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Abstract. This work faces the problem of 3D shape clustering when the whole 
surface information is available. The key of our method is to use a flexible fea-
ture, called Cone-Curvature, which provides local and extended information 
around every node of the mesh that represents the object. Thus as we increase 
the region around a node a new order of CC can be calculated. This feature, 
which was originally defined on spherical representation, has been adapted to 
work with standard triangular meshes and it is used for defining a similarity 
measure between shapes. Through a PCA technique, the dimensionality of the 
shape representation is drastically reduced and the hierarchical grouping can be 
efficiently carried out. This method has been tested under real conditions for a 
wide set of free shapes yielding promising results. We present a discussion of 
the clustering comparing human and computer results. 
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1   Introduction 

3D shape clustering is an old topic on which many researchers continue working. 
From a human viewpoint the similarity is an ambiguous and relative concept. Intui-
tively, we put two objects in the same group taking into account the external ap-
pearance or some local/global features, but we can not be sure if we are right. Thus, 
different results depending on the perception of each person may be obtained [1]. 
Anyway, the similarity between two shapes is usually determined as a distance 
between some extracted features. 

Roughly speaking, the clustering's goal is to achieve the best partition over a set of 
objects stored on a database in terms of similarity. For partitioning we need to extract 
or define features of each object in such a way as to be well characterized. 

Similarity-base clustering is a simple technique that uses a similarity measure to 
guarantee if two objects are similar enough to put them in the same cluster. The simi-
larity measure is usually defined through features of the object. In this sense, a good 
similarity measure is essential to carry out further clustering tasks. 

As we know, there is a wide variety of approaches that propose different solutions 
to compare objects. In 3D environments, most of them use representation models 
based on geometrical descriptors and establish similarity relationships by means of 
feature matching procedures. 
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Local features describe the geometry of little regions close to a set of nodes (or ver-
tices) of the mesh that represent the object. Thus, every point of the surface of the 
object has knowledge of the features of its immediate neighbours. Geometrical fea-
tures such as simplex angle [2], curvature index [3] and integral Gaussian curvature 
[4], [5] correspond to these kinds of features. For a mesh representation, this means 
that a given node is handled as a single item isolated from the complete mesh and 
without any relationship to the remaining nodes. Usually these techniques are ad-
dressed to solve recognition and pose problems in occlusion circumstances more than 
for clustering purposes. Some of the most known techniques are as follows. Dorai and 
Jain  [6] use a local curvature feature called shape index and define a disimilarity 
measure by comparing their histograms for several moments. Johnson and Hebert [7] 
compare two objects through spin image concept. In [8,9] (Yamany and Farag) a 
representation that stores surface curvature information from certain points, produces 
images, called surface signatures, at these points. As a result of this, a standard 
Euclidean distance to match objects is presented. Chua and Jarvis code surroundings 
information at a point of the surface through a feature called Point Signature [10]. 

On the other hand, methods that consider global characteristics are more suitable 
for carrying out clustering solutions because, contrary to local strategies, they define 
the whole shape and are not correlated with the observer viewpoint. Vandeborre, 
Couillet and Daoudi [11] obtain three distances by comparing local and global feature 
histograms. Adán et. al. [12], propose a recognition process where several distances, 
based on invariant global features, sequentially reduce the original model database 
until the object is identified. Liu, Sun, Kang and Shum propose the Directional Histo-
gram Model for objects that have been completely reconstructed [13]. For each view-
point, they obtain the histogram of thickness distribution that is later formulated with 
spherical harmonics. 

2   A Flexible 3D Shape Descriptor 

Adaptable strategies are rarely considered in literature. In this case, every node of the 
model has an extended knowledge of its surroundings and all or part of it can be used 
for further tasks. The main difficulty in using that idea, in a solid modeling environ-
ment, is to define a model with an appropriate topology and connectivity. 

The models MWS (Modeling Wave Set) [14] have been designed to maintain new 
and wider relationships among subsets of mesh nodes. Contrary to most strategies, 
MWS structures allow us to compare two objects taking any part of information from 
the model. So, local, half, global, contiguous or discontiguous spatial information 
could be chosen to recognize an object. In order to express this concept of adaptability 
to different specifications, we have labelled our method as ‘flexible’. Consequently, 
an adaptable (or flexible) similarity measure contrary to previous fixed similarity 
measures is defined in our case. 

MWS was originally defined on a mesh of nodes with a 3-connectivity relationship 
from the tessellation of the unit sphere. This representation, with a constant number of 
nodes, has been efficient in solving recognition problems in medium database but 
with some shape limitations. This is due to the fact that a poor realistic geometric 
representation is yielded with such a mesh. In this work, we have extended MWS 
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structure to a semi-regular triangular mesh which involves three evident improve-
ments with respect to the original version. Firstly, we can use the standard topology in 
most of the CAD tools and 3D scanner software. Secondly, we achieve a realistic 
representation where the appearance of the object is as accurate as possible. As a 
consequence of this, old shape restrictions are now avoided and 3D clustering can be 
carried out more efficiently. 

Let T be a triangular mesh fitted to the object and let N be a vertex of T. Note that T 
has been previously regularized and resampled to a fixed number of nodes h. Modeling 
Wave (MW) organizes the rest of the nodes of the mesh in concentric groups spatially 
disposed around N. Since this organization resembles the shape of a wave it is called 
Modeling Wave (MW). Consequently, each of the disjointed subsets is known as Wave 
Front (WF) and the initial node N is called Focus. Let us call all the possible MWs that 
can be generated over T Modeling Wave Set (MWS). Figure 1 illustrates the mesh model 
of an object and several wave fronts plotted for different focuses.  
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Fig. 1. Wave fronts in different focuses printed over the mesh model (left). Representation of j-
th cone curvature in a point of the object (right). 

Cone Curvature is defined taking into account MWS structure. We define Cone 

Curvature jα of N∈T, the angle of the cone with vertex N whose surface inscribes 
the jth Wave Front of the Modeling Wave associated to N.  

The range of CC values is [-π/2, π/2], being the sign assigned taking into account 
the relative location C j with respect to T, C j being the barycentre of the jth WF. Fig-
ure 1 right illustrates this definition and shows examples for positive and negative 
cases. 

Note that a set of values {α1, α2, α3, …αq} gives an extended curvature information 
around N until the qth WF, where the word ‘curvature’ has a non-local meaning. So 
for each node N a set of q values could be used for exploring its surroundings  

On the other hand, it can be said that a vector 

}...,,,{ 321 q
CC ccccV = , [ ] q,...1j2/,2/T:c j =−→ ππ  (1) 

q being the number of Wave Front considered, is established for all the nodes of T. 
Then the whole Cone Curvature information is stored in a CC-matrix MCC, of hxq 
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dimension. Note that MCC is invariant, unless row permutations, to changes in the 
pose of the object. A wider explanation of CC concept can be found in [15]. 

The main properties are briefly mentioned as follows. Figure 2 illustrates a visuali-
zation of those, where the CC value is plotted over the mesh in a specific color code. 

- CC is robust to noise. Small variations in the location of the nodes in the mesh, 
involve high variations in first orders of CC whereas for upper orders such variations 
do not meaningfully affect it. It can be said that an error filtering effect appears as the 
order increases. Keeping this in mind, local features are not suitable enough for char-
acterizing an object unless errors are minimized. 

- Spatial continuity of CC. It means that CC along any path of nodes is a continu-
ous function for any CC-order considered. A visualization of this property, in the 
discrete sense, can be appreciated in Figure 2 where the CC value is plotted over the 
mesh in a specific code colour. 

- Continuity on the CC-order. It can be said that there is also continuity in the CC 
vector {α1, α2, …α q}. In other words, CC of every node of the mesh smoothly 
changes as the order grows. 
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Fig. 2. Illustration of several CC orders (above) and the weighted cone curvature after consider-
ing from third until the 15-th CCs 

3   Hierarchical Grouping 

The hierarchical clustering algorithm is carried out after reducing the CC-matrix MCC 
to a single vector. Our purpose is to obtain a single value for each row of the matrix 
MCC from the analysis of the principal components performed on all the rows, so that 
each row is reduced to a single representative value. Then, by means of the adequate 
linear combination, for each node N, a single variable C will fuse the q values pro-
vided by its CCs. Therefore, every node will have an associated variable C that is 
called Weighted Cone Curvature (WCC). Consequently, the matrix MCC is reduced to 
a vector of hx1 dimension. 

Formally, the variable Weighted Cone Curvature can be defined as a weighted 
combination of the different orders of CCs given by the expression: 
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∑
∈

⋅=
Ij

jj cvC  (2) 

where j is extended to any set of CC-orders. Thus, we can choose contiguous or not 
contiguous wave fronts, near or far from the focus depending on the specifications of 
the experiment and the kind of shapes. Therefore, if we choose j-th CC we know 
exactly what it is because it is inside the whole structure MW. Therefore CC is not an 
isolated concept. This makes our representation more compact than others ([7,8,9,10]. 

Coefficients jν  in expression (2) are the coordinates of the eigenvector associated 
to the highest eigenvalue of the covariance matrix for the set of indexes I considered. 
These coefficients have been empirically determined by evaluating the principal com-
ponent analysis over the models of our object database in our lab. 

We define the distance d between two 3D shapes through their models iT and jT  
as follows: 

∑
=

−=−=
h

k

jijiji kCkCCCTTd
1

2))()((),(  (3) 

where iC  and jC  are sorted values of WCC vectors for both models.  
Once the distance d has been defined and considering a model database a similarity 

function is established as follows. 

}j,i),T,T(dmax{/)T,T(d1s)T,T(s jiji
ij

ji ∀−==  (4) 

Finally we can define a Similarity Matrix S= (sij) which stores the whole similarity 
information for a database. 

There are two major methods of clustering: hierarchical clustering and k-means 
clustering. We have applied the hierarchical clustering method based on the Similarity 
Matrix S. As it is known, in hierarchical strategies the data (in our case S) are not 
partitioned into a set of groups in a single step. Instead, a series of partitions takes 
place, which may run from a single cluster containing all objects to m clusters each 
containing a single object. Hierarchical Clustering is subdivided into agglomerative 
methods, which proceed by series of fusions of the m objects into groups, and divisive 
methods, which separate m objects successively into finer groupings. The result may 
be represented by a dendogram which illustrates the fusions or divisions made at each 
successive stage of analysis.  

Among the different ways of measuring the distance between two clusters of ob-
jects, we have chosen the Ward's linkage which uses the incremental sum of squares; 
that is, the increase in the total within-cluster sum of squares as a result of joining two 
clusters. The within-cluster sum of squares is defined as the sum of the squares of the 
distances between all objects in the cluster and the centroid of the cluster. For clusters 
r and s the equivalent distance is given by: 

sr

sr
sr nn

xx
nnsrd

+
−

=
2

2 ),(  (5) 
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where |.| is Euclidean distance, rx  and sx  are the centroids, rn and sn are the respec-

tive number of objects in cluster r and s.  

4   3D Shape Clustering Experimental Test 

The hierarchical method proposed in this article has been verified using synthetic as 
well as real range data from a 3D laser scanner. We have built a database of 115 ob-
jects where 40 of them are models corresponding to real objects which have been 
built using a MINOLTA 910 scanner, 40 correspond to synthetic shapes which have 
been generated from CAD software and the rest were obtained deforming all those 
through smoothing, sharpening and bending processes. In this paper we present an 
experiment in which the clustering result is seemingly predictable for a human (see 
Figure 3). 

   

Fig. 3. Left: Objects database B. The colour code printed in the model mesh corresponds to the 
weighted cone curvature values. Right: synthetic model explored from multiple viewpoints. 

Ten people were asked to perform the clustering procedure together over a selected 
database of 31 objects. A 3D visualization tool helped people to see the objects from 
any viewpoint (Figure 3 right). In order to compare the results of this experiment to 
those computed by our method, we asked them to carry out a splitting procedure in 
which the group of objects was iteratively separated into two parts until the end. So, 
after a consensus between all persons, a human dendogram 'Λ  was built. This is 
shown in figure 4. No conditions were imposed upon the number, the names of the 
groups and the belonging of each object to a specific group. The only requirement 
was to apply shape criteria. 

On the other hand, we obtained the hierarchical cluster tree Λ  using the minimum 
variance criteria within-clusters according to the Ward’s linkage (see Figure 6). In this 
paper we only show the results obtained for weighted cone curvatures corresponding 
to orders 1 to 13. 
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B

 

Fig. 4. Human dendogram 'Λ  built after consensus of ten persons. Coherent groups with the 
computed dendogram are marked on it. 

Firstly, we present a qualitative evaluation of the results compared with human 
clustering. It can be seen that different clusters appear depending on the depth taken 
in the dendogram. Firstly, our algorithm gives a classification into two groups which 
we have labeled as polyhedral and free-form objects. This is an expected and reason-
able division which agrees with the first division in 'Λ . Among polyhedral objects 
we discussed what groups could be similar in 'Λ  and what label should be assigned 
to them. Finally we found Pyramids (I), tetrahedrons (II), paralelepipeds (III) and 
cylinders (IV). Curiously the cube (object 8) is more similar to cylinders than to 
paralelepideps and also two cones are not put in the same groups in the last level. 
Concerning free-form group we distinguish five groups, some of them appear in the 
tree 'Λ . For instance we find round objects (X) and elongated objects (IX). Group 
VIII are also rounded but with a point at its end. Finally, groups VI and VII are diffi-
cult to understand and to label. 

In order to provide a quantitative analysis of our approach, a concordance measure be-
tween groups of Λ  and 'Λ  has been defined using a vote strategy. Let a and a’ be two 
groups, Λ∈a  and ''a Λ∈ . The concordance of group a in the tree 'Λ  is defined as: 

a

a

n

n)'a,a(V

e)'a,a(H

−
−

=  
(6) 

∑ ∑
∈ ∈

+=
ao 'ao

)}a,o()'a,o(max{)'a,a(V δδ  
(7) 

where An is the number of objects in A and δ is the voting function 
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Obviously, H is not a symmetrical matrix where the i-th column represents the 
concordance of the i-th group of Λ  in 'Λ . H is a normalized function in the range 
[0,1], where 1)'a,a(H =  if 'aa ≡  and 0)'a,a(H →  if any object of a is in a’. 

In order to graphically illustrate H, we have presented it on a two dimension grey 
map where the grey level goes from the minimum value (0), plotted in black, to the 
maximum (1), plotted in white (Figure 5 left). In this figure, we have ranked H with 
respect to the computed clustering Λ . Note that we consider all subgroups that are 
generated throughout the whole splitting process and that the number of cluster gen-
erated in both dendograms is different (40 in Λ  and 36 in 'Λ ). Looking at this figure 
we can appreciate high concordance between dendograms Λ  and 'Λ  in several 
points. The clearer H , is the more concordance between Λ  and 'Λ . 

Figure 5 right gives a more extended analysis taking into account the H value of 
the groups in which an object is classified along the tree Λ . In this figure we repre-
sent, for each one of the objects of the database, the average value of those values and 
the standard deviation. Finally, respective global mean values are calculated and 
pointed out in this figure superimposing a horizontal line. These measures provide a 
qualitative idea of whether an object is classified in more or less concordant groups 
throughout the whole clustering process. This means that, in a general sense, some 
objects are expected to be better classified than others. For instance, objects 11, 22 
and 25 have average values above 0.8 whereas objects 2, 4 and 6 have values below 
0.6. The global mean value was 0.72. 

In figures 4 and 6 we have marked the groups with a high concordance measure. 
Groups with H values between 0.5 to 1 are pointed out by means of a coloured spot 
plotted on the division points. Note that the results in this experiment are surprising.  
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Fig. 5. Left: Comparison of clusters Λ  and 'Λ  through H. Ordered values of H for each one 

of the groups generated in Λ . Right: Average values of H per object. 
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Fig. 6. Computed dendogram Λ . The groups with high concordance measure H are pointed 
out by means of coloured spots. Interesting groups in the last levels, with a notable value H, are 
also marked. 

Thus 84% of the objects are classified in coherent groups with H values higher than 
0.5, whereas only 16% (objects 2,3 ,8, 12 and 30) is put in unexpected groups or ap-
pear as isolated objects. 

In conclusion we can say that clustering based on cone-curvature features can yield 
very good results. 

5   Conclusions 

Clustering is a well known topic in the image processing field. Roughly speaking, the 
clustering's goal is to achieve the best partition over a set of objects stored in a data-
base in terms of similarity. This may become a tricky problem in 3D environments 
particularly when only shape information is considered. 

For partitioning 3D shape databases we have used a flexible and adaptable feature 
which totally characterizes each object. This feature, called Cone Curvature, and 
originally defined on spherical representation models, has been adapted to standard 
triangular meshes and further used for solving clustering problems.  

It can be said that the hierarchical clustering method has worked in a real environ-
ment which implies working with noise and error sources. In general, the experiments 
have yielded coherent and expected clustering results. Thus, high concordance be-
tween computed and human dendograms has been found. Nevertheless, we have 
started several initiatives to improve the method in two ways: firstly, to cope with a 
higher database and more shapes and, secondly, to cope with more exhaustive cluster-
ing evaluation. 
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