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Abstract. Signature verification is a challenging task, because only a
small set of genuine samples can be acquired and usually no forgeries are
available in real application. In this paper, we propose a novel approach
based on Hilbert scanning patterns and Gaussian mixture models for
automatic on-line signature verification. Our system is composed of a
similarity measure based on Hilbert scanning patterns and a simplified
Gaussian mixture model for decision-level evaluation. To be practical, we
introduce specific simplification strategies for model building and train-
ing. The system is compared to other state-of-the-art systems based on
the results of the First International Signature Verification Competition
(SVC 2004). Experiments are conducted to verify the effectiveness of our
system.

Keywords: Hilbert scanning patterns, Gaussian mixture model, Hilbert
scanning distance.

1 Introduction

Biometric user recognition techniques are currently undergoing large-scale de-
ployment. Among biometrics, they can be categorized into two classes of meth-
ods: physiological and behavioral biometrics. Physiological traits including hand
and face geometry, are based on the measurement of biological properties of
users by devices like digital cameras and scanners. In contrast to physiological
systems, behavioral biometrics, such as recognition of subjects by voice or signa-
tures, require an explicit action to be performed by individuals and thus imply
awareness [1]. Signature verification is one of behavioral biometrics which has
been an intense research area because of the social and legal acceptance and
widespread use of the written signature as a personal authentication method.

Depending on the acquisition process, automatic signature verification sys-
tems are divided into two categories: on-line and off-line. In early off-line cases,
signatures are captured until the writing process is finished, thus only static
images are available. Recently, more researches focus on the online signature
verification, where signatures are acquired during the writing process with a spe-
cial instrument, such as digital tablet. In fact, dynamic information is available
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in the case of online signature verification, such as velocity, acceleration and
pressure which is more difficult to imitate than the static shape of signature.
Therefore, online signature verification can usually achieve better performance
than the offline instance. Many different approaches have been considered in the
literature in order to extract discriminative information from on-line signature
data. The existing methods can broadly be divided into two classes; i) Feature-
based approaches, in which a holistic vector representation consisting of a set of
global features is derived from the signature trajectories [2]. ii) Function-based
approaches, in which time sequences describing local properties of the signature
are used for recognition [3].

Function-based approaches can be classified into local and regional methods. In
local approaches, the time functions of different signatures are directly matched
by using elastic distance measures such as Dynamic Time Warping (DTW) [4]. In
regional methods, the time functions are converted to a sequence of vectors de-
scribing regional properties. One of the most popular regional approaches is the
method based on Hidden Markov Models (HMM) [5]. Generally, the DTW is re-
garded as a popular method, but it usually suffers from the following two draw-
backs; Heavy computational load and Warping forgeries [6]. The first one makes
the DTW time-consuming while the second makes the verification more difficult.
On the other hand, the HMM has the capability to perform stochastic matching for
a model of signature using a sequence of probability distributions of the features
along the signature. Practically, the HMM has been employed in the filed of online
signature verification for two decades and has achieved some success. However, the
HMM also has its limitations. Its poor discriminative power is fatal which limits its
application on the signature verification [7]. These models focus on local properties
of signatures such as local moving direction and shape curvature. Global features
like writing time or signature length may be incorporated to speed up verification
procedure and improve accuracy.

In the practical applications, users may feel uncomfortable if required to pro-
vide lots of samples. Only small set of signature samples can be acquired [8]. This
demands the ideal signature verification system to be simple because complex
system usually needs large training sample set. On the other hand, many exist-
ing systems require false samples, i.e., forgery signatures, for system training.
But it is actually hard to collect forgery signatures for every user in practice. So
the practical system would be more applicable if it uses forgery samples as few
as possible.

Due to the above-mentioned two considerations, we proposed a novel method
for automatic signature verification system based on Hilbert Scanning (HS) pat-
terns and GMM. The paper is organized as follows. Section 2 and Section 3 detail
the theoretical background of the Hilbert Scanning patterns and the statistical
modeling based on GMM. In Section 4 gives an overview of the proposed system
and its main components. The evaluation of decision-level combination strate-
gies are presented in Section 5. Experimental procedure and results are given in
Section 6. Finally in Section 7 we present our conclusions and suggestions for
future work.
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2 Hilbert Scanning Patterns

Space-filling curve is one-to-one mapping between N-dimensional (N-D) space
and one-dimensional (1-D) space. By mapping each point in a N-D space into a
1-D space for a single point, the complex multidimensional access methods can
be transformed into simple 1-D processing methods [9]. For this advantage, a lot
of research works have been done and there have been many space-filling curves
proposed. In 1980, the mathematician G. Peano presented a family of curves [10],
such as raster curve, Z curve and Hilbert curve. The Hilbert curve is a locus of
points in N-D space. For its special attributes, it becomes an analytical solution
of a space-filling curve. In 1891 Hilbert made a curve having the space-filling
property in 2-D space (Hilbert curve).

The N-D Hilbert scanning is regarded as a mapping from a point in N-D
space to a point in 1-D space using the Hilbert curve. Quinqueton et al. [11] pro-
posed an algorithm for computing the scan by a recursive procedure. However,
in general the recursive procedure presents a drawback for high speed computa-
tion and hardware implementation. On the other hand, a continuous one-to-one
mapping algorithm is considered by Butz [12] but this algorithm is complex.
Kamata first discussed a fast sequential algorithm with look-up tables requir-
ing little memory [13]. He also proposed an effective method for constructing
look-up tables of N-dimensional Hilbert scanning derived from reflected binary
gray codes in order to improve the performance, and also a simple non-recursive
algorithm using the look-up tables which expands the algorithm for 2-D space
to one for N-dimensional space. Fig. 1 shows how the Hilbert scan transforms
the two-dimensional space to one-dimensional sequence.

Fig. 1. The Hilbert scanning sequence

The Hilbert scan has two important features; first, extracting a group of neigh-
boring pixels having similar intensities is easier by using Hilbert scan than other
scan techniques such as raster scan, row-prime scan, Morton scan, and second
is Hilbert scan preserves the coherence in a 2-D space. That is, if the Euclidean
distance between two points in the 2-D space is small, then the scanning length
between the same pair of points in the 1-D sequence is also small.

The HS patterns using in this paper is the 1-D sequence transformed from
the 2-D space, and we use the patterns to compute the similarity measure.
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3 Gaussian Mixture Models

GMM is a well known and so much referenced technique for pattern recogni-
tion. GMM theory has been known for ages, but it was not till Expectation -
Maximization algorithm was developed [16] that it become a useful technique
for pattern recognition.

GMM can be thought of as a single state HMM, which means HMM training
methods can be applied to GMM with very little or no modification. GMM are
widely-used statistical models in many pattern recognition applications. They
are a versatile modeling tool as they can be used to approximate any probability
density function given a sufficient number of components, and impose only min-
imal assumptions about the modeled random variables. A GMM is a weighted
combination of multiple Gaussians. A distinct property of GMM is its power
to approximate any probability density. Let us denote a component GMM by
Θ = {(αl, μl, Σl) : l = 1, ..., M} . It has the general form as follows;

p(x | Θ) =
M∑

l=1

αl · p(x | μl, Σl) (1)

where x is an n-dimensional feature vector, αl is the weighted coefficient with
αl = p(l | Θ), Σαl = 1, μl and Σl are the mean vector and the covariance matrix
of the l -th Gaussian component, respectively. Each component’s distribution is
an n-variable Gaussian function. To avoid GMM learning from being stuck into
local extreme, K-means clustering is usually applied for “good” initialization.
We may choose the best combination with small intra-class distance and large
inter-class distance by exhaustive search. Note that the feature vector does not
have the same unit in each dimension. We should normalize each dimension
before computing the distance matrix between two feature vectors.

For getting this model for each user, Expectation - Maximization (EM) [16]
algorithm has been used. EM provides an easy way to estimate the three ele-
ments for GMM in an iterative mode. The elements of the models have to be
initialized. Random selection from the training data have been used to set up
the mean vectors, covariance matrix has been initialized as the unit matrix, and
each weighted coefficient is defined as 1/M. After initialization, EM iterative
algorithm is run until getting the threshold.

4 System Overview

4.1 Preprocessing

On-line signature always contains associated dynamic information [5], such as:
(i) Position in x-axis. (ii) Position in y-axis. (iii) Pressure applied by the pen.
(iv) Azimuth angle of the pen with respect to the tablet. (v) Altitude angle of
the pen with respect to the tablet.

A signature acquisition process on a restricted size frame is assumed [15]. As
a result, users are supposed to be consistent in size and writing dynamics. More-
over, a geometric normalization consisting of position normalization followed by
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rotation alignment is applied. In this paper, each signature is normalized on the
position and scale firstly.

4.2 Feature Points Extraction

Only coordinate trajectories are considered in the feature extraction process.
The feature points are defined as the peaks and valleys of the signal [6]. We
first define a rise-distance, denoted by “r”, as the amplitude from a valley to
the following peak. Similarly we define a drop-distance, denoted by “d”, as the
amplitude from a peak to the following valley. For any peak (or valley), a rise
distance can be computed at one side of the curve, while a drop-distance can
be computed at the other side of the curve. The peak or valley is marked as a
function point only if r ≥ ho, d ≥ h0 condition is satisfied; where h0 is defined as
a threshold. Small ripples are not considered as feature points. This is because
small ripples are unreliable most of the time. In the project, the threshold h0 is
chosen as one pixel. Hence any ripples with rise or drop distance less than h0 will
not the counted as feature points. Our simple feature points extracting function
can identify the important peaks and valleys along the signal, while excluding
the small ripples, as shown in Fig. 2.

Fig. 2. Examples of peaks, valleys and ripples

4.3 Data Training Procedure

We have two training procedure for Hilbert scanning patterns and Gaussian mix-
ture models respectively. First, we use the Hilbert scanning algorithm to convert
the feature points in 2-D space into 1-D sequence. Then, the training procedure
of Hilbert scanning patterns consist first 10 genuine signatures for each user and
compute the Hilbert scanning distance between each two signatures to represent
the Hilbert threshold of each user. In the GMM training, we also apply first 10 sig-
natures of each user for modeling. Every single user will have his/her own model,
we will use Θ as the notation to reference each user GMM as defined in eq.1.

5 Evaluation

5.1 Hilbert Scanning Distance

In this paper, we use the Hilbert Scanning Distance which is a distance measure
using the Hilbert curve to measure the similarity. Hilbert Scanning Distance
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can be viewed as a special Hausdorff distance extended to the 1-D space. We
use the Hilbert curve to convert the two-dimensional (2-D) searching space into
a one-dimensional (1-D) sequence. An important feature of Hilbert scanning is
that it can preserve the coherence in the 2-D image. Thus, the distance between
two points in the 2-D space can be migrated into a 1-D sequence. In the 1-
D sequence, we only need to consider front and back neighborhood instead of
multi-neighborhood in the 2-D space, which means searching many fewer points
when computing the distance.

Assume that we are given two finite point sets: A = {a1, ..., aI} and B =
{b1, ..., bJ} such that each point a ∈ A and b ∈ B has integer coordinates in
the 2-D space. We firstly use Hilbert scanning to convert them to new sets
S = {s1, ..., sI} and T = {t1, ..., tJ} in the 1-D sequence, respectively. Then, the
directed Hilbert scanning distance from A to B, hhsd(A, B) is computed by;

hhsd(A, B) =
1
I

I∑

i=1

ρ(min
j

‖si − tj‖) (2)

where ‖ · ‖is the Euclidean norm distance in the 1-D space and function ρ is
defined as;

ρ(x) =
{

x (x ≤ τ)
τ (x > τ) (3)

where ρ is called threshold elimination function and τ is a threshold prede-
fined. We also can obtain the directed Hilbert scanning distance from B to A,
hhsd(B, A) similarly and Hilbert scanning distance is defined by;

Hhsd(A, B) = max(hhsd(A, B), hhsd(B, A)) (4)

5.2 GMM Similarity

GMM is a weighted combination of multiple Gaussians. A distinct property of
GMM is its power to approximate any probability density. Denote a component
GMM by the notation. Θ = {(αl, μl, Σl) : l = 1, ..., M} . It has the general form
as follows;

p(x | Θ) =
M∑

l=1

αl · p(x | μl, Σl) (5)

Every single user will have his/her own model, and we will compute the sim-
ilarity between the model and training data to get a GMM threshold of each
user for the testing procedure.

6 Experiments

6.1 Database Description

There are not many signature databases publicly available at the moment for
research purposes. As a result, the common practice in on-line signature recogni-
tion research is to evaluate the proposed recognition strategies on small data sets
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acquired at the different research laboratories. In this environment, the First In-
ternational Signature Verification Competition (SVC 2004) has been organized
[14] providing a common reference for system comparison on the same signature
data and evaluation protocol.

Development corpus of the extended task (including coordinate and timing
information, pen orientation and pressure) is used in the experiments that follow.
The database 1 used in this experiment consists 5 sets of signatures, the database
2 consists of 40 sets of signatures (Task1 in SVC2004), and the database 3
includes 40 sets of signatures (Task2 in SVC2004). Each set contains 20 genuine
signatures from one contributor (acquired in two separate sessions) and 20 skilled
forgeries from five other contributors.

(a) (b) (c)

Fig. 3. (a) shows the Chinese sample of the dataset, (b) shows the English sample of
the dataset and (c) shows the trajectories of x(t) and y(t) of the dataset

The signatures are mostly in either English or Chinese. Some examples are
shown in Fig. 3 for two different targets of the data set. Plots of the coordinate
trajectories are also given.

6.2 Experimental Results

The following tables show the experimental results of the system. The results in
terms of the equal error rate (EER) obtained by GMM and proposed method are
presented in Table 1. This experiment uses 10 genuine signatures for training,
the last 10 genuine signatures and 20 skilled forgery signatures for testing. For
skilled signatures, the proposed method acquires the better equal error rate than
GMM method.

Random forgeries are also taken into consideration here. We randomly select
20 signatures from other subjects in database for each signer as imposter data.
Table 2 shows another experimental result which uses 10 genuine signatures for
training, the last 10 genuine signatures and 20 random forgery signatures for
testing.

Comparison between our system and the best 5 system competing in SVC2004
task1 and task2, which are following the same experimental protocol, is also given
in Table 3 and Table 4. From Table 3 and Table 4, we can see that proposed
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Table 1. Error rate of methods for skilled forgeries (Training data=10 samples, testing
data=10 genuine + 20 skilled forgeries)

Method\EER Database1 Database2 Database3

GMM method 16% 15.58% 14.41%
Proposed method 4.6% 6.08% 5.83%

Table 2. Error rate of methods for random forgeries (Training data=10 samples, test-
ing data=10 genuine + 20 random forgeries)

Method\EER Database1 Database2 Database3

GMM method 12.6% 9.0% 11.1%
Proposed method 4.6% 3.98% 3.25%

Table 3. Error rate of methods using database2 (Training data=10 samples, testing
data=10 genuine + 20 forgeries)

Team id 10 genuine signatures 10 genuine signatures
+ 20 skilled forgeries + 20 random forgeries

106 5.50% 3.65%
Proposed method 6.08% 3.98%

126 6.45% 3.49%
124 7.33% 2.93%
115 9.80% 2.90%

Table 4. Error rate of methods using database 3 (Training data=10 samples, testing
data=10 genuine + 20 forgeries)

Team id 10 genuine signatures 10 genuine signatures
+ 20 skilled forgeries + 20 random forgeries

Proposed method 5.83% 3.25%
219b 6.90% 3.02%
219c 6.91% 3.47%
206 6.96% 2.93%
229 7.64% 4.45%

method gives a better performance in database 2 (Task 1 in SVC 2004) and also
performs well both in skilled forgeries and random forgeries in database 3 (Task
2 in SVC 2004).

7 Conclusion

In this paper, we proposed a novel algorithm based on Hilbert scanning patterns
and Gaussian mixture models for signature verification system. Proposed method
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has two main procedures including training procedure and testing procedure.
For training procedure, we compute the Hilbert threshold and GMM threshold
representing the similarity. In testing procedure, we proposed a two-stage model
to verify the signatures by Hilbert threshold and GMM threshold. The system
shows that we can use the fewer features to get the better performance, yielding
not only high recognition rate but also less processing time on public database
SVC2004.

The possible improvement on this work mainly lies in the combination of the
decision. The decision making based on the combined verification is straight-
forward which need more investigation for improvement. We consider that the
threshold variation of every parameter is related to this problem. Examination
of a policy to equalize a threshold variation every such parameter is a problem.
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