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Abstract. This paper presents a mathematical modeling module for ODE 
courses. The module uses light-weight systems engineering approach to pro-
mote the competency of undergraduates to overcome the complexity in applied 
mathematics problems. The mathematics training of undergraduates in most 
colleges is limited to solving applications with a couple of variables in few 
steps of computations. Once faced with problems beyond that level of complex-
ity, they are not only challenged to plan a scheme for finding solutions, but also 
to provide justification for their answers. This module combines an iterative 
modeling process with the compartmental analysis methodology to leverage 
these challenges. Verification and validation techniques are introduced for as-
suring the soundness of answers. The query-based process forces the students to 
trace critical mathematics equations to the corresponding phenomena of the 
problem under consideration. Examples within the module are arranged with 
incremental complexity. Stella is used as a modeling and simulation tool  

Keywords: Compartmental Analysis, Validation and Verification, Query-
Based Modeling Process, Kolb Cognitive Complexity. 

1   Introduction 

The mathematics training of undergraduate students in most colleges is too simplistic 
and does not train students to deal with more complex applications.  Simplistic prob-
lems usually involve limited number of variables with very few steps of computa-
tions. Once faced with problems beyond that level of complexity, they are challenged 
to plan their scheme to solve it.  Even if they manage to find the solution, most stu-
dents are unable to justify their answer. This module combines a mathematical model-
ing (MM) process with the compartmental analysis methodology to deal with these 
challenges. The case studies in this module demonstrate how to divide a complex 
problem into smaller problems at a level comprehensible for our students. The models 
in each case study are organized with increasing complexity so that students can  
incrementally progress from simple to more complex applications. A new model is 
obtained from previous ones by gradually relaxing unrealistic assumptions and con-
sidering additional factors [9] and [10]. Verification and validation (V&V) techniques 
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[7] are introduced to ensure the validity of the answers. Instructive questions are de-
signed to guide students to obtain their own answers and force them to trace critical 
mathematics equations to the corresponding phenomena of the problem under  
consideration.  With the use of appropriate computational tools, students can obtain 
numerical solutions for the complicated system of equations that they cannot solve 
analytically [1]. We choose Stella by ISEE systems [3] and [4] as our main modeling 
and simulation tool. This module illustrates to students how mathematics rigor can be 
combined with visual intuitiveness of computational tools to obtain insightful answers 
to mathematical applications.   

2   Outcomes and Assessment Plans 

The objectives of the module are as follows: 1: Teach students basic modeling meth-
odology and process. 2: Train students to use tools to model an application incremen-
tally. 3: Introduce the concepts of validation and verification. 4: Cultivate students’ 
ability to relate their answers to the insightful observations to the applications. 5: 
Demonstrate the power of mathematics as a scientific language.  The original module 
outlined the outcomes for the knowledge, skills and competency (KSC) of the mod-
ule, described the Kolb Complexity level defined in [11], and provided an assessment 
plan [2] and [6] associated with outcomes. It is omitted here due to space limitation. 
The summative evaluation consisted of 5 survey questions associated with each of the 
5 objectives mentioned above and two questions relating to the overall feedback of 
the module delivery and the team projects.  

3   Mathematical Modeling Process  

Mathematical Modeling is an interdisciplinary subject that applies systems engineer-
ing principles to mathematical applications. It provides the methodology and the 
process to transform application problems to mathematical problems. A mathematical 
model uses mathematical language to describe a system. There are several types of 
mathematical models and modeling methodology. Scientists and engineers often 
model two types of changes: a continuous quantitative change such as change of ve-
locity, or a discrete qualitative change such as changing traffic lights. The continuous 
phenomenon is typically modeled by differential equations; and the discrete phe-
nomenon is typically modeled by state machines or graphs. We would like to focus on 
the differential equation models of continuous phenomena.  

Every branch of systems engineering follows a process and some kind of method-
ology to model a system. We present an iterative modeling process as illustrated by 
the schematic diagram Fig. 1. It is a recommended general framework for working 
through a problem from model formulation to answer justification.  The process con-
sists of two reverse loops. The counterclockwise loop indicated by solid arrows is 
called Problem Solving Loop (PSL) and the clockwise loop indicated by dotted ar-
rows is called answer justifying loop (AJL). The steps in both the loops are to be iter-
ated until a satisfactory answer to the original problem has been reached. 
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PSL1: Identification of Facts, Assumptions and Invariants. What are the relevant 
factors; such as known or unknown quantities and their units?  What are the invari-
ants; such as physics laws, etc.?  These invariants are called conceptual models and 
are observable from domain knowledge of the concerned application or simple com-
mon sense. It can be described in natural language such as English.  What are the as-
sumptions that the conceptual model is based on? How realistic are those assumptions 
ranging from most idealistic to most realistic? What are the tradeoff decisions be-
tween the fidelity of the model and the easiness to find solutions?      

 

Fig. 1. The counterclockwise loop PSL and clockwise loop (dotted arrows) AJL  

PSL2, Translating the Identifications above to Mathematical Expressions. Spec-
ify a coordinate or reference frame system to indicate each known or unknown  
quantities as parameters and variables. Use a table to map each mathematical variable, 
parameter to its designated quantity, positive direction, and unit. Translate the con-
ceptual models to mathematical models using the mathematical notations specified 
above. The symbolic representations of the conceptual models lead to primitive 
mathematical models.      

PSL3, Computing Symbolically or Numerically.What type of equation is it  
(e.g. linear or nonlinear), does it have a solution, and is the solution unique?  Is it pos-
sible to obtain exact analytic solution or is only numerical solution possible? What 
tools and programming languages could be used to obtain the solutions? 

PSL4, Answering. Does the problem require a functional relationship or a particular 
numerical answer?  A functional relationship may be answered by an analytic func-
tion, a graph, or a simulation by a computational tool.   

AJL1, Observation. What are the observable facts that are related to the answers in 
special points such as initial, average, median, or terminal?  What is the long term 
trend? Can the answers be used to explain the phenomenon in terms of the domain 
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knowledge of the application problem? In most scientific or engineering fields, it de-
pends on available data.   

AJL2, Verification. Verification is the action to check whether the analytical solu-
tions are correct or whether the numerical solutions approximate the exact ones within 
a controlled range of error. Is there any analytic way to check the answers? If numeri-
cal solution is given, what is the relative accuracy?  Is it possible to obtain analytic 
solution in some special cases to check the numerical solution? For example, is it  
possible to use phase plane equation to check the ratio of two related variables of nu-
merical solution? Is the algorithm correct and how can it be checked? Is the sign or 
magnitude correct and how can they be checked? 

AJL3, Validation. Validation is the task of checking if the assumptions of the model 
are based on sound domain knowledge of the problem and if the essences of problem 
are properly formulated by the model. Do the resulting equations correctly model the 
application problem?  How can the assumptions be justified? Are there any assump-
tions highly unrealistic and can they be relaxed so as to improve the fidelity of the 
model? Do the units on both sides of the equations match? Is it possible to get an in-
tuitive understanding of some qualitative answers? If so, does the model make sense 
by simply observing the qualitative relationships of variables? What are the special 
case scenarios of your model so that it reduces to one of the known basic models?  

4   Compartment Analysis  

Stella meta-models embody the compartment analysis methodology. To help students 
understand Stella diagrams, the original module of this lecture started with the intro-
duction of the basic idea of Stella. Then, we discussed the conceptual model of single 
compartment system.  Due to space limitations, this paper only presents the concep-
tual model of multiple compartment system and two examples, with one focusing on 
the compartmental methodology and the other on the process.    

Most natural or artificial system is composed of components each of which fulfills 
certain functionality and interacts with others in certain patterns. A well organized 
component can be abstracted as a black box, where only the inputs from and outputs 
to the other components or the environment matter to the problem under considera-
tion.  We define such a component of a system as a compartment [5]. The methodol-
ogy of modeling and analyzing a system as functionally decomposed compartments, 
according to their interacting patterns is called compartmental analysis.  Since only 
inputs and outputs matter, each of them can be treated uniformly and systematically 
as follows.  Let x1, x2,… xn be the n unknown compartmental variables that are func-
tions of time t, inputii, outputii represent the input from and output to the environment, 
inputji, outputij, represent the input from the j-th compartment to the i-th compartment 
and the output from the i-th compartment to the j-th compartment respectively that are 
possibly functions of time t, where 1 ≤ i ≤ n and 1 ≤ j ≤ n. Then, Fig. 2. describes the 
quantitative exchange of the compartmental variables xi to other compartments and 
environment.   
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Fig. 2. Diagram for the i-th compartment of a system 

Only the inputs and outputs contribute to the quantitative changes of the CVs.   
The rate of change of the i-th CV over unit time = The i-th CV now –The i-th CV a 
unit time ago. That is:  

            
1

[ ( ) ( )]
n

i
ji ij

j

dx
input t output t

dt =
= −∑  where 1 ≤ i ≤ n,                    (1) 

Since there are n similar equations corresponding to each of the n compartments, 
we obtain an n×n system of equations along with the n initial conditions.  

Example 4.1. A large tank holds 1000 L of brine solution of salt with concentration 1 
Kg/L.  A brine solution with low concentration of salt begins to flow into the tank at a 
constant rate of 4 L/min to dilute the resolution and the well stirred resolution flows 
out of the tank at the same rate of 4 L/min. If the solution of the brine flowing to the 
tank has concentration of 0.2 Kg/L, determine when the concentration of the salt of 
the brine will be diluted to 0.6 Kg/L.  What is the concentration of the brine after very 
long time?     

Solution. The focus of this example is the basic idea of compartmental analysis, so, 
we skip many process details and calculations. We find that the variables are the in-
dependent variable t: time and the compartment variable x(t): the amount of pure salt 
at time t. We observe that the volume V of the brine in the tank is invariant since the 
rate at which the solution flows in is equal to the rate at which the solution flows out. 
We list the assumptions as follows:  1: The flow continues indefinitely, 2: The brine 
inside the tank has uniform concentration , 3: The only change in the amount of pure 
salt in the compartment is due to the difference between the amount of salt flowing in 
(input) and out (output).    

Now, we consider the change of x(t) per unit time on both sides of the conceptual 
model in (1) 1 at t, we have:  input(t) = 0.8 Kg/Min, output(t) = x(t)/250 Kg/Min.  
Initially, x(0) = 1000 Kg. By (1), we have the initial value problem and its solution as 
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Answers. The concentration of the salt of the brine will be diluted to 0.6 Kg/L after 
152.25 minutes, and will be close to 0.2 Kg/L after a very long period of time.  

Example 4.2. Two tanks, each holding 100 liters of a brine solution, are intercon-
nected by pipes. Fresh water flows into tanks A at a rate of 6 L/min and the fluid is 
drained from tank B at the same rate. If 8 L/min of fluid are pumped from tank A to 
tank B, and 2 L/min from tank B to tank A, and the liquids insides each tank are well 
stirred so that the mixture is homogeneous, also assume that the brine in tank A con-
tains 6 kg of salt and brine in tank B contains 60 kg of salt initially, determine the 
mass of salt in each tank at time t = 10 minutes, 15 minutes and 24 minutes.  

Stella incorporates the compartment analysis methodology in its meta-models. The 
analogy of interconnected flows and reservoirs between Stella components, allows 
users considering a system as compartments, exchange quantities through Stella’s 
input and output interfaces. We adapted a few steps of the process to demonstrate how 
to use the process and Stella to solve the problem.  

PSL 1. Facts a: Variables: Amount of pure salt in tank A and tank B - APureSalt, and 
BPureSalt, b: All other facts identified will be represented by converters in the Fig. 3. 
Assumptions a: The flow continues indefinitely, b: The brine inside the tank has uni-
form concentration, c: The change of salt results from the difference between input 
and output.  Invariants a: The change rate of APureSalt per min = AFlowIn + 
FlowBtoA – FlowAtoB, b: The change rate of BPureSalt per min = FlowAtoB – 
FlowBtoA – BFlowOut. A conceptual model is shown in Fig. 3.  

PSL 4, Answer the question. The solutions are given by either a graph or a table. 
The amount of pure salt in tanks A and B at times t =10, 15 and 24 are: (8.86, 33.53), 
(8.32, 25.31), and (6.58, 16.11) Kg, respectively.        

AJL1, Observe the answer. Observe the answers in special points such as initial, or 
terminal, and the long term trend.  The amount of salt in both tanks can be found to be 
reducing simultaneously, which confirms our understanding, since pure water flows 
in to dilute the brine solutions which were in the tank.  
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               Fig. 3. Conceptual Model              Fig. 4. Mathematical Model 

5   The Motion of Floating Objects 

In the original module, we gave two examples to study the oscillation of spring-mass 
system, one is a simple spring-mass system and the other is a coupled spring-mass 
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system. Students learned how to introduce intermediate variable to transform higher 
order equations to system of first order equations and then to solve them using Stella. 
Here, we will study the motion of floating objects based on the understanding of the 
oscillation of spring-mass systems.  

Consider the motion of a floating object with mass m, as illustrated by the Fig. 5. 
Let z be the displacement of the centroid of the object from the surface of the water, 
V(z) represent the volume of the object submerged, ρ the density of water, b  the 
damping coefficient of water friction. Then, the weight mgW −= , (g is the accelera-

tion due to gravity) the buoyant force ( ),B gV zρ= frictional force ( ),f b z t′= −  

where ( )z t′  is the velocity of the floating object.  By Newton’s second law, we 

have za B W f= + + and ( ),za z t′′=  hence 

 )(')()('' tbzmgzgVtmz −−= ρ                                       (4) 

Rewriting it in standard form for second order ODE, we get:  

 ''( ) ( / ) '( ) ( / ) ( ) 0z t b m z t g m V z gρ+ − + =                                    (5)  

           

      Fig. 5.                 Fig. 6. 

Example 5.1. A solid cube that has 2 feet side length is initially released on the water 
surface from rest.  If the density of the solid is a half of the water’s density ρ and (a) 
the water friction can be neglected, (b) the damping coefficients of water friction is 
499.2 lb-sec/ft, find the equation that governs the oscillation of the cube.  (c) Build a 
general model for the motion of a floated solid cube with its density below that of 
water and its friction coefficient flexible from zero to 1000 lb-sec/ft, and then use the 
parameters given in (a) and in (b) to simulate the motion of the cube.  

Solution. Let z be the displacement of the centroid of the object from the surface of 
the water, V(z) the volume of the object submerged, L the length of the cube, then         

 2 3 2( ) ( / 2 ) / 2V z L L z L L z= − = −                                          (6) 

Because the equilibrium point of the cube is where the buoyant force equals the 
mass of the object, we have: 3( ) , ( / 2)gV z mg m Lρ ρ= = , since the density of the 

cube is ρ /2 where ρ is the density of water, then 3( /2)m L ρ= , and instantiating all 

parameters with known constants, we get (7) for case (a) and (8) for case (b).  

 0)0(';1)0(
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                                           (8) 

Notice that (7) and (8) are exactly the same as the equations for spring mass sys-
tem. Hence, we observe that the motion of a cube in water is similar to the oscillation 
of a spring mass system.  

(C) If the density of the cube is an arbitrary constant δ , less than that of water, 
then, we do not get z = 0 at the equilibrium point. Depending on whether the density 
is more or less than half of the water’s density, z at equilibrium point will be negative 

or positive, respectively to balance the weight. The mass of the cube is 3m L δ= , sub-
stituting (6) in (5), we have   

0))2/(1())/(()(')/()('' 3 =−+++ gzLgtzLbtz δρδρδ                      (9) 

Equation 9 is a non-homogeneous second linear equation.  It can be easily trans-
formed into a homogeneous equation in y.  Let z = c be the equilibrium point, we 
have 0))2/(1()/( =−+ gcLg δρδρ , Solving for c, we get )2/()2( ρδρ −= Lc , Substi-

tuting y = z - c, we get 0y = as the equilibrium point.   Equation (9) now becomes 

0)/()(')/()('' 3 =++ yLgtyLbty δρδ                                  (10) 

If the initial conditions are applied and if the water friction is small enough, the so-
lution is almost the same as that of (8), except the attenuating oscillation is around the 
new equilibrium point )2/()2( ρδρ −= Lz , instead of z = 0. The Simulation is illus-

trated in Fig. 7 when 20.8 1 / 3δ ρ= = and friction coefficient b=115.  
 

  
 

Fig. 7. The Stalla Model and Simulation of the Velocity and Displacement   

Our next example in this section will discuss the oscillation of floating sphere. Our 
focus is to find how to calculate the V(z) in (5).  We would like to develop a general 
model for a solid sphere of radius r and density δ that is less than the water’s  
densityρ. The volume V(h) of the submerged spherical cap illustrated in Fig. 5.2, 
where h is the height of the sphere submerged in water. Let the distance from the cen-
ter of the sphere to water level be x. Consider the right triangle OAB, by Pythagoras 
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Theorem 2 2AB r x= − . The section area of part of the sphere 

is 2 2 2( ) ( ) ( )A x A B r xπ π= = − ,
2

2 2 (3 )
( ) ( ) ( )

3

r r

r h r h

h r h
V h A x dx r x dx

ππ
− −

−= = − =∫ ∫ .    

As shown in Fig. 6, let z = 0 be the water surface level, and z = x = r - h be the dis-
placement of the center of the sphere from the surface of the water, we have 

zrh −= and 3/)2()()( 2 zrzrzV +−= π . By (5), we have the differential 

equation for the motion of the floating sphere as follows 
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Example 5.2. Change the solid cube in example 5.1 to a solid sphere of 1 foot radius, 
build the mathematical models and solve them by using Stella for all three cases.  

Solution. By assumptions, substitute the parameters in (11) with the constants from 
the problem description, we have (12) for case (a) and (13) for case (b)  
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The Stella model of case (c) is similar to case (b) except for the parameters in (11).  
The solutions for case (a) and (b) are illustrated in Fig. 8 and Fig. 9. respectively.  

 
  
 
 
 
 

                              Fig. 8.                                                      Fig. 9. 

 

Validation. A critical assumption is that the motion of the object is constrained to a 
half of the side length or the radius so that neither does the object jump out of the wa-
ter nor is the whole body of the object submerged below water surface. A question to 
help students understand the assumption is: If we change our initial conditions, such 
as adding an initial downward velocity besides the given initial displacement, are our 
models in this section still valid? If not, why?  

6   Conclusion 

This paper presents an abbreviated version of a mathematical modeling module, which 
is selected and evolved from the course material that the authors have been delivering in 
their ODE courses and the seminars of SIAM student chapter [8]. Section 1 presents the 
motivation of the module. Section 2 lists the objectives of the module and assessment 
plan. Section 3 describes an iterative modeling process. Section 4 illustrates the  
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compartmental analysis methodology. The examples in section 4 and 5 cover a series of 
models in orders of incremental complexity spanning from first order linear equation to 
second order nonlinear system of equations. The examples are connected as they gradu-
ally increase in difficulty and complexity.  This connection of the examples allows the 
students to comprehend the material in small doses and minimizes the intimidation to 
the students by the complexity of the problems and motivates them to confidently work 
on team projects with similar level of complexity.  

Acknowledgment. The authors would like to give thanks to the Summer Workshops 
by Shodor for introducing us to computational science education research.     
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