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Abstract. In this paper, we present a novel incremental algorithm for
principal component analysis (PCA). The proposed algorithm is a kind
of covariance-free type algorithm which requires less computation and
storage space in finding out the eigenvectors, than other incremental
PCA methods using a covariance matrix. The major contribution of this
paper is to explicitly deal with the changing mean and to use a Gram-
Schmidt Orthogonalization (GSO) for enforcing the orthogonality of the
eigenvectors. As a result, more accurate eigenvectors can be found with
this algorithm than other algorithms. The performance of the proposed
algorithm is evaluated by experiments on the data sets with various
properties and it is shown that the proposed method can find out the
eigenvectors more closer to those of batch algorithm than the others.

1 Introduction

In the studies of pattern recognition, principal component analysis (PCA) [1] has
been extensively considered in many literatures. Many applications of pattern
recognition suffer from the curse of dimensionalty, and one approach to resolve
this problem is to reduce the original input dimensionality, by projecting data
onto a linear subspace with small dimensionality. Among various methods for
finding such linear subspace, PCA is most popular and has been widely used.

The conventional PCA are carried out in batch mode [2], that is, by using
all data simultaneously. These methods involve computing the eigenvectors and
eigenvalues of the sample covariance matrix, using numerical methods [3] such
as the Jacobi method. However, there exist applications in which the data can
be incrementally received and the number of data may be infinite. For such
applications, it is inefficient or impossible to repeat batch PCA whenever a new
datum arrives. When the original input dimension and the number of data are
large, the computation and storage requirements make the batch PCA infeasible.
This situation makes it necessary to study incremental algorithms for principal
component analysis.

There have been many efforts devoted to incremental PCA (IPCA). Basically,
there exist two types of IPCA: covariance matrix-based methods including the
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estimation of covariance matrix, and covariance matrix-free methods avoiding
the explicit estimation and use of covariance matrix. There have been several
covariance matrix-based incremental PCA algorithms, but these algorithms are
generally similar in terms of accuracy and speed; the only difference is how to
approximate the covariance matrix. To avoid the burden of covariance matrix
estimation and storage and to speed up, a few covariance matrix-free IPCA
methods [4][5][6][7][8], have been proposed. Among them, Candid Covariance
free Incremental Principal Component Analysis (CCIPCA) [9] is a state-of-the
art algorithm. CCIPCA algorithm has been reported to be much superior to
other traditional algorithms for incremental principal component analysis.

However, CCIPCA has a few problems which should be overcome. [10] pointed
out that despite the eigenvectors stasticially converging in CCIPCA, the higher-
order eigenvectors converge very slow, and that the information in the previous
eigenvecotrs may be lost in the calculation of new eigenvectors. To resolve this
problem, a new covariance matrix-free algorithm named as largetst eigenvalue
theory based IPCA (LET-IPCA) was introduced for eigenvector update. How-
ever, this has also important problems. When the data are given in incremental
manner, the change of mean should be reflected in the update of eigenvectors.
According to [11], it is especially important for image recognition, one of the
major application areas of PCA, but it is ignored and the zero mean of data
is assumed. Another problem is that the orthogonality of eigenvectors are not
guaranteed and as a result the resultant eigenvectors of these methods become
much different from those of batch PCA.

In this paper, we will propose a new incremental learning algorithm to solve
the above problem of the changing mean and the orthogonality. After describing
basic operations and problems of CCIPCA and LET-IPCA in the framework
of power method, we will add an enforcement of eigenvector orthogonality to
the update equation, then derive the update equation which can reflect the
effect of changing mean. The performance of the proposed algorithm will be
experimentally evaluated and compared with the performances of CCIPCA and
LET-IPCA, by using various kinds of data in UCI Machine Learning repository
and two face recognition data as benchmark data sets.

2 Proposed Incremental PCA

Tha main issues addressed by the proposed IPCA are to consider the change of
mean and to enforce the orthogonality of eigenvectors. These two issues are not
considered in the previous covariance matrix-free incremental PCA methods and
we think that it is the major reason of their limited performance in extracting
good features. This section will present the details of our method.

2.1 Problem Formulation

The goal of PCA is formulated as finding a basis vector w∗ such that

w∗ = arg max
w

wT A(n)w, (1)
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where w ∈ Rd is a unit vector and A(n) = 1
n

∑n
i=1[x(i) − m(n)][x(i) − m(n)]T

is the auto-covariance matrix of each component in x(i) ∈ Rd, and d is the
input dimension, i.e. the number of components for representing x(i). m(n) =
1
n

∑n
i=1 x(i) is a mean vector of n data vectors, and n is the number of data for

calculating A(n).
The w∗ is called the 1st principal axis w1(n) and x1(i) = w1(n)T x(i) is called

the 1st principal component of x(i) for i = 1, 2, ..., n. Then, by removing the
component of data in direction of w1(n) and solving the above problem again,
we can get a w∗ which is orthogonal to the w1(n). It is called the 2nd principal
axis w2(n) and x2(i) = w2(n)T x(i) is called the 2nd principal component of x(i)
for i = 1, 2, ..., n. The other principal axes and principal components notified as
wk(n) and xk(i) for k = 3, 4, ... are similarly achieved.

2.2 Update Equations of CCIPCA and LET-IPCA

According to [1], PCA can be carried out by solving the following eigenproblem,

λk(n)wk(n) = A(n)wk(n), (2)

where the kth principal axis wk(n) corresponds to the eigenvector of A(n) =
1
n

∑n
i=1 x(i)x(i)T corresponding to the kth largest eigenvalue λk(n). Power

method is a simple method to solve this eigenproblem in iterative way; its basic
procedure is to update v(n) ← A(n) v(n)

||v(n)|| with a nonzero initial value of v(n). It
is shown that after a small number of iterations, v(n) converges to the true v1(n).

The basic update equation of CCIPCA can be deduced from this. If we replace
the A(n) with n−1

n A(n − 1) + 1
nx(n)x(n)T and assume that A(n − 1)v1(n) is

almost the same as A(n − 1)v1(n − 1), v1(n) can be determined by v1(n) =
n−1

n v1(n−1)+ 1
nx(n)x(n)T . This can be easily extended for higher eigenvectors.

vk(n) =
n − 1

n
vk(n − 1) +

1
n
xk(n)xk(n)T , (3)

where xk(n) is x(n) whose components in the direction of vj(n) where j < k
are removed, defined as

xk(n) = xk−1(n) − xT
k−1(n)

vk−1(n)
||vk−1(n)||

vk−1(n)
||vk−1(n)|| , (4)

and x1(n) = x(n) and v0(n) = 0. If necessary, this update equation for each k
can be repeated more than one times. Then the eigenvector can be determined
as wk(n) = vk(n)

||vk(n)|| .

For more accurate calculation, the relations A(n) =
∑

k λk(n) vk(n)
||vk(n)||

vk(n)T

||vk(n)|| ,
where λk = ||vk(n)||, and A(n) = n−1

n A(n − 1)+ 1
nx(n)x(n)T are used in LET-

IPCA. Instead of calculating xk(n), it is directly applied to the basic update
procedure of the power method and the following update equation is achieved.

vt
k(n) =

n − 1
n

v∞
k (n − 1) +

1
n
x(n)x(n)T vt−1

k (n)
||vt−1

k (n)||
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−
k−1∑

m=1

λm(n)
v∞

m (n)
||v∞

m (n)||
v∞

m (n)T

||v∞
m (n)||

vt−1
k (n)

||vt−1
k (n)||

+
n − 1

n

k−1∑

m=1

λm(n − 1)
v∞

m (n − 1)
||v∞

m (n − 1)||
v∞

m (n − 1)T

||v∞
m (n − 1)||

vt−1
k (n)

||vt−1
k (n)||

, (5)

where v0
k(n) = v∞

k (n − 1) and t is the number of iteration.
However, both update equations have a few problems. Both algorithms are

based on the relation A(n) = n−1
n A(n − 1) + 1

nx(n)xT , but in this case A(n) is
different from a covariance matrix of x unless the mean of data is zero, which
cannot be always satisfied. In fact, considering the change of mean is important
for some applications such as image processing, and it needs to be reflected on
the update equation. In addition, each eigenvector achieved from both algorithm
are not guaranteed to be orthogonal to the others. It makes the achieved eigen-
vectors become different from the principal axes by batch PCA. To resolve these
problems, we developed a new update equation starting from that of LET-IPCA.

2.3 A Modified Update Equation to Resolve Problems

After carefully checking out the derivation of the update equation of LET-IPCA,
we found that it may be incorrect when t �= 1. Therefore, we will use the update
equation of LET-IPCA when t = 1 as our starting point. For finding the correct
eigenvectors, each eigenvector needs to be made orthogonal to each other. The
simplest ways to achieve this is to use the Gram-Schmidt Orthogonalization
(GSO) procedure as follows.

vk(n) ← vk(n) −
k−1∑

m=1

vk(n)T vm(n)
||vm(n)||

vm(n)
||vm(n)|| . (6)

This use of GSO can also simplify the basic update equation. If the eigenvectors
for n−1 data are already orthogonalized, that is, vk(n−1)T vm(n−1) = 0 when
k �= m, the update equation can be simplified as follows,

vk(n) =
n − 1

n
vk(n − 1) + [

1
n
x(n)x(n)T

−
k−1∑

m=1

λm(n)
vm(n)

||vm(n)||
vm(n)T

||vm(n)|| ]
vk(n − 1)

||vk(n − 1)|| . (7)

To account for the changing mean, a new relation between A(n) and A(n−1),
which is matched to the correct covariance matrix, needs to be derived and used
in the place of old relation. This new relation can be easily found as follows.

A(n) =
n − 1

n
A(n − 1) +

1
n − 1

(x(n) − m(n))(x(n) − m(n))T ,

where m(n) is the mean vector and can be updated by the following equation.

m(n) =
n − 1

n
m(n − 1) +

1
n
x(n). (8)
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If we use this relation in place of A(n) = n−1
n A(n − 1) + 1

nx(n)x(n)T , the
following new update equation can be achieved.

vk(n) =
n − 1

n
vk(n − 1) + [

1
n − 1

[x(n) − m(n)][x(n) − m(n)]T

−
k−1∑

m=1

λm(n)
vm(n)

||vm(n)||
vm(n)T

||vm(n)|| ]
vk(n − 1)

||vk(n − 1)|| . (9)

After finding vk(n), the eigenvector can be determined as wk(n) = vk(n)
||vk(n)|| .

Combining the described modifications, the overall proposed Incremental
PCA can be summarized as Algorithm 1.

Input: k (eigenvector, eigenvalue) pairs {(wold
j , λold

j )|j =
1, 2, ..., k}
The number of given data n (including current data

x)
A mean vector data mold ∈ Rd

A new data x
Output: k (eigenvector, eigenvalue) pairs {(wnew

j , λnew
j )|j =

1, 2, ..., k}
A new mean vector of n data mnew ∈ Rd

begin
mnew ← n−1

n
mold + 1

n
x

xc ← x − mnew

for j ← 1 to k do
vold

j ← λold
j wold

j

vnew
j ← n−1

n
vold

j + 1
n−1xc(n)xc(n)T vold

j

||vold
j

||

for m ← 1 to j − 1 do

vnew
j ← vnew

j − vnew
m

vnew
m

T

||vnew
m ||

vold
j

||vold
j

||

end
end
for j ← 1 to k do

for m ← 1 to j − 1 do

vnew
j ← vnew

j − vnew
j

vnew
m

T

||vnew
m ||

vnew
j

||vnew
j

||

end
λnew

j ← ||vnew
j ||

wnew
j ← vnew

j /λnew
j

end
end

Algorithm 1. Proposed Incremental PCA algorithm. The second for-loop im-
plements the Gram-Schmidt orthogonalization procedure, and the others im-
plement the basic update equation reflecting the change of mean.
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Table 1. Properties of data sets used in the experiments

Data Set input dimension number of data
ECOLI 7 336
PIMA 8 768
GLASS 9 214

WBCancer 9 699
TICTACTOE 9 958

CMC 9 1473
WINE 13 178

IONOSHPERE 34 351
SONAR 60 208
YALE 630 165
ATnT 644 400

2.4 Computational Complexity

For a newly arrieved datum, the computational (or time) complexity of each
method to determine k eigenvectors is as follows. Let n and d be the number of
total data and the input dimension of each datum, respectively. Then, the com-
putational complexities of batch PCA are O((n + d)d2) for Jacobi method [12],
and O((n+k)d2) for Power method [3], while the computational complexities of
CCIPCA, LET-IPCA, and the proposed IPCA are O(kd), O(k2d) and O(k2d),
respectively. Generally k � d and k � n, and therefore the complexities of
CCIPCA, LET-IPCA and the proposed method become less than that of batch
PCA. The complexity of CCIPCA is better than those of LET-IPCA and the
proposed method, but the improved performance of the proposed method can
compensate its computational complexity. This can be clarified in the experi-
mental study on the performance comparison.

3 Experiment

In the following experimental result, we will show that the result of proposed
IPCA is closer to the result of batch PCA than other incremental algorithms,
and therefore the proposed IPCA can generate similar eigenvectors with those
of batch PCA.

3.1 Data Set

In the experiments, we used the data sets in UCI Machine Learning Reposi-
tory and two face data sets. The UCI Machine Learning Repository includes
various data sets consisting of artificial and real data, and can be accessed
from the web site. Among them, we selected 9 data sets and used: Ecoli
Database (ECOLI), Pima Indians Diabetes Database (PIMA), Glass Identifi-
cation Database (GLASS), Wisconsin Breast Cancer Databases (WBCancer),
Tic-Tac-Toe Endgame Database (TICTACTOE), Contraceptive Method Choice
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(a) For ATnT data
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(b) For WINE data

1 2 3 4 5 6 7
0

2000

4000

6000

8000

10000

12000

14000

Eigenvector Index

A
m

ou
nt

 o
f V

ar
ia

nc
e 

ca
pt

ur
ed

 b
y 

E
ig

en
ve

ct
or

Original PCA
Proposed IPCA
CCIPCA
LET−IPCA

(c) For PIMA data

Fig. 1. Distribution of variance captured with eigenvectors, obtained by batch and
incremental PCA methods. x-axis represents the number of eigenvectors and the y-
axis represents the amount of captured variance.

(CMC), Wine Recognition Database (WINE), Ionosphere Database (IONO-
SPHERE), Sonar data (SONAR). In addition, YALE and ATnT face data sets
are used. The properties of the data used in experiments are summarized in Ta-
ble 1. These data sets have various number of class labels, data, and attributes,
so the experimental results using these data sets can cover the various cases.

3.2 Variance Capture Ability

We evaluated the quality of the extracted principal components (PCs) by differ-
ent methods with two criterion. First, the distribution of captured variance by
PCs are observed. As the distribution is more similar with that of batch PCA,
the IPCA performance is considered to be good. Next, we evaluated the amount
of total captured variance by PCs with the following performance index.

r(k, ·) =
V (k)|·

V (k)|PCA
× 100(%) (10)

where k is the number of eigenvectors extracted by batch or incremental PCA.
and V |· is the variance captured by k eigenvectors, calculated by
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V (k)|· =
k∑

j=1

(
1
n

n∑

i=1

[(wj(n)|·)T x(i) − m(n)]2
)

(11)

where n is the number of data and wj(n)|· is the jth eigenvector extracted by
incremental PCA method noted by (·).

Figure 1 shows the distribution of variance, captured by eigenvectors of batch
PCA and incremental PCAs (CCIPCA, LET-IPCA, and proposed IPCA). Vari-
ance distribution is investigated for different numbers of eigenvectors, according
to the input dimension of original data. For ATnT, WINE, and PIMA data, the
variances captured by up to 14, 10, and 7 eigenvectors are investigated, respec-
tively. The line with mark indicates the distribution of variance according to the
principal component index; red line with cross mark, blue line with circle mark,
green line with star mark, and black line with bar correspond to the results of
batch PCA, proposed IPCA, CCIPCA, and LET-IPCA, respectively. It is clear
that the result of proposed IPCA is closest to the result of batch PCA. We
investigate the results for other data and achieve similar result.

Table 2 shows the values of r(k, ·) in equation (10) for different data sets. r(k, ·)
is investigated for different number of eigenvectors k since the maximum number
of eigenvectors are limited by the input dimension and the number of data. For
6 data sets (from ECOLI to CMC), variance capautre ratio is calculated for 7
eigenvectors. For 1 data set (WINE), variance capautre ratio is calculated for 10
eigenvectors. For 6 data sets (from IONOSPHERE to ATnT), variance capautre
ratio is calculated for 14 eigenvectors.

Table 2. Variance Capture Ratio

(a) k = 7 case

Data Set Proposed IPCA CCIPCA LET-IPCA
ECOLI 100.00 216.92 217.23
PIMA 100.00 112.71 132.40
GLASS 99.47 125.83 133.11

WBCancer 99.93 101.32 101.41
TICTACTOE 99.33 95.87 95.33

CMC 99.94 100.34 101.10

(b) k = 10 case

Data Set Proposed IPCA CCIPCA LET-IPCA
WINE 100.00 122.35 224.70

(c) k = 14 case

Data Set Proposed IPCA CCIPCA LET-IPCA
IONOSPHERE 95.11 225.00 230.47

SONAR 80.11 126.98 126.06
YALE 97.82 113.46 126.76
ATnT 97.90 109.03 117.45
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Table 3. Classification Accuracy with the features extracted by batch PCA and dif-
ferent incremental PCA methods

Data Set
Batch Proposed

CCIPCA LET-IPCA
PCA IPCA

ECOLI 81.25 81.25 75.89 75.00
PIMA 68.49 68.10 69.40 70.05
GLASS 75.23 75.23 72.43 72.90

WBCancer 96.71 96.85 96.85 97.14
TICTACTOE 73.17 71.61 97.70 97.91

CMC 47.79 48.47 48.07 48.07
WINE 76.97 76.97 76.97 76.97

IONOSPHERE 90.03 89.74 87.18 86.04
SONAR 83.65 84.61 76.44 73.56
ATnT 98.50 98.25 97.75 97.75
YALE 84.85 84.24 82.42 84.24

From the definition, it is clear that the r(k, ·) goes close to 100.0% as the
amount of captured variance by (·) is similar with that of batch PCA. The result
shows that in most cases the amount of captured variance by the proposed IPCA
is closer to 100.0%, compared to those of other methods, and we can concluded
that the proposed method can extract better principal components than the
other IPCA methods. In this result, note that r(k, ·) of CCIPCA and LET-IPCA
becomes larger than 100.0% for some cases. Since the eigenvectors of batch PCA
maximally capture the variance when the same number of basis vectors are used,
it may seem to be a weired result. But it is the result of broken orthogonality
in eigenvectors of CCIPCA and LET-IPCA; the variance captured by higher
eigenvectors are repeatedly captured by lower eigenvectors.

3.3 Classification Accuracy

In addition to the variance capture ability, the quality of features is evaluated
from the classification accuracy achieved by using these features. The same data
sets are used for experiments. Among various models, a simplest 1-Nearest Neigh-
bor classifier is selected as classifiers so as to exposure the quality of features.
The experimental results are as shown in Table 3.

In this table, the case of the incremental PCA whose classification accuracy
is closest to that of batch PCA is notified by using the bold character. For most
cases, the features extracted by the proposed method shows the closest result to
that of batch PCA. It shows that the proposed IPCA method can extract the
features most similar to that of batch PCA.

4 Conclusion

In this paper, we present a novel incremental algorithm for principal component
analysis. Like the previous algorithms such as CCIPCA and LET-IPCA, this



Novel Incremental PCA with Improved Performance 601

algorithm is a covariance-free type algorithm which requires less computation
and storage for finding out the eigenvectors than the previous IPCA method
using a covariance matrix. The major contribution of this paper is to explic-
itly deal with the changing mean and to combine a Gram-Schmidt Orthogonal-
ization (GSO) for enforcing the orthogonality of the eigenvectors. As a result,
more accurate eigenvectors can be found with this algorithm than the previous
algorithms.

The performance of the proposed algorithm is evaluated by the experimental
studies. The data sets of UCI Machine Learning repository, covering various
different cases, are selected and used for the performance benchmark. The ratio
of captured variance and the classification accuracy with the extracted features
by CCIPCA, LET-IPCA and the proposed methods are compared. As a result,
it is shown that the proposed method can find out the eigenvectors more closer
to that of batch algorithm than other IPCA algorithms.
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