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Abstract. This paper deals with simultaneous topology and shape optimization
of elastic contact problems. The structural optimization problem for an elastic
contact problem is formulated. Shape as well as topological derivatives formu-
lae of the cost functional are provided using material derivative and asymptotic
expansion methods, respectively. These derivatives are employed to formulate
necessary optimality condition for simultaneous shape and topology optimiza-
tion and to calculate a descent direction in numerical algorithm. Level set based
numerical algorithm for the solution of this optimization problem is proposed.
Numerical examples are provided and discussed.

1 Introduction

The paper is concerned with the formulation of a necessary optimality condition and the
numerical solution of a structural optimization problem for an elastic body in unilateral
contact with a rigid foundation. The contact with a given friction, described by Coulomb
law, is assumed to occur at a portion of the boundary of the body. The displacement field
of the body in unilateral contact is governed by an elliptic variational inequality of the
second order. The results concerning the existence, regularity and finite-dimensional
approximation of solutions to contact problems are given in [10]. The structural opti-
mization problem for the elastic body in contact consists in finding such topology as
well as such shape of the boundary of the domain occupied by the body that the normal
contact stress along a contact boundary is minimized. It is assumed that the volume of
the body is bounded.

Shape optimization of static elastic contact problems is considered, among others,
in [10,20], where necessary optimality conditions, results concerning convergence of
finite-dimensional approximation and numerical results are provided. Material deriva-
tive method is employed in monograph [20] to calculate the sensitivity of solutions to
contact problems as well as the derivatives of domain depending functionals with re-
spect to variations of the boundary of the domain occupied by the body. Necessary opti-
mality conditions for shape optimization of elastic contact problems are formulated also
in monograph [15]. In this monograph contact problems are considered in the mixed
variational formulation and the results of numerical experiments are reported. Shape
optimization of a dynamic contact problem with Coulomb friction and heat flow is con-
sidered in [13]. In this paper the material derivative method is employed to formulate
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a necessary optimality condition. The finite element method for the spatial derivatives
and the finite difference method for the time derivatives are employed to discretize the
optimization problem. The level set based method is applied to find numerically the
optimal solution.

Topology optimization deals with the optimal material distribution within the body
resulting in its optimal shape [22]. The topological derivative is employed to account
variations of the solutions to state equations or shape functionals with respect to emerg-
ing of small holes in the interior of the domain occupied by the body. The notion of the
topological derivative and results concerning its application in optimization of elastic
structures are reported in the series of papers [2,6,7,9,14,21,22,23]. Among others, pa-
per [23] deals with the calculation of topological derivatives of solutions to Signorini
and elastic contact problems. Asymptotic expansion method combined with transfor-
mation of energy functional are employed to calculate these derivatives. Simultaneous
shape and topology optimization of Signorini and elastic contact problems with or with-
out friction are analyzed in papers [6] and [14], [16] respectively. In these papers the
level set method is incorporated in the numerical algorithm.

In structural optimization the level set method [4,12,19,25] is employed in numeri-
cal algorithms for tracking the evolution of the domain boundary on a fixed mesh and
finding an optimal domain. This method is based on an implicit representation of the
boundaries of the optimized structure. A level set model describes the boundary of the
body as an isocontour of a scalar function of a higher dimensionality. The evolution of
the boundary of the domain is governed by Hamilton-Jacobi equation. While the shape
of the structure may undergo major changes, the level set function remains simple in
its topology. Level set methods are numerically efficient and robust procedures for the
tracking of interfaces, which allows domain boundary shape changes in the course of
iteration. Applications of the level set methods in structural optimization can be found,
among others, in [1,2,14,16,25]. The speed vector field in Hamilton-Jacobi equation
driving the propagation of the level set function is given by the Eulerian derivative of an
appropriately defined cost functional with respect to the variations of the free boundary.
Recently, in the series of papers [8,9,11,18,26,27] different numerical improvements of
the level set method employed for the numerical solution of the structural optimization
problems are proposed and numerically tested.

This paper deals with topology and shape optimization of elastic contact problems.
The optimization problem for elastic contact problem is formulated. Shape as well
as topological derivatives formulae of the cost functional are provided using material
derivative [20] and asymptotic expansion [22] methods, respectively. These derivatives
are employed to formulate necessary optimality condition for simultaneous shape and
topology optimization. Level set based numerical algorithm for the solution of the shape
optimization problem is proposed. The finite element and finite difference methods [10]
are used as the discretization methods. Numerical examples are provided and discussed.

The paper extends the author’s previous results in the field of structural optimization
of contact systems contained in [15,16] by considering besides shape also topology
optimization of these systems or developing optimality conditions, respectively.
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2 Problem Formulation

Consider deformations of an elastic body occupying two-dimensional domain Ω with
the smooth boundary Γ . Assume Ω ⊂D where D is a bounded smooth hold-all subset of
R2. The body is subject to body forces f (x) = ( f1(x), f2(x)), x ∈ Ω . Moreover, surface
tractions p(x) = (p1(x), p2(x)), x∈Γ , are applied to a portion Γ1 of the boundary Γ . We
assume that the body is clamped along the portion Γ0 of the boundary Γ , and that the
contact conditions are prescribed on the portion Γ2, where Γi∩Γj = /0, i �= j, i, j = 0,1,2,
Γ = Γ̄0 ∪ Γ̄1 ∪ Γ̄2.

We denote by u = (u1,u2), u = u(x), x ∈ Ω , the displacement of the body and by
σ(x) = {σi j(u(x))}, i, j = 1,2, the stress field in the body. Consider elastic bodies obey-
ing Hooke’s law, i.e., for x ∈ Ω and i, j,k, l = 1,2

σi j(u(x)) = ai jkl(x)ekl(u(x)). (1)

We use here and throughout the paper the summation convention over repeated indices
[10]. The strain ekl(u(x)), k, l = 1,2, is defined by:

ekl(u(x)) =
1
2
(uk,l(x)+ ul,k(x)), (2)

where uk,l(x) = ∂uk(x)
∂xl

. The stress field σ satisfies the system of equations [10]

−σi j(x), j = fi(x) x ∈ Ω , i, j = 1,2, (3)

where σi j(x), j = ∂σi j(x)
∂x j

, i, j = 1,2. The following boundary conditions are imposed

ui(x) = 0 on Γ0, i = 1,2, (4)

σi j(x)n j = pi on Γ1, i, j = 1,2, (5)

uN ≤ 0, σN ≤ 0, uNσN = 0 on Γ2, (6)

| σT |≤ 1, uT σT + | uT |= 0 on Γ2, (7)

where n = (n1,n2) is the unit outward versor to the boundary Γ . Here uN = uini and
σN = σi jnin j, i, j = 1,2, represent the normal components of displacement u and stress
σ , respectively. The tangential components of displacement u and stress σ are given by
(uT )i = ui − uNni and (σT )i = σi jn j −σNni, i, j = 1,2, respectively. | uT | denotes the
Euclidean norm in R2 of the tangent vector uT . Recall [10], (6) - (7) describe Signorini
non-penetration condition and Coulomb friction law, respectively. For the sake of sim-
plicity it is assumed that the tangential contact stress is bounded by 1, i.e., the product
of the static friction coefficient and given normal contact stress is equal to 1. The equal-
ity in (7) can be written in the equivalent form as uT σT ≤ 0 and (1− | σT |)uT = 0.
Therefore (7) describes friction phenomenon including sliding. The results concerning
the existence of solutions to (1) - (7) can be found in [10,20].
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2.1 Variational Formulation of Contact Problem

Let us formulate contact problem (3) - (7) in variational form. Denote by Vsp and K the
space and set of kinematically admissible displacements:

Vsp = {z ∈ [H1(Ω)]2 : zi = 0 on Γ0, i = 1,2}, (8)

K = {z ∈Vsp : zN ≤ 0 on Γ2}. (9)

H1(Ω) denotes Sobolev space of square integrable functions and their first derivatives;
[H1(Ω)]2 = H1(Ω)×H1(Ω). Denote also by Λ the set

Λ = {ζ ∈ L2(Γ2) : | ζ | ≤ 1}.
Variational formulation of problem (3) - (7) has the form: find a pair (u,λ ) ∈ K ×Λ
satisfying

∫
Ω

ai jklei j(u)ekl(ϕ −u)dx−
∫

Ω
fi(ϕi −ui)dx−

∫
Γ1

pi(ϕi −ui)ds

+
∫

Γ2

λ (ϕT −uT )ds ≥ 0 ∀ϕ ∈ K,
(10)

∫
Γ2

(ζ −λ )uT ds ≤ 0 ∀ζ ∈ Λ , (11)

i, j,k, l = 1,2. Function λ is interpreted as a Lagrange multiplier corresponding to term
| uT | in equality constraint in (7) [10,20]. This function is equal to tangent stress along
the boundary Γ2, i.e., λ = σT|Γ2

. Function λ belongs to the space H−1/2(Γ2), i.e., the

space of traces on the boundary Γ2 of functions from the space H1(Ω). Here, following
[10] function λ is assumed to be more regular , i.e., λ ∈ L2(Γ2). The results concerning
the existence of solutions to system (10) - (11) can be found, among others, in [10].

2.2 Optimization Problem

Before formulating a structural optimization problem for (10) - (11) let us introduce the
set Uad of admissible domains. Denote by Vol(Ω) the volume of the domain Ω equal
to

Vol(Ω) =
∫

Ω
dx. (12)

Domain Ω is assumed to satisfy the volume constraint of the form

Vol(Ω)−Volgiv ≤ 0, (13)

where the constant Volgiv = const0 > 0 is given. In the case of shape optimization of
problem (10) - (11) the optimized domain Ω is assumed to satisfy equality volume
condition, i.e., (13) is assumed to be satisfied as equality. In the case of topology opti-
mization Volgiv is assumed to be the initial domain volume and (13) is satisfied in the
form Vol(Ω) = r f rVolgiv with r f r ∈ (0,1) [22]. The set Uad has the following form

Uad = {Ω : E ⊂ Ω ⊂ D ⊂ R2 : Ω is Lipschitz continuous,

Ω satisfies condition (13),PD(Ω) ≤ const1},
(14)
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where E ⊂ R2 is a given domain such that Ω as well as all perturbations of it satisfy
E ⊂ Ω . PD(Ω) =

∫
Γ dx is the perimeter of a domain Ω in D [5], [20, p. 126]. The

perimeter constraint is added in (14) to ensure the compactness of the set Uad in the
square integrable topology of characteristic functions as well as the existence of optimal
domains. The constant const1 > 0 is assumed to exist. The set Uad is assumed to be
nonempty. In order to define a cost functional we shall also need the following set Mst

of auxiliary functions

Mst = {φ = (φ1,φ2) ∈ [H1(D)]2 : φi ≤ 0 on D, i = 1,2,‖ φ ‖[H1(D)]2≤ 1}, (15)

where the norm ‖ φ ‖[H1(D)]2= (∑2
i=1 ‖ φi ‖2

H1(D))
1/2.

In order to formulate an optimization problem we have to define the cost functional.
Measurements and engineering practice indicate that when two surfaces are in contact
a large stress on the contact boundary occurs. Usually, the normal contact stress σN at-
tains maximal values in the middle of the contact area. The goal of structural engineers
is to reduce this maximal value of the stress as much as possible. Thus, the cost func-
tional S(Γ2) = maxx∈Γ2 | σN(x) | is natural criterion of optimization directly reflecting
the design objectives. Unfortunately, the optimization problem with the cost functional
S(Γ2) is nonsmooth and difficult for analysis and numerical solution [15]. This is the
reason why the criterion of maximal contact stress is approximated by integral, dif-
ferentiable functionals. Recall from [15] the cost functional approximating the normal
contact stress on the contact boundary

Jφ (u(Ω)) =
∫

Γ2

σN(u)φN(x)ds, (16)

depending on the auxiliary given bounded function φ(x) ∈ Mst . Function φ in most
cases, including finite-dimensional spaces, is chosen piecewise constant or piecewise
linear in a hold-all domain D. The integral (16) is nonnegative for all φ ∈ K. For given
φ , the bigger is the normal contact stress on the boundary, the bigger is the value of the
cost functional. This integral is also related to the strain energy of the body (for details
see [10,15]). σN and φN are the normal components of the stress field σ corresponding
to a solution u satisfying system (10) - (11) and the function φ , respectively.

Consider the following structural optimization problem: for a given function φ ∈Mst ,
find a domain Ω � ∈Uad such that

Jφ (u(Ω �)) = min
Ω∈Uad

Jφ (u(Ω)). (17)

The existence of an optimal domain Ω � ∈ Uad follows by standard arguments (see
[5,20]).

3 Optimality Conditions

3.1 Shape Derivative

Consider variations of domain Ω ⊂D with respect to the boundary Γ only. Assume that
in (14) volume condition is satisfied as equality, i.e., constant volume condition holds.
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Let τ be a given parameter such that 0≤ τ < τ0, τ0 is prescribed, and V =V (x,τ), x∈Ω ,
be a given admissible velocity field. The set of admissible velocity fields V consists of
vector fields regular enough (Ck class, k ≥ 1, for details see [20]) with respect to x
and τ and such that on the boundary ∂D of D either V = 0 at singular points of this
boundary or normal component V · n of V equals V · n = 0 at points of this boundary
where the outward unit normal field n exists. Therefore the perturbations of domain Ω
are governed by the transformation

T (τ,V ) : D̄ → D̄,

i.e., Ωτ = T (τ,V )(Ω) [20]. Since only small perturbations of Ω are considered, this
transformation can have the form of perturbation of the identity operator I in R2. An
example of such transformation is T (τ,Ṽ ) = I + τṼ (x), where Ṽ denotes a smooth
vector field defined on R2 [20].

The Euler derivative of the domain functional Jφ (Ω) is defined as

dJφ (Ω ,V ) = lim
τ→0+

Jφ (Ωτ)− Jφ (Ω)
τ

. (18)

In [15], using the material derivative approach [20], the Euler derivative of the cost
functional (16) has been calculated and a necessary optimality condition for the shape
optimization problem (17) has been formulated. This Euler derivative has the form

dJφ (u(Ω);V ) =
∫

Γ
(σi jekl(φ + padt)− f ·φ)V (0) ·nds

−
∫

Γ1

[
∂ (p · (padt + φ))

∂n
+ κ p · (padt + φ)]V (0) ·nds

+
∫

Γ2

[λ (padt
T + φT )+ qadtuT ]κV (0) ·nds,

(19)

where i, j,k, l = 1,2, V (0) = V (x,0), the displacement u ∈ Vsp and the stress λ ∈ Λ
satisfy state system (10) - (11). κ denotes the mean curvature of the boundary Γ . The
adjoint functions padt ∈ K1 and qadt ∈Λ1 satisfy for i, j,k, l = 1,2, the following system∫

Ω
ai jklei j(φ + padt)ekl(ϕ)dx +

∫
Γ2

qadtϕT ds = 0, ∀ϕ ∈ K1, (20)

and ∫
Γ2

ζ (padt
T + φT )ds = 0, ∀ζ ∈ Λ1, (21)

where the cones K1 and Λ1 are given by [15,20]

K1 = {ξ ∈Vsp : ξN = 0 on Ast}, (22)

Λ1 = {ζ ∈ L2(Γ2) : ζ (x) = 0 on B1 ∪B2 ∪B+
1 ∪B+

2 }, (23)

while the coincidence set Ast = {x∈Γ2 : uN = 0}. Moreover B1 = {x∈Γ2 : λ (x)=−1},
B2 = {x ∈ Γ2 : λ (x) = +1}, B̃i = {x ∈ Bi : uN(x) = 0}, i = 1,2, B+

i = Bi \ B̃i, i = 1,2.
The necessary optimality condition is formulated in [15].

Lemma 1. Let Ω � ∈ Uad be an optimal solution to the problem (17). Then there exist
Lagrange multipliers μ1 ∈ R, associated with the constant volume constraint and μ2 ∈
R, μ2 ≥ 0, associated with the finite perimeter constraint such that for all admissible
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vector fields V and such that all perturbations δΩ ∈ Uad of domain Ω ∈ Uad satisfy
E ⊂ Ω ∪δΩ ⊂ D, at any optimal solution Ω � ∈Uad to the shape optimization problem
(17) the following conditions are satisfied:

dJφ (u(Ω �);V )+ μ1

∫
Γ �

V (0) ·nds+ μ2dPD(Ω �;V ) ≥ 0, (24)

μ1(
∫

Ω�
dx− const0) = 0,(μ∼

2 − μ2)(PD(Ω �)− const1) ≤ 0, (25)

∀μ∼
2 ∈ R, μ∼

2 ≥ 0, (26)

where u(Ω �) denotes the solution to (10) - (11) in the domain Ω �, Γ � = ∂Ω �, the Euler
derivative dJφ (u(Ω �);V ) is given by (19) and dPD(Ω ;V ) denotes the Euler derivative
of the finite perimeter functional PD(Ω) (see [20, p. 126]). The given constant const0 >
0 and constant const1 > 0 are the same as in (14).

3.2 Topological Derivative

Classical shape optimization is based on the perturbation of the boundary of the initial
shape domain. The initial and final shape domains have the same topology. The aim of
the topological optimization is to find an optimal shape without any a priori assumption
about the structure’s topology.

The value of the goal functional (16) can be minimized by the topology variation of
the domain Ω . The topology variations of geometrical domains are defined as functions
of a small parameter ρ such that 0 < ρ < R, R > 0 given. They are based on the creation
of a small hole

B(x,ρ) = {z ∈ R2 :| x− z |< ρ} (27)

of radius ρ at a point x ∈ Ω in the interior of the domain Ω . The Neumann boundary
conditions are prescribed on the boundary ∂B of the hole. Denote the perturbed domain
by Ωρ = Ω \B(x,ρ).

The topological derivative TJφ (Ω ,x) of the domain functional Jφ (Ω) at Ω ⊂ R2 is a
function depending on a center x of the small hole and is defined by [1,17,22]

T Jφ (Ω ,x) = lim
ρ→0+

[Jφ (Ω \B(x,ρ))− Jφ(Ω)]/πρ2. (28)

This derivative is calculated by the asymptotic expansion method [22]. To minimize the
cost functional Jφ (Ω) the holes have to be created at the points of domain Ω where T Jφ
is negative.

The formulae for topological derivatives of cost functionals for plane elasticity sys-
tems or contact problems are provided, among others, in papers [6,7,21,23]. Using the
methodology from [22] as well as the results of differentiability of solutions to vari-
ational inequalities [20], we can calculate the formulae of the topological derivative
T Jφ (Ω ;x0) of the cost functional (16) at a point x0 ∈ Ω . This derivative is equal to

T Jφ (u(Ω),x0) = −[ f (φ + wadt)+
1
E

(auawadt+φ + 2bubwadt+φ cos2δ )]|x=x0

−
∫

Γ2

(sadtuT + λ (wadt
T + φT ))κds,

(29)
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where aβ̃ = σI(β̃ )+ σII(β̃ ) , bβ̃ = σI(β̃ )−σII(β̃ ) , and either β̃ = ”u” or β̃ =
”wadt +φ”, σI(u) and σII(u) denote principal stresses for displacement u, δ is the angle
between principal stresses directions [22]. E denotes Young modulus.

In order to obtain formula (29), the plane elasticity system (3) - (5) is written in
the polar coordinate system aligned with the principal stress directions. The asymptotic
expansions of displacement, strain and stress with respect to parameter ρ in the ring
adjacent to the hole B(x,ρ) hold [21]. Taking into account these asymptotic expansions,
the regularity of solutions to the state system (3) - (7), calculating the derivatives of the
cost functional (16) and solutions to the state system (3) - (7) with respect to parameter
ρ as well as using the results of differentiability of solutions to variational inequalities
we obtain (29). The integral term in (29) follows from the assumption that tangent
displacement and stress functions along Γ2 are dependent on the parameter ρ .

The adjoint state (wadt
ρ ,sadt

ρ ) ∈ K1 ×Λ1 satisfies system (20) - (21) in domain Ωρ
rather than Ω , i.e.,

∫
Ωρ

ai jklei j(φ + wadt
ρ )ekl(ϕ)dx +

∫
Γ2

sadt
ρ ϕT ds = 0, ∀ϕ ∈ K1, (30)

and ∫
Γ2

ζ (wadt
ρT + φT )ds = 0, ∀ζ ∈ Λ1, (31)

where wadt
ρ |ρ=0

= wadt(x0). By standard arguments [5,20,21] it can be shown that if

Ω � ∈ Uad is an optimal domain to the problem (17) it satisfies for all x0 ∈ Ω � the
necessary optimality condition of the form (24) - (26) with topological derivative (29)
rather than Euler derivative (19) in (24), and inequality in (25) rather than equality as
well as with Lagrange multiplier μ1 ≥ 0.

3.3 Domain Differential

Finally consider the variation of the functional (16) resulting both from the nucleation
of the internal small hole as well as from the boundary variations. In order to take
into account these perturbations, in [21] the notion of the domain differential of the
domain functional has been introduced. The domain differential DJφ (Ω ;V,x0) of the
shape functional (16) at Ω ⊂ R2 in direction V and at point x0 ∈ Ω is defined as

DJφ (Ω ;V,x0)(τ,ρ) = τdJφ (Ω ,V )+ πρ2T Jφ (Ω ,x0). (32)

This differential completely characterizes the variation of the cost functional Jφ (Ω)
with respect to the simultaneous shape and topology perturbations (for details see [21]).
The shape derivative dJφ (u(Ω),V ) and the topological derivative T Jφ (u(Ω), x0) are
provided by (19) and (29) respectively. They depend on the solution u to the state system
(10) - (11). Using standard arguments [20] we can show

Lemma 2. Let Ω � ∈ Uad be an optimal solution to the problem (17). Then there exist
Lagrange multipliers μ1 ∈ R, μ1 ≥ 0, associated with the volume constraint and μ2 ∈ R,
μ2 ≥ 0, associated with the finite perimeter constraint such that for all admissible vector
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fields V , for all admissible pairs (ρ ,τ) of parameters and for all x0 ∈ Ω � and such that
all perturbations δΩ ∈Uad of domain Ω ∈Uad satisfy E ⊂Ω ∪δΩ ⊂D, at any optimal
solution Ω � ∈ Uad to the shape and topology optimization problem (17) the following
conditions are satisfied:

DJφ (u(Ω �);V,x0)(τ,ρ)+ μ1

∫
Γ �

V (0) ·nds+ μ2dPD(Ω �;V ) ≥ 0, (33)

(μ∼
1 − μ1)(

∫
Ω�

dx− const0) ≤ 0,∀μ∼
1 ∈ R, μ∼

1 ≥ 0, (34)

(μ∼
2 − μ2)(PD(Ω �)− const1) ≤ 0,∀μ∼

2 ∈ R, μ∼
2 ≥ 0, (35)

where u(Ω �) denotes the solution to (10) - (11) in the domain Ω �, Γ � = ∂Ω �, the
domain differential DJφ (u(Ω �);V,x0)(τ,ρ) is given by (32) and dPD(Ω ;V ) denotes the
derivative of the finite perimeter functional PD(Ω) (see [1,6],[20, p. 126]). The given
constant const0 > 0 and constant const1 > 0 are the same as in (14).

4 Shape Representation by Level Set Method

In the paper the level set method [19] is employed to solve numerically problem (17).
Consider the evolution of a domain Ω under a velocity field V . Let t > 0 denote the
time variable. Under the mapping T (t,V ) we have

Ωt = T (t,V )(Ω) = (I + tV)(Ω), t > 0. (36)

By Ω−
t we denote the interior of the domain Ωt and by Ω+

t we denote the outside
of the domain Ωt . The domain Ωt and its boundary ∂Ωt are defined by a function
Φ = Φ(x, t) : R2 × [0,t0) → R satisfying⎧⎪⎨

⎪⎩
Φ(x, t) = 0, if x ∈ ∂Ωt ,

Φ(x, t) < 0, if x ∈ Ω−
t ,

Φ(x, t) > 0, if x ∈ Ω+
t ,

(37)

i.e., the boundary ∂Ωt is the level curve of the function Φ . Recall [19], the gradient
of the implicit function is defined as ∇Φ = ( ∂Φ

∂x1
, ∂Φ

∂x2
), the local unit outward normal

n to the boundary is equal to n = ∇Φ
|∇Φ| , the mean curvature κ = ∇ · n. In the level set

approach, Heaviside function H(Φ) and Dirac function δ (Φ) are used to transform
integrals from domain Ω into domain D. These functions are defined as

H(Φ) = 1 if Φ ≥ 0, H(Φ) = 0 if Φ < 0, (38)

δ (Φ) = H ′(Φ),δ (x) = δ (Φ(x)) | ∇Φ(x) |, x ∈ D. (39)

Assume that velocity field V is known for every point x lying on the boundary ∂Ωt ,
i.e., with Φ(x, t) = 0. Therefore the equation governing the evolution of the interface in
D× [0,t0] has the form [19]

Φt(x,t)+V(x,t) ·∇xΦ(x, t) = 0, (40)

where Φt denotes a partial derivative of Φ with respect to the time variable t. Equation
(40) is known as Hamilton-Jacobi equation.
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4.1 Structural Optimization Problem in Domain D

Using the notion of the level set function (37) as well as functions (38) and (39) struc-
tural optimization problem (17) may be reformulated in the following way: for a given
function φ ∈ Mst , find function Φ such that

Jφ (u(Φ�)) = min
Φ∈UΦ

ad

Jφ (u(Φ)) (41)

where

Jφ (u(Φ)) =
∫

D
σN(u)φN(x)δ (Φ) | ∇Φ | ds, (42)

UΦ
ad = {Φ : Φ satisfies (37), Vol(Φ) ≤Volgiv,PD(Φ) ≤ const1}, (43)

Vol(Φ) =
∫

D
H(Φ)dx, (44)

PD(Φ) =
∫

D
δ (Φ) | ∇Φ | dx. (45)

Moreover, a pair (u,λ ) ∈ K ×Λ satisfies system
∫

D
ai jklei j(u)ekl(ϕ −u)H(Φ)dx−

∫
D

fi(ϕi −ui)H(Φ)dx

−
∫

D
pi(ϕi −ui)δ (Φ) | ∇Φ | dx

+
∫

D
λ (ϕT −uT )δ (Φ) | ∇Φ | dx ≥ 0∀ϕ ∈ K,

(46)

∫
D
(ζ −λ )uT δ (Φ) | ∇Φ | dx ≤ 0 ∀ζ ∈ Λ , (47)

while Vsp and K are defined by (8) and (9), respectively, on domain D rather than Ω and
i, j,k, l = 1,2.

5 Level Set Based Numerical Algorithm

The topological derivative can provide better prediction of the structure topology with
different levels of material volume than the method based on updating the shape of ini-
tial structure containing many regularly distributed holes [1,25]. Our approach is based
on the application of the topological derivative to predict the structure topology and
substitute material according to the material volume constraint and next to optimize
the structure topology to merge the unreasonable material interfaces and to change the
shape of material boundary. For the sake of simplicity in the description of the algo-
rithm we omit the bounded perimeter constraint in (14). Therefore the level set method
combined with the shape or topological derivatives results in the following conceptual
algorithm (A1) to solve structural optimization problem (17):

Step 1: Choose: a computational domain D such that Ω ⊂ D, an initial level set func-
tion Φ0 = Φ0 representing Ω 0 = Ω , function φ ∈ Mst , parameters r0, ε1,ε2, μ̃0

1 =
μ0

1 = 0, k = n = 0.
Step 2: Calculate the solution (un,λ n) to the state system (46) - (47).
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Step 3: Calculate the solution ((wadt)n,(sadt)n) to the adjoint system (30) - (31) as well
as the topological derivative TJφ (Ω n,x) of the cost functional (16) given by (29).

Step 4: For given μ̃n
1 set Ω n+1 = {x ∈ Ω n : T Jφ (Ω ,x) ≥ χn+1} where χn+1 is chosen

in such a way that Vol(Ω n+1) = mn+1, mn+1 = qmn. Fill the void part D \Ω n+1

with a very weak material with Young modulus Ew = 10−5E . Update μ̃n+1
1 = μ̃n

1 +
rn(Volgiv

1 ), rn > 0, Volgiv
1 = Vol(Ω n+1)− r f rVolgiv. If | μ̃1

n+1 − μ̃1
n | ≤ ε1 then set

Ω k = Ω n+1 and go to Step 5. Otherwise set n = n + 1, go to Step 2.
Step 5: Calculate the solution ((padt)k,(qadt)k) to the adjoint system (20) - (21). Cal-

culate the shape derivative dJφ (u(Ω k)) of the cost functional (16) given by (19).
Step 6: For given μk

1 solve the level set equation (40) to calculate the level set function
Φk+1.

Step 7: Set Ω k+1 equal to the zero level set of function Φk+1. Calculate μk+1
1 = μk

1 +
rk(Vol(Ω k+1)−Volgiv

1 ), rk > 0. If | μk+1
1 − μk

1 | ≤ ε2 then Stop. Otherwise set
k = k + 1, Ω n = Ω k+1, and go to Step 2.

Let us remark that having localized a small hole one can consider to perform further
the size optimization of the radius of the existing hole rather than shape optimization.
However such approach, confining to hole change only inside the optimized domain and
not allowing for the change of the shape of the external boundary of the body seems
to be not versatile. Level set approach allowing for tracking changes of internal and
external interfaces of the optimized domain on a fixed mesh, including the merging of
holes, seems to be more suitable in simultaneous shape and topology optimization of
domains.

State (10) - (11) and adjoint (20) - (21) systems are discretized using finite element
method [10]. Displacement and stress functions in state system (10) - (11) are approx-
imated by piecewise bilinear functions in domain D and piecewise constant functions
on the boundary Γ2 respectively. Similar approximation is used to discretize the ad-
joint system (20) - (21) or (30) - (31). These systems are solved using the primal-dual
algorithm with active set strategy [3,24]. In level set approach these state and adjoint
systems are transferred from domain Ω into fixed hold-all domain D using the regular-
ized Heaviside and Dirac functions. Finite difference method is employed to discretize
Hamilton-Jacobi equation and the explicit up-wind scheme is used to solve it. For more
details concerning implementation of this algorithm see [16].

6 Numerical Methods and Example

The discretized structural optimization problem (17) is solved numerically. The numer-
ical algorithms described in the previous sections have been used. The algorithm is
programmed in Matlab environment. As an example a body occupying 2D domain

Ω = {(x1,x2) ∈ R2 : 0 ≤ x1 ≤ 8∧0 < v(x1) ≤ x2 ≤ 4}, (48)

is considered. The boundary Γ of the domain Ω is divided into three pieces

Γ0 = {(x1,x2) ∈ R2 : x1 = 0,8∧0 < v(x1) ≤ x2 ≤ 4}, (49)

Γ1 = {(x1,x2) ∈ R2 : 0 ≤ x1 ≤ 8∧ x2 = 4}, (50)

Γ2 = {(x1,x2) ∈ R2 : 0 ≤ x1 ≤ 8∧ v(x1) = x2}. (51)
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Fig. 1. Shape optimization – optimal domain
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Fig. 2. Simultaneous topology and shape optimization – optimal domain

The domain Ω and the boundary Γ2 depend on the function v. This function is the vari-
able subject to shape optimization [13,15,16]. The initial position of the boundary Γ2 is
given as in Fig. 1. The computations are carried out for the elastic body characterized
by the Poisson’s ratio ν = 0.29, the Young modulus E = 2.1 · 1011N/m2. The body is
loaded by boundary traction p1 = 0, p2 = −5.6 · 106 N along Γ1, body forces fi = 0,
i = 1,2. Auxiliary function φ is selected as piecewise constant (or linear) on D and is
approximated by a piecewise constant (or bilinear) functions. The computational do-
main D = [0,8]× [0,4] is selected. Domain D is discretized with a fixed rectangular
mesh of 24 × 12.

Fig. 1 displays the optimal solution of shape optimization problem (17). Fig. 2
presents the optimal domain obtained by solving topological and shape optimization
problem (17) in the computational domain D using algorithm (A1) and employing the
optimality condition (33) - (35). The areas of holes denoted by dotted lines appear in the
central part of the body and near the fixed edges. These areas result from the merging of
small holes from which the material has been removed into the bigger ones. Recall that



Level Set Method for Shape and Topology Optimization of Contact Problems 409

the application of formula (29) allows to insert infinitesimal holes only. Although the
shape of the optimal contact boundary Γ2 is similar to the optimal shape obtained in the
case of shape optimization only (see Fig. 2) but the obtained shape of the boundary Γ2

is not so strongly changed comparing to the initial one as the optimal shape obtained in
the case of shape optimization only. The obtained normal contact stress is almost con-
stant along the optimal shape boundary and has been significantly reduced comparing
to the initial one.

7 Conclusions

The structural optimization problem for elastic contact problem with the prescribed
friction is solved numerically in the paper. The topological derivative method as well as
the level set approach combined with the shape gradient method are used. The friction
term complicates both the form of the gradients of the cost or penalty functionals as
well as numerical process.

Obtained preliminary numerical results seem to be in accordance with physical rea-
soning. They indicate that the proposed numerical algorithm allows for significant im-
provements of the structure from one iteration to the next. They also indicate the future
research direction aiming at better reconciliation in one algorithm holes nucleation flex-
ibility and geometric update fidelity.
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17. Novotny, A.A., Feijóo, R.A., Padra, C., Tarocco, E.: Topological derivative for linear elastic
plate bending problems. Control and Cybernetics 34(1), 339–361 (2005)

18. Norato, J.A., Bendsoe, M.P., Haber, R., Tortorelli, D.A.: A topological derivative method for
topology optimization. Structural Multidisciplinary Optimization 33, 375–386 (2007)

19. Osher, S., Fedkiw, R.: Level Set Methods and Dynamic Implicit Surfaces. Springer, New
York (2003)

20. Sokołowski, J., Zolesio, J.-P.: Introduction to Shape Optimization. Shape Sensitivity Analy-
sis. Springer, Berlin (1992)
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