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Abstract. In this paper, we present an arithmetization of the Euler’s
integration scheme based on infinitely large integers coming from the
nonstandard analysis theory. Using the differential equation that defines
circles allows us to draw two families of discrete arc circles using three
parameters, the radius, the global scale and the drawing scale. These
parameters determine the properties of the obtained arc circles. We give
criteria to assure the 8-connectivity. A global error estimate for the arith-
metization of the Euler’s integration scheme is also given and a first at-
tempt to define the approximation order of an arithmetized integration
scheme is provided.
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1 Introduction

The discretization of a curve on a computer screen has been the focus of a lot of
research in the late sixties and beginning of the seventies [1, 2]. After that, for a
long time, nothing fundamentally new has been proposed as people considered
that most of the research in this area had been covered. In 1988, a novel defi-
nition of the discrete straight line by J-P. Reveillès [3–5] sparked a new interest
in basic discrete geometry and the digitization of discrete curves and surfaces.
Many new results especially in the analytical description of discrete objects have
been proposed since [6]. The theoretical roots behind Reveillès’ straight line for-
mula can be found in Non Standard Analysis (NSA). This theory [7, 8] provides
a framework where infinitely large and infinitely small numbers can be explic-
itly manipulated. It can be shown that, given an infinitely large number ω (the
global scale), it is possible to establish an equivalence between the set of limited
real numbers and a subset HRω of the set Z of integers. The set HRω, with an
additional structure, is called the Harthong-Reeb line [9–12]. The intuitive idea
behind this concept is to consider R like Z seen from far away.
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Many curves can be defined as a solution of the integration of a vector field.
With an integration scheme like, for instance, the Euler scheme with an infinitely
small integration step, we obtain an infinitely close approximation of the curve.
With the help of an arithmetization process consisting in mapping the scheme
from the real line to the Harthong-Reeb line, we obtain a discrete curve which
is an exact representation of the continuous one. The global scale ω does not
however allow to draw the curve on a computer screen because the points of the
curve are infinitely far away from each other. A strongly contracting rescaling
in the discrete world allows then a way of getting a scale where the curve can
be seen on a computer screen. The approximation that appears in the process
of drawing a discrete curve on a screen is not described anymore as a sampling
error but as the result of a strongly contracting rescaling in the discrete world.
For more details, readers may refer to [13, 14].

At the last DGCI (and in an extended version in the Pattern Recognition
journal) [13, 14], we took a new look at the ideas that led to Reveillès’ dis-
crete straight line. In this paper we decided to reconsider Holin’s work [15–17]
on discrete circles generated by the preceding approach. Many different circle
generation algorithms exist. Here the purpose is not to propose a new one but
rather to understand the continuous-discrete relations.

As a first step, we carefully study the arithmetization of the Euler integration
scheme on the differential equation defining circles. The goal of this paper was to
apply the insight gained previously on the arithmetization process to a new set
of curves. For the discrete straight lines, only one drawing scale appears (labeled
β where ω = β2) besides the global scale ω. In the circle case, two different
drawing scales appear (labeled α and β with ω = αβ). These two drawing scales
define two families of discrete circles with different properties.

The connectedness of the discrete circles obtained by such arithmetization
methods has never been studied before. In the case of the Euler integration
scheme, we show that inside the square [−β, β − 1]2 every circular arc of both
families (α and β circles) is 8-connected. This allows a global control over the
topological properties of the discrete circle obtained with this method. We also
study the quality of the approximation we obtain by the arithmetization of the
Euler scheme. We give a way to estimate the error between a circle and its
discretization. Thus we define the approximation order of the arithmetized inte-
gration scheme that has never been studied before.

This paper is organized as follows: first, we recall the basis about the arith-
metization method and we apply it on the circles. Section 3 deals with connect-
edness conditions while section 4 deals with the error study. A short conclusion
and some perspectives are proposed in section 5.

2 The Arithmetization Method Applied to Circles

In this section we recall our arithmetization method [14] using it on the differ-
ential equations that describe a circle. We obtain two arithmetized versions of
these differential equations that will be the starting point of our study.
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In the Euclidean plane, the circle C(0, R) with center 0 and radius R ∈ R
∗
+ can

be described as the solution of the differential equations:
{

(x(0), y(0)) = (0, R)
(x′(t), y′(t)) = (−y(t), x(t)). (1)

which express the fact that the tangent vector is orthogonal to the radius vector.
These differential equations can be numerically solved using the Euler method.
This gives us the following Euler scheme that computes an accurate numerical
approximation of C(0, R) when the step h tends to 0 in R+:

{
(x0, y0) = (0, R)
(xn+1, yn+1) = (xn, yn) + (−ynh, xnh). (2)

The general idea of the arithmetization method [14, 15] is to transform this
continuous numerical scheme into a discrete one with only integer variables.
This discrete scheme generates a digital planar curve Cd(0, R) which is a discrete
analog of the circle C(0, R).

This analogy is proved to be theoretically sound using nonstandard analy-
sis [14]. The approach is to perform a rescaling on Z such that the new unity
is an infinitely large integer ω ∈ N. The structure we obtain is the Harthong-
Reeb line HRω [14] which is a numerical system isomorphic to the system Rlim

of limited real numbers (i.e. real numbers that are not infinitely large). The
isomorphism is given by the two mappings:

{
ϕω : HRω −→ Rlim

X �−→ X/ω

}
and

{
ψω : Rlim −→ HRω

x �−→ �ωx�
}

where �x� is the integer part of x ∈ R such that x = �x�+{x} with 0 ≤ {x} < 1.
Using these mappings, it can be shown that the digital curve Cd(0, R) is

isomorphic to the initial Euclidean circle C(0, R). However, in this article we
are concentrating on the properties of the digital curve Cd(0, R) (see [13, 14] for
more details on such a proof).

The first step is to describe more precisely the arithmetization of the Euler
scheme (2). We suppose that the radius R of the circle is limited (R �	 +∞) and
non infinitesimal (R �	 0). We choose two natural numbers ω and β such that
ω, β and ω/β are infinitely large. Let h = 1

β (h 	 0). Using the mapping ψω,
the Euler scheme is translated to its integer version, the arithmetization of the
Euler scheme (2) at the scale ω, by:

{
(X0, Y0) = (0, �ωR�)

(Xn+1, Yn+1) = (Xn, Yn) + (−Yn ÷ β,Xn ÷ β) (3)

where ÷ is the usual Euclidean division and Xi, Yi, i = 1, 2, . . . are integer
variables. The points (Xi, Yi) define the digital curve Cd(0, R).

Unfortunately, the obtained curve Cd(0, R) is largely non connected: for in-
stance, if we consider the abscissae X0 and X1 of the two first points, we have
|X1 −X0| = �ωR�÷ β which is an infinitely large number roughly equal to ω

βR.
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This means that the gap between these two points, and in general between two
consecutive points of the curve, is infinitely large.

The idea to obtain points that are closer together, is to perform a rescaling
from the scale ω to the intermediate scale α = ω

β . To do so, it is convenient to
choose ω as a multiple of β: ω = αβ with α 	 +∞. Hence, the rescaling is given
by the composition ψα ◦ϕω : X �→ �αX

ω �. This defines two drawing scales α and
β because one can of course also consider a rescaling to the scale β.

Since �αX
ω � = X ÷ β, we can use the decomposition X = X̃β + X̂ for any

integer X ∈ HRω so X̃ = X ÷ β ∈ HRα and X̂ = Xmodβ ∈ {0, . . . , β − 1}.
The integer X̃ ∈ HRα is interpreted as the result of the rescaling on X .

With this notations, we can rewrite the scheme (3) and we get the arithmeti-
zation of the Euler scheme (2) at the drawing scale α by:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(X̃0, Ỹ0) = (0, �ωR� ÷ β)
(X̂0, Ŷ0) = (0, �ωR�modβ)
(F 1

n , F
2
n) = ((−Ỹnβ − Ŷn) ÷ β, (X̃nβ + X̂n) ÷ β)

(X̃n+1, Ỹn+1) = (X̃n + (X̂n + F 1
n) ÷ β, Ỹn + (Ŷn + F 2

n) ÷ β)
(X̂n+1, Ŷn+1) = ((X̂n + F 1

n)modβ, (Ŷn + F 2
n)modβ)

(4)

where the relevant variables are X̃i and Ỹi.
The points (X̃i, Ỹi) define a discrete circle which depends on the numbers R,

α and β denoted by Cα
d (0, R). Symmetrically, we can also consider the arithme-

tization of the Euler scheme (2) at the drawing scale β, which is the analogue of
scheme (4), and is given by:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(X̃0, Ỹ0) = (0, �ωR� ÷ α)
(X̂0, Ŷ0) = (0, �ωR�modα)
(F 1

n , F
2
n) = ((−Ỹnα− Ŷn) ÷ β, (X̃nα+ X̂n) ÷ β)

(X̃n+1, Ỹn+1) = (X̃n + (X̂n + F 1
n) ÷ α, Ỹn + (Ŷn + F 2

n) ÷ α)
(X̂n+1, Ŷn+1) = ((X̂n + F 1

n)modα, (Ŷn + F 2
n)modα)

(5)

where the relevant variables are X̃i and Ỹi. We get another discrete circle de-
noted by Cβ

d (0, R). In every case, the numerical experimentations show that
connectedness of the digital curves Cα

d (0, R) and Cβ
d (0, R) is directly linked to

the relative values of α and β. In the following section, we will establish a relation
between these scale parameters in order to obtain 8-connectivity.

Remark. The schemes (4) and (5) describe two algorithms that are defined
for every integer values of α and β and not only for nonstandard values. Thus,
despite the nonstandard framework used in the theoretical introduction of the
arithmetization method, we finally get two standard families of discrete curves
Cα

d (0, R) and Cβ
d (0, R) depending on two integer parameters α and β. The link

with the nonstandard foundation is that, in some natural meaning, the discrete
curves Cα

d (0, R) and Cβ
d (0, R) converge toward the continuous circle C(0, R)

when α and β become infinitely large.



354 A. Richard et al.

3 The Connectedness of Cα
d (0, R) and Cβ

d (0, R) Circle
Arcs

Graphical results (figures 1 and 2) show that the connectedness of the preceding
discrete circles depends on the relative values of the drawing scales α and β. The
section aim is to provide a condition on the scales that assure 8-connectivity for
the discrete circle arcs of Cα

d (0, R) and Cβ
d (0, R). It must be noticed that these

section results are independent of the nonstandard framework.
Let us consider the solution ((X̃n, Ỹn))0≤n of the arithmetization of the Euler
scheme (5) at the drawing scale α which is the discrete circle Cα

d (0, R). Let us
call an arc of Cα

d (0, R) every subsequence of the form ((X̃n, Ỹn))k≤n≤k+p for
k, p ∈ N such that p ≥ 1. In order to state the theorem that follows, let us
introduce the square in Z

2 centered at 0 with side length 2β:

Rβ = {(X,Y ) ∈ Z
2 ; −β ≤ X < β and −β ≤ Y < β}.

Theorem 1. Every arc of Cα
d (0, R) in the square Rβ is 8-connected.

Proof. Let Γ = ((X̃n, Ỹn))k≤n≤k+p be an arc of Cα
d (0, R) such that (X̃n, Ỹn) ∈

Rβ for each n = k, . . . , k + p. Then, Γ is 8-connected if and only if, for each
n = k, . . . , k + p− 1, we have

−1 ≤ X̃n+1 − X̃n ≤ 1 and −1 ≤ Ỹn+1 − Ỹn ≤ 1 (6)

The proof is in two parts: in part (a) we will give a necessary and sufficient
condition for the connectedness of Γ , in part (b) we will show that the condition
Γ ⊂ Rβ is sufficient.

Fig. 1. Two examples of circle arcs at α scale (a): the one connected with (R, α, β) =
(1, 25, 35) (b) the other one disconnected with (R, α, β) = (1, 24, 22). The gray square
represents the region Rβ.
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Fig. 2. The circle arcs of length (a) �2πβ� with (R, α, β) = (1, 25, 40) (b) �10πβ� with
(R,α, β) = (1, 15, 20). The gray square represents the region Rβ .

(a) Equivalent conditions: using the two schemes (3) and (4) and properties of
the Euclidean division, we can see that the following conditions are equivalent:

−1 ≤ X̃n+1 − X̃n ≤ 1 and − 1 ≤ Ỹn+1 − Ỹn ≤ 1

−1 ≤ (X̂n + F 1
n) ÷ β ≤ 1 and − 1 ≤ (Ŷn + F 2

n) ÷ β ≤ 1

−β ≤ X̂n + F 1
n < 2β and − β ≤ Ŷn + F 2

n < 2β

−β − X̂n ≤ (−Ỹnβ − Ŷn) ÷ β < 2β − X̂n and − β − Ŷn ≤ (X̃nβ + X̂n) ÷ β < 2β − Ŷn

−β2 − X̂nβ ≤ −Ỹnβ − Ŷn < 2β2 − X̂nβ and − β2 − Ŷnβ ≤ X̃nβ + X̂n < 2β2 − Ŷnβ

−β2 − X̂nβ ≤ −Yn < 2β2 − X̂nβ and − β2 − Ŷnβ ≤ Xn < 2β2 − Ŷnβ.

Thus, Γ is 8-connected if and only if, for each n = k, . . . , k + p− 1, we have:

−2β2 + X̂nβ < Yn ≤ β2 + X̂nβ and − β2 − Ŷnβ ≤ Xn < 2β2 − Ŷnβ. (7)

(b) Sufficient condition: Since 0 ≤ X̂n ≤ β − 1 and 0 ≤ Ŷn ≤ β − 1, we get
the following two sequences of inequalities:

−2β2 + X̂nβ ≤ −β2 − β < −β2 < β2 ≤ β2 + X̂nβ

−β2 − Ŷnβ ≤ −β2 < β2 < β2 + β ≤ 2β2 − Ŷnβ.

Thus, if −β2 ≤ Xn < β2 and −β2 ≤ Yn < β2, then the condition (7) is verified.
It is easy to see that, for a ∈ Z and b ∈ N \ {0}, we have:

−b2 ≤ a < b2 ⇐⇒ −b ≤ a÷ b < b.

Since X̃n = Xn ÷ β and Ỹn = Yn ÷ β, the condition −β2 ≤ Xn < β2 is
equivalent to −β ≤ X̃n < β and −β2 ≤ Yn < β2 to −β ≤ Ỹn < β. Hence, the
8-connectedness of Γ is a consequence of the condition:

∀n = k, . . . , k+ p− 1 − β ≤ X̃n < β and − β ≤ Ỹn < β. �
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Let us call an initial arc of Cα
d (0, R) every arc of the form ((X̃n, Ỹn))0≤n≤p for

p ≥ 1. That is to say, an arc starting from the initial value (X̃0, Ỹ0).

Corollary 1. If αR < β, then Cα
d (0, R) has an initial arc which is 8-connected.

Proof. According to the preceding theorem, Cα
d (0, R) has an initial arc which is

8-connected if −β ≤ X̃0 < β and −β ≤ Ỹ0 < β. Since (X̃0, Ỹ0) = (0, �ωR� ÷ β),
this property is reduced to each of the following equivalent condition:

−β ≤ �ωR� ÷ β < β ⇔ −β2 ≤ �ωR� < β2 ⇔ −β ≤ αR < β.

Thus we get the result since αR ≥ 0. �

In the same way, we can consider the arithmetization of the Euler scheme at the
drawing scale β. In this case, we have the following result:

Theorem 2.
– Every arc of Cβ

d (0, R) in the square Rβ is 8-connected.
– If R < 1, then Cβ

d (0, R) has an initial arc which is 8-connected.

Proof. The proof is similar to the previous one. �

Figures 1 and 2 provide a graphic illustration of these properties. Only graphic
illustrations at drawing scale α are proposed here. The first one represents a
discrete connected circle arc with R = 1, (α, β) = (25, 35) and a disconnected
one with R = 1, (α, β) = (24, 22). The region Rβ is also displayed (in gray).
The second represents the discrete connected circle arc with length �2πβ� with
R = 1, (α, β) = (25, 40) and the initial arc of Cα

d (0, R) with length �10πβ� with
R = 1, (α, β) = (25, 30) which provides a spiral. This last one brings to light
discontinuity outside of the square (each arc in the square is 8-connected while
the ones which are outside can be disconnected).

If the arc is composed of N = �2πβ� discrete points we should obtain a full
circle but, in general, its first point is not connected to its last point (cf figure
2(a)). This arc is not a very good discretization of the underlying circle. The
reason is that the Euler’s scheme, as it is well known, accrues a small error at
each integration step. When the curve is run one time the error is sufficiently
large to “miss” the first point of the arc. This phenomenon depends of course
on the integration scheme we use and also on the translation of the arithmetized
scheme into the real domain. This is studied in the next section.

4 Global Error Estimate

The aim of this section is to study the error of our arithmetization method.
To do that, let us describe a more general framework in which our result will
be placed. Let f : U → R be a function of class C1 defined on an open set
U of R × R

n. We suppose that f is standard (that is to say independent of the



Arithmetization of a Circular Arc 357

nonstandard framework) and that f and its partial derivatives are bounded in
U . Let us consider the continuous Cauchy problem:{

z(a) = b
z′(t) = f(t, z(t)) (8)

with a ∈ R, b ∈ R
n, a and b limited. We consider the solution z : [a, c] → R

n

of (8) where c ∈ R is limited and such that a �	 c (i.e. a not infinitely close to
c). This solution can be approximated by the Euler scheme:

{
(t0, z0) = (a, b)
(tn+1, zn+1) = (tn + 1

β , zn + 1
β f(tn, zn)) (9)

in which we choose an integration step h = 1
β . For a infinitely large β (i.e.

β 	 +∞), we have zn infinitely close to z(tn) (i.e. zn 	 z(tn)) for 0 ≤ n ≤ N
with N = �βc�. Our arithmetization method allows us to introduce a similar
scheme working only with integer variables:{

(T0, Z0) = (�ωa�, �ωb�)
(Tn+1, Zn+1) = (Tn + α,Zn + F (Tn, Zn) ÷ β) (10)

where F (Tn, Zn) = �ωf(Tn

ω ,
Zn

ω )�. This scheme results from the mapping ψω and
by substitution of the division by β by the Euclidean division by β.

Now using the reverse mapping ϕω, we define a new scheme working with real
variables: {

(t′0, z
′
0) = ( 1

ω �ωa�, 1
ω �ωb�)

(t′n+1, z
′
n+1) = (t′n + 1

β , z
′
n + 1

β g(t
′
n, z

′
n)) (11)

where t′n = Tn

ω , z′n = Zn

ω and g(t′n, z′n) = 1
α� 1

β �ωf(t′n, z′n)��. We call this
scheme the trace of the arithmetized scheme (10). We can remark that the two
schemes (9) and (11) are very similar.

Our purpose is to estimate the distance between the value z′n of the trace
of the arithmetized scheme and the value z(tn) of the solution of the Cauchy
problem (8). This distance defines the global error of our arithmetization method.

In order to fix our distance notion, we choose the infinity norm (||x|| =
||(x1, ..., xn)|| = max1≤i≤n |xi|), and then we have the following result:

Theorem 3. There exists limited constants L,L′,L′′ ∈ R such that

∀n ∈ [[0, N ]], ||z′n − z(tn)|| ≤ L
ω

+
L′

α
+

L′′

β
. (12)

Proof. In order to compute an upper-bound of ||z′n − z(tn)||, we split this ex-
pression in two parts:

||z′n − z(tn)|| ≤ ||z′n − zn|| + ||zn − z(tn)|| (13)

where zn is the value the solution of the scheme (9) and then we find an up-
per bound separately for each part. The proof is thus split in two steps. By
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convention, to simplify the presentation of the following inequalities, all the
indices n are in [[0, N ]].

The first step is to compute an upper bound on ||zn − z′n||. To do so, we
consider ||zn+1 − z′n+1||. Using the usual triangular inequality, the schemes (9)
and (11), we obtain:

||zn+1 − z′
n+1|| ≤ ||zn − z′

n|| + 1

β
||(f(tn, zn) − f(t′n, z′

n))|| + 1

β
||(f(t′n, z′

n) − g(t′n, z′
n))||.

In order to bound the expression ||(f(t′n, z′n)−g(t′n, z′n))||, we consider g(t′n, z′n) =
1
α

⌊
1
β �ωf(t′n, z

′
n)�

⌋
. Using the integer part properties, this can be rewritten as

g(t′n, z
′
n) = f(t′n, z

′
n) − 1

ω
{ωf(t′n, z

′
n)} − 1

α

{
1
β
�ωf(t′n, z

′
n)�

}

where 0 ≤ {ωf(t′n, z
′
n)} < 1 and 0 ≤ { 1

β �ωf(t′n, z
′
n)�} < 1. Hence, we obtain

||g(t′n, z′n) − f(t′n, z′n)|| ≤ 2
α .

Now, let us consider the expression ||(f(tn, zn) − f(t′n, z
′
n))||. Because f is a

Lipschitz function (due to the class C1 condition) we know that there exists
L1 ∈ R, with L1 limited, such that:

||f(tn, zn) − f(t′n, z
′
n)|| ≤ L1(|tn − t′n| + ||zn − z′n||). (14)

In this last expression |tn − t′n| is such that ∀n,
|tn − t′n| =

∣∣∣tn−1 − 1
β − t′n−1 + 1

β

∣∣∣ = |t0 − t′0| =
∣∣∣a− ωa

ω + {ωa}
ω

∣∣∣ ≤ 1
ω .

Combining all the previous inequalities we obtain:

||zn+1−z′n+1|| ≤ ||zn−z′n||
(

1 +
L1

β

)
+
L1

βω
+

2
ω

≤ ||zn−z′n||
(

1 +
L1

β

)
+
L1

ω
+

2
ω
.

This is transformed as

εn+1 ≤ εn

(
1 +

L1

β

)
+
L2

ω
(15)

where L2 = 2+L1 and εn+1 = ||zn+1 − z′n+1||. The following well-known lemma
is now used.

Lemma 1 (Arithmetic-Geometric Sequence Properties). Let en be a
sequence of R

+. If en+1 ≤ Aen +B with A,B ∈ R
+ then

∀n, en ≤ Ane0 +B
An − 1
A− 1

.

Thanks to this lemma, we express εn according to ε0 and obtain a bound for εn:

εn ≤ ε0

(
1 +

L1

β

)n

+
L2

ω

⎛
⎝

(
1 + L1

β

)n

− 1(
1 + L1

β

)
− 1

⎞
⎠ .
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Since 1
ω is an upper-bound for ε0 = ||z0 − z′0||, we obtain:

εn ≤ 1
ω

(
1 +

L1

β

)n

+
L2

L1

1
α

((
1 +

L1

β

)n

− 1
)
. (16)

In order to find an upper bound of
(
1 + L1

β

)n

, let us consider this other well-
known lemma:

Lemma 2. (1 + u)n ≤ enu, ∀n ∈ N, ∀u ≥ 0

The inequality n
β ≤ (c − a) expresses that the iteration number n is upper-

bounded by the product of the length of the integration interval (that is a limited
number) by β. Moreover, the exponential of a limited number is a limited num-

ber. Hence, using lemma 2,
(
1 + L1

β

)n

is bounded by a limited number. So, there
exists limited constants L3, L4 ∈ R such that:

||zn − z′n|| ≤
1
ω
L3 +

1
α
L4. (17)

The second step consists in computing an upper bound for ||zn − z(tn)|| of
equation (13). To do so, we consider ||zn+1 − z(tn+1)||.
Let us use the Taylor expansion of z(tn+1), there exists γn ∈ ]tn, tn + h[ such
that:

z(tn+1) = z(tn + h) = z(tn) + hz′(tn) +
h2

2
z′′(γn). (18)

Since ]tn, tn + h[⊂ [a, c], z′′(γn) ≤ ||z′′||[a,c] where ||z′′||[a,c] is the norm of z′′ in
the interval [a, c]. So from (18) we have:

||zn+1−z(tn+1)|| ≤ ||zn−z(tn)||+ 1
β
||f(tn, zn)−f(tn, z(tn))||+1

2

(
1
β

)2

||z′′||[a,c].

As previously, we set ε′n+1 = ||zn+1 − z(tn+1)|| and we obtain the inequality:

ε′n+1 ≤ εn(1 +
1
β
L1) +

1
2

(
1
β

)2

L5,

where L5 ∈ R is limited and such that ||z′′||[a,c] ≤ L5. Now we can use again
lemmas 1 and 2 and we obtain an upper bound for ||zn − z(tn)||. There exists
a limited constant L6 ∈ R such that ||zn − z(tn)|| ≤ 1

βL6. Hence, from this
last inequality and inequality (17) we can conclude that there exists limited
constants L, L′ and L′′ in R such that: ||z′n − z(tn)|| ≤ L

ω + L′
α + L′′

β . �

In the particular case of the circles described in section 2, the exact solution
is z(t) = Rei(t+ π

2 ) , t ∈ [0, 2π] and we obtain:

||z′n − z(tn)|| ≤ e2π

ω
+

2(e2π − 1)
α

+
R(e2π−1)

2

β
. (19)
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In the field of numerical analysis, integration schemes [18] come with an ap-
proximation order. This gives an idea of the numerical quality of the computed
solutions. Until now, the order of arithmetized schemes had never been studied
and the previous theorem allows us to define an approximation order of an arith-
metized integration scheme which is the equivalent of the classical approximation
order used in numerical analysis.

The classical approximation order is defined as the biggest integer such that
there exists a constant C ∈ R verifying ||zn − z(tn)|| ≤ Chp, where h is the
integration step (small by definition). Each integration scheme has a precise
order. For example, Euler method is of order 1. Other methods, such as the
Heun scheme [18], is of order 2. From theorem 3, we propose now a definition
for the approximation order of the Euler arithmetized scheme (10):

Definition 1 (Order). The Euler arithmetized scheme (10) is of order p if
there exists a limited number L ∈ R such that:

∀n ∈ [[0, N ]], ||z′n − z(tn)|| ≤ L
βp
.

With this definition, the following corollary gives a sufficient condition to have
order 1 for the arithmetized Euler scheme (10).

Corollary 2. If β
α is limited then the arithmetized scheme (10) is of order 1.

Proof. There is a limited number λ such that β = λα. Then, from theorem 3
‖z′n − z(tn)‖ ≤ 1

β

(L
α + L′λ+ L)

and L
α + L′λ+ L is clearly limited. �

The order of arithmetized integration schemes is currently under investigation
by the authors and the previous definition can be extended to other schemes
such as the Heun [18] integration scheme. However, the status of this approxi-
mation order is not so clear. For example, using a theorem similar to theorem 3,
the arithmetized Heun scheme is of order at most 2 as expected from its cor-
responding original scheme. But, when studying connectedness, the condition
found seems to impose that the obtained numerical solution is only of order 1.
Numerical experiments show nonetheless that obtained circle arcs are “better”
than those obtained by the arithmetized Euler scheme. This is still largely an
open question.

5 Conclusion

In this paper we studied the arithmetization of the Euler integration scheme
over the differential equation defining a circle. This work reconsiders a previous
work done by Holin [15] and studies carefully the arithmetization process.

New results have been proposed; connectedness criteria for the two families of
discrete circular arcs, a global error estimate between the arithmetized scheme
trace and the initial Euler scheme, and a first definition of the approximation
order of an arithmetized integration scheme. These results provide new insights
in the way a curve can be approximated by the arithmetization process.
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Our next goal is to generalize the preceding results to integration schemes
with higher approximation orders. This will gives us a deeper understanding
of the arithmetization process and improve the definition of the approximation
order of an arithmetized integration scheme. Numerical experiments are under
way. We have already observed that better circle arcs are obtained by Heun’s
method (as obtained by Holin) and that connectedness criteria still remain the
same. This latter observation is surprising and is not yet fully understood.
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4. Reveillès, J.P.: Géométrie discrète, Calcul en nombres entiers et algorithmique.
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