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Abstract. We study two embedding problems for upward planar digraphs. Both
problems arise in the context of drawing sequences of upward planar digraphs
having the same set of vertices, where the location of each vertex is to remain
the same for all the drawings of the graphs. We develop a method, based on the
notion of book embedding, that gives characterization results for embeddability
as well as testing and drawing algorithms.

1 Introduction

In the upward point-set embeddability problem with mapping the input is an upward
planar digraph G with n vertices, a set S of n distinct points in the plane, and a mapping
Φ from the vertices of G to the points of S. The desired output is an upward planar
drawing of G with the vertices located at the points of S assigned by the mapping. Not
all instances of this problem admit a solution, as shown in Fig. 1(a) (there is no choice
of upward direction with respect to which the location of vertex 1 is lowest).

(a) (b)

Fig. 1. (a) An upward planar digraph G, a set S of points, and a mapping of the vertices to the
points of S such that an upward point-set embedding of G on S does not exist. (b) Two upward
planar digraphs whose union is acyclic but that do not admit an upward consistent simultaneous
embedding.
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In the upward consistent simultaneous embeddability problem the input is a sequence
of upward planar digraphs that have the same vertex set. The desired output is a set S
of points in the plane and a mapping from the vertices to the points such that all the
digraphs have an upward point-set embedding on S with respect to a common, upward
direction. Clearly, a solution exists only if the union of the digraphs is acyclic. However,
this condition is not sufficient: the union of the two digraphs of Fig. 1(b) is acyclic, yet,
as can be checked by straightforward case analysis, there is no simultaneous upward
embedding with respect to a common direction.

Note that in the first problem, referred to as the point-set embeddability problem for
short, the desired locations of the vertices are specified by Φ in the problem input, and
only one graph is given. In the second problem, referred to as the simultaneous em-
beddability problem for short, the locations for the vertices are to be computed, and
several graphs are given in the input. These problems arise in the context of computing
drawings for a set or sequence of graphs under two different scenarios. In the first sce-
nario, the graphs are specified one at a time, and the vertex locations for the drawing
of the first graph determine the vertex locations for all the remaining drawings. Hence
for each graph after the initial one, the locations for its drawings are specified. This
gives rise to the point-set embeddability problem. An example of this scenario is pro-
vided by the visual analysis of self-modifiable code, based on computing a sequence of
drawings whose edges are defined at run-time (see, e.g., [9]). In the second scenario,
the graphs are all known from the outset. This gives rise to the simultaneous embed-
dability problem. This scenario occurs, for example, in the visual comparison of several
phylogenetic trees proposed for the same organisms.

1.1 Summary of Main Results

Our first main result, of interest on its own, provides a tool for obtaining the others.
Namely, in Sect. 3, we prove that a planar st-digraph together with any given topologi-
cal numbering ρ admits an upward topological book embedding such that the ordering
of the vertices along the spine is ρ. The number of spine crossings per edge is at most
2n − 4, which is asymptotically worst-case optimal (n is the number of vertices).

For the point-set embeddability problem, we characterize in Sect. 4 those instances
that admit a solution, providing an O(n2)-time drawing algorithm that produces at most
2n− 3 bends per edge, which is worst-case asymptotically optimal. Then in Sect. 5 we
give an O(n3)-time testing algorithm.

For the simultaneous embedding problem, in Sect. 6 we give a combinatorial char-
acterization of instances that admit a solution.

1.2 Related Results

Both the embeddability problems we consider have mainly been studied for planar undi-
rected graphs. In that case, Halton [9] proved that every instance of the point-set em-
beddability problem has a solution. Pach and Wenger [13] showed that solutions can
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require Ω(n) bends per edge and showed how to construct drawings with at most O(n)
bends per edge. See [1] for recent extensions and improvements. See Frati, Kaufmann,
and Kobourov [5] for an extensive survey of simultaneous embeddability problems.
Simultaneous embeddability for upward planar digraphs has been recently undertaken
in [6], but for two digraphs, and without the requirement for the same choice of upward
direction.

For book embeddings, see, e.g., [4,6] for the notion of an upward planar drawing
where the vertices are aligned along a spine in a specified order, and edges are drawn
as monotone curves that can cross the line. See [1] for results on book embeddings of
undirected planar graphs.

For reasons of space, some proofs have been omitted and can be found in [7].

2 Preliminaries

We assume familiarity with basic graph drawing terminology [2,12]. A digraph is a
directed graph. Let G be a digraph and let u, v be any two vertices of G; (u, v) denotes
the directed edge from u to v. A topological ordering of a planar digraph G with n
vertices is a mapping ρ of its vertices to distinct integers such that for every edge (u, v)
we have ρ(u) < ρ(v). A topological numbering is a topological ordering where the
vertices are mapped to integers 1, . . . , n. Let u and v be two vertices of a digraph with a
given topological numbering ρ; if ρ(u) < ρ(v) we say that u precedes v. A topological
numbering of a planar digraph with n vertices can be computed in O(n) time using
standard graph search techniques [3].

A drawing of a digraph G maps each vertex of G to a distinct point in the plane and
each edge (u, v) of G to a simple Jordan curve oriented from the point representing
u to the point representing v. A drawing of a digraph is planar if no two edges cross
each other. A planar drawing Γ of a digraph G partitions the plane into topologically
connected regions called the faces. The unbounded face is called the external face. A
planar drawing of a digraph is upward if all of its edges are monotonically increasing
in a common direction which is called the upward direction of the drawing. A digraph
that admits an upward planar drawing is said to be upward planar. Let Γ be an upward
planar drawing of an upward planar digraph G. Γ induces two linear lists of incoming
and outgoing edges incident on each vertex v of G. An upward planar embedding of an
upward planar digraph G is an equivalence class of upward planar drawings that induce
the same two linear lists for each vertex of G and define the same external face. An
upward planar digraph G with a given upward planar embedding is called an upward
planar embedded digraph.

An st-digraph is a biconnected acyclic digraph with exactly one source s and ex-
actly one sink t, and such that (s, t) is an edge of the digraph. A planar st-digraph is
an st-digraph that is planar and embedded with vertices s and t on the boundary of the
external face. A planar st-digraph is said to be maximal if all its faces are triangles, i.e.
the boundary of each face has exactly three vertices and three edges. Given any planar
st-digraph G with n vertices along with a topological ordering of its vertices, by using
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standard visit techniques, one can augment G by adding edges in O(n) time such that
the resulting digraph has the same vertex set as G, is a maximal planar st-digraph, and
preserves the given topological ordering. Hence from now on, we assume without loss
of generality that planar st-digraphs are maximal.

Lemma 1. [3] Let G be a planar acyclic digraph. G is upward planar if and only if it
is the spanning subgraph of a planar st-digraph.

A planar st-digraph that includes G as a spanning subgraph is called an including pla-
nar st-digraph of G.

3 Upward Topological Book Embeddings

An upward topological book embedding of a planar st-digraph G is an upward pla-
nar drawing Γ of G such that: (i) The vertices of Γ lie on an oriented line called the
spine of Γ ; (ii) Each edge (u, v) of G is represented in Γ as a sequence of semi-circles
c1, c2, . . . ck such that consecutive semi-circles lie on different half-planes and share
a point along the spine, called a spine crossing of the edge. An example of an up-
ward topological book embedding with the spine oriented according to increasing y-
coordinate is given in Fig. 2. In the figure, edge (5, 7) consists of the concatenation of
three semi-circles and has two spine crossings, while edge (1, 3) does not have spine
crossings.

In this section we show that for any given topological numbering ρ, a planar st-
digraph always admits an upward topological book embedding such that a vertex v
precedes a vertex w along the spine if and only if ρ(v) < ρ(w). We call this type of
drawing a ρ-constrained upward topological book embedding. This can be viewed as a
constrained counterpart of [14].

Fig. 2. An upward topological book embedding of the maximal planar st-digraph in Fig. 3(a).
The vertices are ordered along the spine according to the indices of the vertices in Fig. 3(a). The
drawing is computed by using the drawing algorithm of Theorem 1.
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3.1 Dual Digraph and k-Facial Subgraph

Let G be a maximal planar st-digraph. For each edge e = (u, v) of G, we denote by
left(e) (resp. right(e)) the face to the left (resp. right) of e in G. Let s∗ be the face
right((s, t)), and let t∗ be the face left((s, t)). In the rest of this section we assume
that t∗ is the external face of G. Faces s∗ and t∗ are highlighted in Fig. 3(a). Let G be a
maximal planar st-digraph. The dual of G is the planar st-digraph denoted as G∗ such
that: (i) G∗ has a vertex for each face of G; (ii) G∗ has an edge e∗ = (left(e), right(e)),
for every edge e �= (s, t) of G; (iii) G∗ has source s∗, sink t∗, and it has edge (s∗, t∗) on
its external face. Figure 3(b) depicts with dashed edges the dual digraph of the digraph
of Fig. 3(a).

(a) (b) (c)

Fig. 3. (a) A planar st-digraph G with a topological numbering of its vertices. (b) Planar st-
digraph G (solid) and its dual (dashed). The vertices of the dual are numbered according to a
topological numbering. (c) The 5-facial subgraph of the maximal planar st-digraph in (a).

Property 1. Let G be a maximal planar st-digraph and let G∗ be the dual digraph of G.
Graph G∗ is a planar st-digraph (without multiple edges) with source s∗ and sink t∗.

Let G be a maximal planar st-digraph and let G∗ be the dual of G. Let {v∗1 = s∗, v∗2 ,
. . . , v∗r = t∗} be the set of vertices of G∗ where the indices are given according to a
topological numbering of G∗. See, for example, Fig. 3(b), where the vertices of the dual
are numbered according to a topological numbering. By definition of dual st-digraph, a
vertex v∗i of G∗ (1 ≤ i ≤ r) corresponds to a face of G; in the remainder of this section
v∗i both the vertex of the dual digraph G∗ and its corresponding face in the primal
digraph G. Let Vk be the subset of the vertices of G that belong to faces v∗1 , v∗2 , . . . , v∗k.
The subgraph of G induced by the vertices in Vk is called the k-facial subgraph of G
and is denoted as Gk . Face v∗k is called the k-th face of G. Figure 3(c), for example,
shows the 5-facial subgraph of the maximal planar st-digraph depicted in Figure 3(a).

Lemma 2. [6] Let G be a maximal planar st-digraph with r faces, let Gk−1 be the
(k−1)-facial subgraph of G (2 ≤ k ≤ r) and let Gk be the k-facial subgraph of G. Let
v∗k be the k-th face of G consisting of edges (w, w′), (w′, w′′), and (w, w′′). One of the
following statements holds. (S1): (w, w′) and (w′, w′′) are edges of the external face
of Gk−1; (w, w′′) is an edge of the external face of Gk. (S2): (w, w′′) is an edge of the
external face of Gk−1; (w, w′) and (w′, w′′) are edges of the external face of Gk.
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Lemma 3. [6] Let G be a maximal planar st-digraph with r faces and let Gk be the
k-facial subgraph of G (1 ≤ k ≤ r). Gk is a planar st-digraph.

3.2 ρ-Constrained Upward Topological Book Embeddings

Let Γ be an upward topological book embedding of a planar st-digraph G, let Λ be
the spine of Γ , and let p1 and p2 be two vertices or two spine-crossings of Γ . Assume
without loss that Λ is vertical. The notation p1 < p2 means that p1 precedes p2 along
the spine of Γ . We denote with (p1, p2) a semi-circle in Γ (either an edge or a portion
of an edge) with antipodal points p1 and p2 such that p1 < p2. We say that any point p
of Λ is covered if there exists a semi-circle (p1, p2) in the half-plane on the right-hand
side of Λ such that p1 < p < p2. Otherwise, we say that p is visible. For example,
vertex 3 of Fig. 2 is covered while vertex 4 is visible.

Let p1, p2 be two points on the spine of Γ . We say that segment p1p2 is a maximal
covered segment if every point p such that p1 < p < p2 is covered and there are no other
segments q1q2 with q1 ≤ p1 < p2 ≤ q2 such that this same property holds. Similarly,
p1p2 is a maximal visible segment if all of its points are visible and it is not a subset
of another visible segment. For example, segment p1p2 in Fig. 2 is a maximal visible
segment. Let v be a point of Λ that represents a vertex of G. We say that v has an upper
pocket if there exists a maximal visible segment p1p2 such that: (i) v ≤ p1 < p2, (ii) no
semi-circle (either in the left or in the right half-plane defined by Λ) has an end-point in
p1p2, and (iii) there is no vertex u such that v < u ≤ p1 < p2. For example, segment
p1p2 in Fig. 2 is the upper pocket of vertex 5 but it is not the upper pocket of vertex 4.
Similarly the lower pocket of a vertex v in Γ is defined by considering maximal visible
segments below v. Segment p1p2 in Fig. 2 is the lower pocket of vertex 6.

Theorem 1. Let G be a maximal planar st-digraph and let ρ be a topological number-
ing of G. G admits a ρ-constrained upward topological book embedding with at most
2n−4 spine crossings per edge, which is asymptotically worst-case optimal. Also, such
a ρ-constrained upward topological book embedding can be computed in O(n2) time.

Proof. We compute a ρ-constrained upward topological book embedding Γ ρ of G by
maintaining the following invariant properties: (I1): Every vertex has a lower pocket
and an upper pocket. (I2): For every maximal covered segment p1p2, there exists a
vertex v of G such that p1 < v < p2.

We proceed by induction on the number of internal faces of G.

Base Case: Refer to Fig. 4(a). Suppose Ghas exactly one internal face v∗ and let{s, t, w}
be the vertices of the boundary of face v∗. Let Λ be a vertical line in the plane. Draw s,
t and w along Λ such that s < w < t. Draw edges (s, t), (s, w) and (w, t) as the semi-
circles (s, t), (s, w) and (w, t) respectively, in the half-plane on the left-hand side of
Λ. By construction, the resulting drawing is a ρ-constrained upward topological book
embedding. Also, segment sw is a lower pocket for w and an upper pocket for s, while
segment wt is an upper pocket for w and a lower pocket for t. The upper pocket for t and
the lower pocket for s are the half lines above t and below s, respectively. Thus Property
I1 holds. Property I2 holds since there are no covered segments in this case.
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(a) (b) (c) (d)

Fig. 4. Four steps of the algorithm in the proof of Theorem 1 applied to the digraph in Fig. 3(a)

Inductive case: Suppose by induction that a ρ-constrained upward topological book
embedding of G satisfying Properties I1 and I2 can be computed when G has k − 1
faces and assume that G has k faces (k > 1). Let G∗ be the dual of G and let {v∗1 =
s∗, v∗2 , . . . , v∗k = t∗} be the vertex set of G∗, where the indices are given according to
a topological numbering of G∗. Also, let Gk−1 be the (k − 1)-facial subgraph of G.
By definition and by Lemma 3, Gk−1 is a planar st-digraph with exactly k − 1 inter-
nal faces. By the inductive hypothesis there exists a ρ-constrained upward topological
book embedding Γ ρ

k−1 of Gk−1 satisfying Properties I1 and I2. Since G has k internal
faces, the k-facial subgraph of G is G itself. Let v∗k be the k-th face of G consisting
of edges (w, w′), (w′, w′′), and (w, w′′) (see also Fig. 4). Let Λ be the spine of Γ ρ

k−1.
We show how to compute a ρ-constrained upward topological book embedding Γ ρ of
G satisfying Properties I1 and I2, by adding face v∗k to Γ ρ

k−1. We distinguish two cases
depending on whether the k-th face of G satisfies Statement S1 or Statement S2 of
Lemma 2.

Statement S1 of Lemma 2 holds. Refer to Fig. 4(d) where v∗k is face v∗4 and we need to
insert edge (1, 5). Let j be the number of vertices between w and w′′ along Λ. Suppose
j = 1. Since w, w′ and w′′ are on the external face of Gk−1, by Property I1 there
are no endpoints of semi-circles on segments ww′ and w′w′′. Choose two arbitrary
points p and p′ such that w < p < w′ < p′ < w′′. Draw edge (w, w′′) as three semi-
circles (w, p),(p, p′),(p′, w′′), respectively in the half-planes on the left hand-side, right
hand-side, and left hand-side of Λ. The resulting drawing Γ ρ is a ρ-constrained upward
topological book embedding of G. Also, Property I1 holds, since wp is an upper pocket
for w and a lower pocket for w′ and p′w′′ is an upper pocket for w′ and a lower pocket
for w′′. Furthermore, pp′ is a maximal covered segment and indeed w is such that
p < w < p′. Thus, Property I2 holds.

If the number of vertices between w and w′′ along Λ is j = h − 1 (2 < h < n) then
edge (w, w′′) can be added to Γ ρ

k−1 such that the resulting drawing is a ρ-constrained
upward topological book embedding satisfying Properties I1 and I2. Assume j = h.
Let p be the point of Λ above w such that wp is the upper pocket of w.
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Two cases are possible: (i) p is the point representing vertex w′; (ii) p is an endpoint
of a semi-circle (p, p′) in the half-plane on the right-hand side of Λ. We can deal with
cases (i) and (ii) at once, since case (i) can be seen as a special instance of case (ii),
where p and p′ coincide with vertex w. Thus, suppose case (ii) holds and let (q, q′)
be a semi-circle of Γ ρ

k−1 in the half plane on the right-hand side of Λ. Points q and
q′ cannot be such that q < p < q′ since every point of wp must be visible from the
right-hand side, and they cannot be such that p < q < p′ < q′ since in this case
there would be a crossing between semi-circles (q, q′) and (p, p′). Therefore, pp′ is a
maximal covered segment of Γ ρ

k−1. Hence, by Property I2, there must exist a vertex v
of Gk−1 such that p < v < p′ in Γ ρ

k−1. Also, by Property I1, there exists a point p′′ of
Λ such that p′p′′ is the upper pocket of v. Let p̃ and p̃′ be arbitrary points of Λ such that
w < p̃ < p < p′ < p̃′ < p′′.

We draw edge (w, w′′) by splitting it into two edges: An edge from w to p̃′ and
an edge from p̃′ to w′′. Since there are exactly h − 1 vertices between p̃′ and w′′,
edge (p̃′, w′′) can be added to Γ ρ

k−1 so that the resulting drawing is a ρ-constrained
upward topological book embedding satisfying Properties I1 and I2. Notice that, as a
consequence of Property I1, there must exist a point p′′ with p̃′ < p′′ such that p̃′p′′
is an upper pocket for p̃′, which means that the first semi-circle of edge (p̃′, w′′) is in
the half-plane on the left hand-side of Λ. Now, draw edge (w, p̃′) as two semi-circles
(w, p̃) and (p̃, p̃′) in the half planes on the left-hand side and on the right-hand side of Λ,
respectively. Semi-circles (w, p̃) and (p̃, p̃′) do not cross any other semi-circle of Γ ρ

k−1.
Also, Properties I1 and I2 hold for w and v. Indeed, segment wp̃ is an upper pocket for
w and a lower pocket for v while segment p̃′p′′ is an upper pocket for v. Property I2

holds for v as segment p̃p̃′ is a maximal covered segment and v is such that p̃ < v < p̃′.
Therefore, the semi-circles we have drawn preserve planarity and respect Properties I1

and I2. It follows that edge (w, w′′) has been drawn as a monotone curve from w to
w′′ formed by a sequence of semi-circles c1, c2, . . . c2h+1 such that consecutive semi-
circles lie on different half-planes, share only a spine crossing along Λ, do not cross
other semi-circles and Properties I1 and I2 hold. The resulting drawing Γ ρ is thus a ρ-
constrained upward topological book embedding of G satisfying Properties I1 and I2.

StatementS2 of Lemma 2 holds. Refer also to Fig. 4(b) and Fig. 4(c). Letv be the vertex
of Gk−1 having the largest number in the topological numbering such that ρ(v) < ρ(w′).
Let p1p2 be the upper pocket of v. Draw vertex w′ such that p1 < w′ < p2. Segment
p1w′ is both the new upper pocket of v and the lower pocket of w′ while segment w′p2

is the upper pocket of w′. Thus, the drawing is a ρ-constrained upward topological book
embedding satisfying Properties I1and I2. Draw edge (w, w′)by the same technique as in
the previous case. The same reasoning proves that the resulting drawing is a ρ-constrained
upward topological book embedding satisfying Properties I1 and I2. The same argument
applies to edge (w′, w′′). The final drawing is thus a ρ-constrained upward topological
book embedding of G satisfying Properties I1 and I2.

It remains to prove the time complexity of the algorithm and the number of spine
crossings per edge of the drawing. The dual digraph of G and a topological numbering
of its vertices can be computed in linear time. Indeed, by Property 1, the dual of G
is a planar st-digraph without multiple edges. Also, each edge (u, v) is drawn by the
algorithm so that for every vertex w with u < w < v there are exactly two spine
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crossings p1 and p2 with p1 < w < p2. It follows that the number of spine crossings
per edge is at most 2(n − 2) = 2n − 4; we also remark that Ω(n) bends are known
to be necessary for constructing topological book embeddings with a fixed ordering
of undirected planar graphs [1]. Finally, the time complexity of the described drawing
algorithm is O(m · n) that is equal to O(n2) since G is a planar graph.

4 Upward Point-Set Embeddability with a Given Mapping Φ

We first study the special case that the points of S are collinear and that the input graph
is a planar st-digraph, and then study general upward planar digraphs and points in
general position.

4.1 Collinear Points and Planar st-Digraphs

Assume without loss that p1, . . . , pn are vertically aligned. We associate each point pi

of S with an integer in the set {1, . . . , n} such that point pi is given integer k if pi is
the k-th point of S that we encounter moving along the increasing y-direction. We also
consistently assign numbers to the vertices v1, . . . , vn: If point pi = Φ(vj) has been
given integer k, then also vj is given integer k. See Fig. 5(a) for an example. We call
such a numbering of the vertices of G the Φ-numbering of G and we call Φ-number
of vj the number assigned to vertex vj . We say that mapping Φ induces a topological
numbering of G if the Φ-numbering of G is also a topological numbering of G. For
example, the Φ-numbering of Fig. 5(a) does not induce a topological numbering of G.

The characterization almost immediately follows from the result in Sect. 3 concern-
ing ρ-constrained upward topological embeddability and from the observation that the
y-coordinates of the vertices in an upward planar drawing induce a topological number-
ing of the graph.

Lemma 4. Let G be an upward planar digraph with n vertices, S = {p1, . . . , pn}
a set of vertically aligned points and Φ a mapping from G to S. Let Γ be an upward
topological book embedding of G such that: (i) the maximum number of spine crossings
per edge of Γ is k; (ii) for every pair of vertices u and v of G such that u < v along
the spine of Γ , the Φ-number of u is smaller than the Φ-number of v. Then G admits an
upward point-set embedding on S consistent with Φ, with at most k +1 bends per edge.

Theorem 2. Let G be a planar st-digraph with n vertices; let S be a set of n distinct
collinear points in the plane; let Φ be a mapping from G to S. G admits an upward
point-set embedding on S consistent with Φ if only if Φ induces a topological numbering
of G. Also, such an upward point-set embedding of G on S can be computed in O(n2)
time with at most 2n − 3 bends per edge, which is asymptotically worst-case optimal.

4.2 Points in General Position and Upward Planar Digraphs

In this section we extend Theorem 2 by characterizing when mapping Φ guarantees
the upward point-set embeddability of a (not necessarily st-) upward planar digraph G
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(a) (b)

Fig. 5. (a) A planar st-digraph G, a set S of distinct collinear points in the plane and the Φ-
numbering of G. (b) A digraph G and a set S of points in the plane. Mapping Φ induces a
topological numbering of G on �, whereas it does not induce a topological numbering of G on �′.

on a set S of (not necessarily collinear) points. Let � be a directed line. We denote as
S� = {p′1, . . . , p′n} the collinear set of points obtained by orthogonally projecting S
onto �; we assume that the direction of � is such that when projecting S on � no two
projected points coincide. Also, let Φ� be the mapping from G to S� that associates
each vertex v of G with the projection of Φ(v) on �. We say that mapping Φ induces
a topological numbering of G on � if mapping Φ� induces a topological numbering of
G. For example, Fig. 5(b) shows the digraph G, the set S and the mapping Φ from
G to S defined by associating every vertex of G with the point of S having the same
index; also, two directed lines � and �′ are depicted such that Φ induces a topological
numbering on � while it does not induce a topological numbering on �′.

Theorem 3. Let G be an upward planar digraph with n vertices, S a set of n distinct
points in the plane, and Φ a mapping from G to S. G admits an upward point-set
embedding consistent with Φ if and only if there exists an including planar st-digraph
G′ of G and a directed line � such that Φ induces a topological numbering of G′ on �.
Also, such an upward point-set embedding of G on S can be computed in O(n2) time
with at most 2n− 3 bends per edge, which is asymptotically worst-case optimal.

We remark that the number of bends per edge stated in Theorem 3 improves by a con-
stant factor the best known upper bound of 3n + 2 for the point-set embeddability with
mapping of undirected planar graphs (Theorem 4 of [1]).

5 Testing Upward Point-Set Embeddability

Theorem 3 naturally raises the question about how to efficiently test whether an upward
planar digraph G with n vertices admits an upward point-set embedding consistent
with a given mapping Φ on a set S of n distinct points. By Theorem 3, it suffices to test
whether there exist an including planar st-digraph G′ of G and a directed line � such
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that Φ induces a topological numbering of G′ on �. Therefore, we consider every di-
rected line � such that Φ induces a distinct Φ�-numbering. For each such Φ�-numbering,
we check whether it is a topological numbering of G and, if so, we verify whether
there exists an including planar st-digraph of G that preserves it. The following lemma
strongly relies on results by [10,11] concerning level planarity testing and embedding;
its proof is omitted from this abstract.

Lemma 5. Let ρ be a Φ�-numbering. There exists an O(n)-time algorithm that tests
whether ρ is a topological numbering of G and, if so, whether there exists an including
planar st-digraph of G that preserves ρ.

To compute all possible Φ�-numberings we must consider all possible directed lines
such that the orthogonal projections of the points on these lines produce different per-
mutations of the points. This is equivalent to computing the well-known circular se-
quence of permutations associated with point set S (see, e.g. [8]).

Lemma 6. [8] Let S be a set of n distinct points in the plane. The circular sequence of
permutations associated with S has cardinality O(n2) and can be computed in O(n2)
time.

Theorem 4. Let G be an upward planar digraph, S = {p1, . . . , pn} a set of n distinct
points in the plane, and Φ a mapping from G to S. There exists an O(n3)-time algorithm
that tests whether G admits an upward point-set embedding on S consistent with Φ.

6 Upward Consistent Simultaneous Embeddability

The following theorem characterizes the upward simultaneous embeddability of a se-
quence of upward planar digraphs with respect to the same direction.

Theorem 5. A sequence G1, G2, . . . , Gk of distinct upward planar digraphs sharing
the same vertex set admits an upward consistent simultaneous embedding with respect
to the same direction if and only if there exists a sequence G′

1, G
′
2, . . . , G

′
k such that:

(i) G′
i is an including planar st-digraph of Gi, and (ii)

⋃k
i=1 G′

i is acyclic.

Proof. If the sequence G1, G2, . . . , Gk admits the desired embedding, then each draw-
ing is an upward planar drawing of Gi (1 ≤ i ≤ k) and has an including planar st-
digraph by Lemma 1. Since all drawings have the same direction of upwardness, the
union of these planar st-digraphs is acyclic.

Let n be the number of vertices in each graph of the sequence and let G′ be the
union digraph, that is G′ =

⋃k
i=1 G′

i. Assume that G′ is acyclic and let ρ be a topo-
logical numbering of G′. Note that ρ is a topological numbering of each G′

i. Compute
a ρ-constrained upward topological book embedding for each G′

i by using Theorem 1.
Define a set of n distinct points in the plane having consecutive y-coordinates from 1 to
n. Define a mapping Φ that associates every vertex of G′

i having number h in the topo-
logical numbering with the point of S having y-coordinate equal to h. By Theorem 3
each G′

i has an upward point-set embedding consistent with Φ such that the edges are
monotonically increasing with the y-direction.
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7 Open Problems

We conclude with three open problems: (1) For upward point-set embedding with a
given mapping, minimize the total number of bends; (2) Improve the time complexity
in Theorem 4; and (3) Design a fast test for upward simultaneous embeddability with
respect to the same direction (we have linear time results for the case of switch-regular
digraphs).
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