finite index set and {si}i∈I be a set of process graphs.
For {πi}i∈I ⊂ (0, 1] such that

∑
i∈I πi = 1, {τi}i∈I ⊂ L and {ai}i∈I ⊆ A, the

parametric operators ⊕, , � on process graphs are defined as follows: ⊕i∈Iπisi

(resp. �i∈I aisi, i∈Iτisi ) is constructed by creating a new state s, a set of
disjoint copies {s′i}i∈I of the process graphs {si}i∈I , and transitions {s πi��� s′i}i∈I

(resp. {s ai−→ s′i}i∈I , {s
τi� s′i}i∈I ). The constant δ denotes a process that has

only one state, δ ∈ SA, and no transitions.

Given a process graph P = (SA, Sp, Sτ ,→, �, ���, r), let I : SA �→ 2A be a
function such that, for all a ∈ A, s ∈ SA, it holds a ∈ I(s) iff s

a−→. I(s) is called
the menu of s. Intuitively, for s ∈ SA, I(s) is the set of actions that process s
can perform initially.

A finite process graph is a process graph in which only finite paths exist. A
divergence-free process graph is a process graph without infinite sequences of
probabilistic or internal transitions. To simplify the presentation, throughout
the paper we assume that processes are divergence-free.

4 Testing Preorder

In this section we define a testing preorder relation in the style of [7] for the
model introduced in Sec. 3. We first define the notion of unfolding a process and
3 These operators are not to be confused with the CSP operators; however, we choose

them so that they have the same intuitive meaning.
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the notion of resolving internal nondeterminism in a process. They are needed
in Sec. 4.2, where we define the testing preorder.

4.1 Resolving Internal Nondeterminism

The internal nondeterminism in a process is resolved by appropriately assigning
probability distributions to the internal choices, i.e. assigning probabilities to
the labels of the internal transitions. We first define a function that unfolds a
process to a certain depth and relabels the internal transitions. Then we define
how the probabilities are assigned.

Let E denote the set of equations of type
∑

i∈I xi = 1 such that I is a finite
index set and {xi}i∈I ⊂ L. For a given set of non-negative numbers I, by max I
we denote the maximum of the numbers in I, if I 	= ∅, or 0, if I = ∅. We slightly
abuse the notation ⊕ and by ⊕i∈Iπi(si, Ci) we denote the pair (⊕i∈Iπisi,∪i∈ICi),
for a given finite index set I, a set of process graphs {si}i∈I , and a set {Ci}i∈I

such that Ci ⊂ E for i ∈ I. Similarly for � and .
We next define the unfolding recursive function. The unfolding “depth” equals

the maximal length of a sequence of observable actions that the unfolded process
could perform.

Definition 3. The partial function U: G × 2E × N �→ G × 2E, called unfolding,
is defined as 4

U(s, C, m) =
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⊕i∈I πiU(si, C, m), if m > 0, s
πi��� {si}i∈I

i∈Iτ
n+1
i U(si, C ∪ {

∑
i∈I τn+1

i = 1}, m), if m > 0, s
τi� {si}i∈I ,

n = max{k|
∑

i∈I τk
i = 1 ∈ C}

�i∈I aiU(si, C, m − 1), if m > 0, s
ai−→ {si}i∈I

(δ, C) otherwise
where the labels {τn+1

i } are fresh labels.

By unfolding of a process graph a finite tree is obtained. The labels of the internal
transitions in the obtained tree are fresh with respect to the labels in the original
process graph. Every time a state with outgoing internal transitions labeled with
the set {τi}i∈I is to be unfolded, a fresh label set {τn+1

i }i∈I is used for labeling
this particular internal choice in the tree. This label set, in fact, contains implicit
information , n, about the number of times a state in the original graph with
the same label set {τi}i∈I has been unfolded up to that moment. The set of
equations obtained by unfolding are used later for assigning probabilities to the
labels.

Intuitively, if in the original process graph one internal choice happens in the
future of another, although they have the same labels, they are different from
4 In the definition of the function, the index n in τn

i is not to be confused with nth

power of τi; we would denote the latter with (τi)
n.
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Fig. 3. Relations between several processes; processes z and v are obtained by inter-
leaving τ5(ab) � τ6(ac), resp. a(τ1b � τ2c), with action d

each other. Therefore, they are given different labels in the unfolded tree. On
the contrary, if choices with the same set of labels are placed “in parallel”, as
those in process v in Fig. 3, then they represent the same choice. Namely, since
v in Fig. 3 is the parallel composition of process q = a(τ1b  τ2c) and action d,
and process q does not synchronize on action d, the internal choice of q cannot
be influenced by action d. Consequently, both internal choices that appear in
the graph of process v must be resolved in the same manner.

Given a tree that results from unfolding a process, we define how probabilities
are assigned to the labels of the internal transitions.

Definition 4. Let s be a process graph, m ≥ 0, U(s, ∅, m) = (s̄, C), and L/C
be the set of all variables that appear in C. Let λ : L/C �→ [0, 1] be a function
assigning values to the variables in L/C respecting the constraints C. We call
λ a resolution of C. Given λ, let sm be the process graph obtained when every

transition si

τk
i� s′i that belongs to the process graph s̄ is replaced by si

λ(τk
i )

��� s′i, if
λ(τk

i ) 	= 0, or erased if λ(τk
i ) = 0. We call sm a m-resolution of process s.

Intuitively, sm is the process that results when the internal choices in s̄ have
been replaced by probabilistic choices with labels given by λ.

4.2 Definition of the Testing Preorder

A test T , as usual, is a finite process graph given as a tree, such that, for a
symbol ω 	∈ A, there may exist transitions s

ω−→ for some states s of T , denoting
success. Additionally, we assume that no two labels of the internal transitions of
the test are the same (we justify this assumption below). By T we denote the
set of all tests. Given a test T , by length(T ) we denote the maximal length of a
sequence of observable actions which T can perform before performing ω.

In the previous subsection we defined how the internal nondeterminism of a
process is resolved. However, two other types of nondeterminism arise when a
process is being tested: first, the nondeterminism with respect to the action on
which the process and the test synchronize, if there are more than one candidate-
actions for synchronization at the moment (synchronization nondeterminism),
and, second, the internal nondeterminism of the test.
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Regarding the synchronization nondeterminism, note that the resolution must
not depend on the internal transitions of the processes; otherwise the problem
with overestimated probabilities, as discussed in the example on the gambling
machine in Sec. 1, would remain. Second, we must not underestimate the power
of the entity that resolves the synchronization nondeterminism, which can be
even more hazardous 5. For example, consider again the machine s, the user
u, and their synchronization s‖u in Fig. 1, described in Sec. 1. 6 Obviously, in
order to keep the probability of 1

2 with which s passes test u, we need to “remem-
ber” that both internal choices in s‖u are resolved in the same way. Therefore,
if the process and the test do not have a history of synchronization, the way
the synchronization nondeterminism is resolved should depend on the set of
candidate-actions for synchronization and on nothing else. On the other hand,
as the process and the test proceed interacting, the entity that resolves the syn-
chronization nondeterminism may actually “remember” its history of resolution.
Therefore, we also take into account this history in the resolution of the current
synchronization nondeterminism – otherwise, we would risk underestimation of
the probabilities with which the process passes the test.

Concerning the test, we assume that all labels of internal transitions that it
contains are distinct. That is, we restrict to the subset of tests that are most
powerful and have “full control” over their nondeterminism. In fact, if two pro-
cesses are not distinguished by this subset of tests, then they should not be
distinguished by the rest of the (less powerful) tests either. Now, to avoid un-
derestimation of the probabilities, we must not exclude the possibility that the
test itself is the entity that resolves the synchronization nondeterminism (as
in the gambling machine). Therefore, the test can also take into account the
history of resolving the synchronization nondeterminism, when making deci-
sions on resolving its internal nondeterminism. For example, consider the test
a(τ1dω  τ2cω) � bcω and the process 1

2 (ad � b) ⊕ 1
2 (ac). When testing the

process, the test can choose transition τ1 if action a was performed out of the
options a and b, and the transition τ2 if a was the only option on the menu. In
this way, the chances to report success increase.

We now formalize the above discussions. By P we denote the set of all poly-
nomials with variable names in the labels set L. For a given finite index set I,
a set of polynomials {φi}i∈I ⊂ P, a set {Ci}i∈I with Ci ⊂ E for i ∈ I, and a
set {αi}i∈I of scalars or variables in L, by

∑
i∈I αi(φi, Ci) we denote the pair

(
∑

i∈I αiφi,∪i∈ICi).
Let G�� ⊂ G be the set of all process graphs that contain no internal transi-

tions. We next define recursively the function for computing the result of testing
a process in G�� ⊂ G with a test.

5 With overestimated probabilities we might fail to verify a correct protocol [3, 12],
but with underestimated probabilities we might claim a protocol to be correct, even
if it is not.

6 Here actually the user itself resolves the synchronization nondeterminism, but in
general this is not the case.
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Definition 5. The partial function R : G�� ×T ×L× 2E �→ P× 2E is defined as

R(s, T, l, C) =
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1, C), if T
ω−→

∑
i∈I πi · R(si, T, l, C), if s

πi��� {si}i∈I , T 	 ω−→
∑

i∈I πi · R(s, Ti, l, C), if T
πi��� {Ti}i∈I , s 	���

∑
i∈I τ l

i · R(s, Ti, l, C ∪ {
∑

i∈I τ l
i = 1}), if T

τi� {Ti}i∈I , s 	���
∑

a∈K τ l
(a,K)R(sa, Ta, τ

l
(a,K), C ∪ {

∑
a∈K τ l

(a,K)=1}), for K = I(s)∩I(T ) 	= ∅
(0, C) otherwise.

where the labels {τ l
i} and {τ l

(a,K)} are fresh labels.

Definition 6. Let ε be a special label that cannot appear in any process or test,
s ∈ G�� and T be a test. Let R(s, T, ε, ∅) = (φ, C) and L/φ be the set of all
variables that appear in φ. Let λ : L/φ �→ [0, 1] be a function assigning values to
the variables in L/φ respecting the constraints C. We call λ a resolution of s|T .
The value of the polynomial φ for the values of its variables given by λ is denoted
by Pr(s, T, λ).

Intuitively, for a process s without internal transitions, Pr(s, T, λ) is the proba-
bility with which s passes test T , given that the synchronization nondeterminism
and the internal nondeterminism of the test are resolved by λ.

We now define the testing preorder relation. Intuitively, a process s implements
a process t iff for every test T it holds that, for every resolution of the internal
nondeterminism in s, there exists a resolution of the internal nondeterminism in
t, such that the options for resolving the synchronization nondeterminism and
the internal nondeterminism in the test are the same for both processes when
tested with T , and, moreover, for every possible resolution of the synchronization
nondeterminism and the internal nondeterminism in the test, the probability
with which s passes T is equal to the probability with which t passes T .

Definition 7. Let s and t be two processes. s implements t, denoted by s �T t,
iff for every test T with length(T ) = m and for every m-resolution sm of s, there
exists an m-resolution tm of t, such that R(sm, T, ε, ∅) = R(tm, T, ε, ∅), and, given
an arbitrary resolution λ of sm|T , it holds that Pr(sm, T, λ) = Pr(tm, T, λ).

In general, process s implements process t iff s contains “less” internal nonde-
terminism than process t.

Definition 8. Processes s and t are testing-equivalent, denoted by s ≈T t, iff
s �T t and t �T s.

Examples. Consider processes s and s̄ and test u in Fig. 1. Neither of them has
internal nondeterminism. When test u is applied to s and s̄, the set of options
for resolving the synchronization nondeterminism is the same for both processes.
Moreover, for every resolution of the synchronization nondeterminism, the prob-
ability with which s and s̄ pass test u is 1

2 . Consider now process x and test y in
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Fig. 2. Process x has no internal nondeterminism and there is no synchroniza-
tion nondeterminism. No matter how y resolves its internal nondeterminism, the
probability with which x passes y is 1

2 .

Remark 1. Note that Definitions 3 and 5 can be merged into one definition for
the process graph resulting from testing a process with a test. The process would
have only probabilistic, internal and ω-transitions and the labels of the internal
transitions would be created as the resulting tree is being created, according to
Def. 3 and Def. 5. We separated the definitions for clarity and because Def. 3 is
also needed in Sec. 5 and it simplifies the proof of Theorem 1.

5 Characterizing the Testing Preorder as a Probabilistic
Ready-Trace Preorder

In this section we characterize the testing preorder with a probabilistic ready-
trace preorder.

Definition 9 (Ready trace). A ready trace of length n is a sequence O =
(M1, a1, M2, a2, . . . , Mn−1, an−1, Mn) where Mi ∈ 2A for all i ∈ {1, 2, . . . , n}
and ai ∈ Mi for all i ∈ {1, 2, . . . , n − 1} .

We assume that the observer has the ability to observe the actions that the
process performs, together with the menus out of which actions are chosen.
Intuitively, a ready trace O = (M1, a1, M2, a2, . . . , Mn−1, an−1, Mn) can be ob-
served if the initial menu is M1, then action a1 ∈ M1 is performed, then the next
menu is M2, then action a2 ∈ M2 is performed and so on, until the observing
ends at a point when the menu is Mn.

Next, given a process s ∈ G��, i.e. without internal transitions, we define a
process s(M,a). Intuitively, s(M,a) is the process that s becomes, assuming that
menu M was offered to s and action a was performed. For example, for process
s in Fig. 1, s({h,t},h) = 1

2p ⊕ 1
2δ.

Suppose s
π1��� s1

π2��� s2 . . .
πn��� sn and sn ∈ SA. Denote the product

π1π2 · · ·πn by π. We write s
π⇒ sn rather than s

π1��� s1
π2��� s2 . . .

πn��� sn.

Definition 10. Let s ∈ G��. Let M ⊆ A, a ∈ M be such that I(s) = M if
s ∈ SA, or otherwise there exists a transition s ⇒ s′ such that I(s′) = M . The
process graph s(M,a) is obtained from s in the following way:

– if s
a−→ sa then s(M,a) = sa;

– if s ��� then s(M,a) ≡ ⊕i∈I
πi

π s′i, where {s′i}i∈I are all process graphs s.t. for
i ∈ I there exists a sequence of transitions s

πi⇒ si
a−→ s′i s.t. I(si) = M , and

π =
∑

s
πi⇒si,I(si)=M

πi.

Definition 11. Let (M1, a1, M2, a2, . . . , Mn−1, an−1, Mn) be a ready trace of
length n and s ∈ G��. Functions P 1

s (M) and Pn
s (Mn|M1, a1, . . . Mn−1, an−1)

(for n > 1) are defined in the following way:
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P 1
s (M) =

⎧
⎪⎨

⎪⎩

∑
s

π���s′ π · P 1
s′(M) if s ∈ Sp,

1 if s ∈ SA, I(s) = M,

0 otherwise.

P 2
s (M2|M1, a1) =

{
P 1

s(M1 ,a1)
(M2) if P 1

s (M1) > 0,

undefined otherwise.

Pn
s (Mn|M1, a1, . . . , an−1) =

{
Pn−1

s(M1 ,a1)
(Mn|M2, a2, . . . , an−1) if P 1

s (M1) > 0,

undefined otherwise.

Let the sample space consist of all possible menus and let s ∈ G��. Function
P 1

s (M) can be interpreted as the probability that menu M is observed when pro-
cess s starts executing. Let the sample space consist of all ready traces of length
n. Function Pn

s (Mn|M1, a1, . . .Mn−1, an−1) can be interpreted as the probabil-
ity of the event {(M1, a1, . . . , Mn−1, an−1, Mn)}, given the event {(M1, a1, . . .
Mn−1, an−1, X) : X ∈ 2A}, when observing ready traces of process s. These
probabilities are well defined, i.e. they satisfy axioms A1-A3 of Sec. 2.

Definition 12. Let s and t be two processes. We say s implements t w.r.t.
ready traces (notation s �O t) iff for every n ≥ 0 and every n-resolution s̄ of s,
there exists a n-resolution t̄ of t such that for all k ≤ n and for all ready traces
(M1, a1, . . . Mk),

– P 1
s̄ (M1) = P 1

t̄ (M1) and
– if k > 1, then P k

s̄ (Mk|M1, a1, . . . Mk−1, ak−1) is defined if and only if
P k

t̄ (Mk|M1, a1, . . . Mk−1, ak−1) is defined, and, in case they are both defined,
they are equal.

Informally, a process s implements a process t iff, for every n-resolution s̄
of the nondeterminism in s, there is an n-resolution t̄ of the nondetermin-
ism in t such that for every ready trace (M1, a1, M2, a2, . . .Mk) of length
k ≤ n, the probability to observe Mk, under the condition that the sequence
(M1, a1, M2, a2, . . .Mk−1, ak−1) was previously observed, is defined at the same
time for both s̄ and t̄, and, moreover, in case both probabilities are defined, they
coincide.

Definition 13. Let s and t be two processes. s and t are ready-trace-equivalent,
denoted by s ≈O t, iff s �O t and t �O s.

Examples. Processes s and s̄ in Fig.1 are ready-trace equivalent. Processes z
and v in Fig. 3 are ready-trace equivalent and they both implement process w
in the same figure. Processes z and v can be actually seen as an interleaving of
processes τ5ab  τ6ac, resp. a(τ1b  τ2c), none of which can recognize action d,
with action d, while process w has “full control” over its nondeterminism. Fig.
4 also represents relations between several processes.

Theorem 1. Let s and t be two processes. s �O t if and only if s �T t.

Proof. See [10].
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Fig. 4. Relations between several recursive processes

6 Related Work

Testing preorders in the style of [7] for systems exhibiting external, internal
and internal probabilistic choices were first introduced in [24], where centralized
(monolithic) schedulers, as discussed in Sec. 1, were used. These preorders were
later extensively studied and characterized as simulations [8, 9, 15, 21, 23]. Mo-
tivated to allow distribution of prefix over internal (probabilistic) choice, as in
[7, 13, 14], proposals for testing semantics were given in [19] and [2]. In these
approaches all probabilistic choices in a process are resolved at the beginning of
the execution. Thus, internal choices are “pushed” downwards and replicated,
having as a side-effect loss of the probability information and loss of idempotence
of internal choice.

The phenomenon of overestimated probabilities that results from system anal-
ysis using centralized schedulers was first observed in [17] and also pointed at
in [19, 22]; however, it started being treated relatively recently.

The first paper to introduce distributed schedulers for concurrent systems to
overcome the problem with the super-powerful centralized schedulers, discussed
in Sec. 1, is [6], for a setting and parallel composition that is rather different
than ours. The motivation is to allow compositionality for the trace distributions
inclusion (see e.g. [22]). Reference [5] also treats the compositionality problem
for trace distributions inclusion for reactive-generative probabilistic systems, by
exploiting distributed schedulers.

The first paper to introduce the finer reasoning of testing semantics [7] under
restricted schedulers is [3]. It introduces an explicit scheduler, which communi-
cates with the process via labels: two nodes in the process are indistinguishable
to a scheduler if they have the same labels. For example, the probabilities with
which process s (Fig. 1) passes test u, and whether processes s and s̄ can be
equated, depend on the labeling system.

Unlike the previous approaches for solving the problem with overestimated
probabilities in concurrent processes, the “schedulers” that we define do not use
information about the states of the processes. We believe that this is essential
if the equivalence relation is based on the notion of observability or testing. On
the other hand, taking into consideration all possible resolutions of internal non-
determinism seems to be unavoidable when defining preorder relations between
probabilistic-nondeterministic systems. For example, even in statistical black-box
testing (see [4]), one needs to consider all possible schedulers in order to come
up with a reasonable notion of trace distribution inclusion.
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7 Conclusion

We defined a testing preorder relation in the style of [7] for processes exhibiting
internal, external, and probabilistic internal nondeterminism. The goal of the
testing semantics was to preserve the probability information in a parallel con-
text and to produce realistic estimates of the probabilities with which a process
passes a given test, based on the information that both entities exchange. To
our knowledge, this is the first testing semantics of its kind that tackles this
problem. We also showed that the testing preorder relation can be character-
ized with a probabilistic ready-trace preorder, which is easier to grasp from an
observer’s point of view. From this characterization it easily follows that the
equivalence relation is insensitive to the exact moment of occurrence of internal
and probabilistic choices.

In the future we plan to extend our work to divergent and infinitely-branching
processes, to consider recursive tests and to study the preorder relation defined
here in a process algebraic setting. It would be also interesting to apply the
testing preorder for verification purposes.

Acknoledgements. We are grateful to the anonymous reviewers for FoSSaCS’10,
whose detailed comments improved the final version of this paper.
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