
Optimal Kernel in a Class of Kernels
with an Invariant Metric

Akira Tanaka, Hideyuki Imai, Mineichi Kudo, and Masaaki Miyakoshi

Division of Computer Science,
Graduate School of Information Science and Technology, Hokkaido University,

Sapporo, 060-0814, Japan
{takira,imai,mine,miyakosi}@main.ist.hokudai.ac.jp

Abstract. Learning based on kernel machines is widely known as a pow-
erful tool for various fields of information science such as pattern recog-
nition and regression estimation. One of central topics of kernel machines
is model selection, especially selection of a kernel or its parameters. In
this paper, we consider a class of kernels that forms a monotonic classes
of reproducing kernel Hilbert spaces with an invariant metric and show
that the kernel corresponding to the smallest reproducing kernel Hilbert
space including an unknown true function gives the optimal model for
the unknown true function.

1 Introduction

Learning based on kernel machines[1], represented by the support vector ma-
chine [2] and the kernel ridge regression[3,4], is widely known as a powerful tool
for various fields of information science such as pattern recognition, regression
estimation, and density estimation. In general, appropriate model selection is
required in order to obtain a desirable learning result by kernel machines. There
exists two classes of model selection. One is selection of a model space to which a
learning machine belongs. The other is selection of a learning machine in a fixed
model space. The latter, such as selection of a regularization parameter under
a fixed kernel, is sufficiently investigated in terms of theoretical and practical
senses (See [5,6] for instance). On the other hand, the former, that is, selection
of a kernel or its parameters, is not discussed sufficiently in terms of theoretical
sense although practical algorithms for selection of a kernel (or its parameters)
such as cross-validation are revealed. The difficulty of the theoretical analyses
for selection of a kernel lies on the fact that the metrics of two reproducing ker-
nel Hilbert spaces (RKHS)[7,8] corresponding to two different kernels may differ
in general, which means that we do not have a unified framework to evaluate
learning results obtained by different kernels. In order to avoid this difficulty,
we considered a class of kernels that forms a monotonic classes of functions
with an invariant metric and introduced a method for selecting an optimal ker-
nel from the class of kernels in the previous work[9]. However, mathematical
properties of the selected kernel or the corresponding RKHS are not discussed
sufficiently in [9].
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In this paper, we consider a class of kernels that forms a monotonic classes of
functions with an invariant metric as the same with [9] and show that the kernel
corresponding to the smallest RKHS including an unknown true function gives
the optimal model for the true function among the class of kernels.

2 Mathematical Preliminaries for The Theory of
Reproducing Kernel Hilbert Spaces

In this section, we prepare some mathematical tools concerned with the theory
of reproducing kernel Hilbert spaces[7,8].

Definition 1. [7] Let Rn be an n-dimensional real vector space and let H be a
class of functions defined on D ⊂ Rn, forming a Hilbert space of real-valued
functions. The function K(x, x̃), (x, x̃ ∈ D) is called a reproducing kernel
of H, if

1. For every x̃ ∈ D, K(x, x̃) is a function of x belonging to H.
2. For every x̃ ∈ D and every f ∈ H,

f(x̃) = 〈f(x), K(x, x̃)〉H, (1)

where 〈·, ·〉H denotes the inner product of the Hilbert space H.

The Hilbert space H that has a reproducing kernel is called a reproducing
kernel Hilbert space (RKHS). The reproducing property Eq.(1) enables us to
treat a value of a function at a point in D. Note that reproducing kernels are
positive definite [7]:

N∑

i,j=1

cicjK(xi, xj) ≥ 0, (2)

for any N , c1, . . . , cN ∈ R, and x1, . . . , xN ∈ D. In addition, K(x, x̃) = K(x̃, x)
for any x, x̃ ∈ D is followed[7]. If a reproducing kernel K(x, x̃) exists, it is
unique[7]. Conversely, every positive definite function K(x, x̃) has the unique
corresponding RKHS [7].

Next, we introduce the Schatten product [10] that is a convenient tool to
reveal the reproducing property of kernels.

Definition 2. [10] Let H1 and H2 be Hilbert spaces. The Schatten product of
g ∈ H2 and h ∈ H1 is defined by

(g ⊗ h)f = 〈f, h〉H1g, f ∈ H1. (3)

Note that (g ⊗ h) is a linear operator from H1 onto H2. It is easy to show
that the following relations hold for h, v ∈ H1, g, u ∈ H2.

(h ⊗ g)∗ = (g ⊗ h), (h ⊗ g)(u ⊗ v) = 〈u, g〉H2(h ⊗ v), (4)

where the superscript ∗ denotes the adjoint operator.
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3 Formulation of Learning Problems

Let {(yi, xi)|i = 1, . . . , �} be a given training data set with yi ∈ R, xi ∈ Rn,
satisfying

yi = f(xi) + ni, (5)

where f denotes the unknown true function and ni denotes a zero-mean additive
noise. The aim of machine learning is to estimate the unknown function f by
using the given training data set and statistical properties of noise.

In this paper, we assume that the unknown function f belongs to the RKHS
HK corresponding to a certain kernel function K. If f ∈ HK , then Eq.(5) is
rewritten as

yi = 〈f(x), K(x, xi)〉HK + ni, (6)

on the basis of the reproducing property of kernels. Let y = [y1, . . . , y�]′ and n =
[n1, . . . , n�]′ with the superscript ′ denoting the transposed matrix (or vector),
then applying the Schatten product to Eq.(6) yields

y =

(
�∑

k=1

[e(�)
k ⊗ K(x, xk)]

)
f(x) + n, (7)

where e
(�)
k denotes the k-th vector of the canonical basis of R�. For a convenience

of description, we write

AK =

(
�∑

k=1

[e(�)
k ⊗ K(x, xk)]

)
. (8)

The operator AK is linear one that maps an element of HK onto R� and Eq.(7)
can be written by

y = AKf(x) + n, (9)

which represents the relation between the unknown true function f and an out-
put vector y. The information of input vectors is integrated in the operator AK .
Therefore, a machine learning problem can be interpreted as an inversion prob-
lem of the linear equation Eq.(9)[11]. In general, an estimated function f̂(x) is
represented as

f̂(x) = Ly, (10)

where L denotes a learning operator specified by a learning criterion such as
those of the support vector machines and kernel ridge regression.

4 Kernel Specific Generalization Ability

In general, a learning result by kernel machines is represented by a linear combi-
nation of K(x, xi), which means that the learning result is an element in R(A∗

K)
(the range of the linear operator A∗

K) since

f̂(x) = A∗
Kα =

(
�∑

k=1

[K(x, xk) ⊗ e
(�)
k ]

)
α =

�∑

k=1

αkK(x, xk) (11)



Optimal Kernel in a Class of Kernels with an Invariant Metric 533

holds, where α = [α1, . . . , α�]′ denotes an arbitrary vector in R�. The point at
issue of this paper is to discuss selection of a model space, that is, the generaliza-
tion ability of R(A∗

K) which is independent from criteria of learning machines.
Therefore, we define the generalization ability of kernel machines specified by
a kernel K as the distance between the unknown true function f and R(A∗

K)
written as

J(K, f) = ||f − PKf ||2HK
, (12)

where PK denotes the orthogonal projector onto R(A∗
K) and || · ||HK denotes

the induced norm of HK . Note that the orthogonality of PK is also defined by
the metric of HK . Selection of an element in R(A∗

K) as a learning result is out
of the scope of this paper since the selection depends on learning criteria. We
also ignore the observation noise in the following contents since the noise does
not affect Eq.(12).

Here, we give some propositions as preparations to evaluate Eq.(12).

Lemma 1

PK =
�∑

i=1

�∑

j=1

(G+
K)i,j [K(x, xi) ⊗ K(x, xj)] , (13)

where GK denotes Gram’s matrix of K with input vectors xi, (i = 1, . . . , �) and
the superscript + denotes the Moore-Penrose generalized inverse[12].

Proof. The orthogonal projector onto R(A∗
K) is given by PK = A+

KAK and
A+

K = A∗
K(AKA∗

K)+ holds. Since

AKA∗
K

=

(
�∑

i=1

[
e

(�)
i ⊗ K(x, xi)

])(
�∑

i=1

[
e

(�)
i ⊗ K(x, xi)

])∗

=
�∑

i=1

�∑

j=1

[
e

(�)
i ⊗ K(x, xi)

] [
K(x, xj) ⊗ e

(�)
j

]

=
�∑

i=1

�∑

j=1

〈K(x, xj), K(x, xi)〉HK (e(�)
i ⊗ e

(�)
j )

=
�∑

i=1

�∑

j=1

K(xi, xj)(e
(�)
i e

(�)∗
j )

is reduced to GK , the concrete form of PK is written as

PK = A+
KAK = A∗

K(AKA∗
K)+AK

=

(
�∑

i=1

[
e

(�)
i ⊗ K(x, xi)

])∗

G+
K

(
�∑

i=1

[
e

(�)
i ⊗ K(x, xi)

])

=

(
�∑

i=1

[
K(x, xi) ⊗ e

(�)
i

])
G+

K

(
�∑

i=1

[
e

(�)
i ⊗ K(x, xi)

])
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=
�∑

i=1

�∑

j=1

(G+
K)i,j [K(x, xi) ⊗ K(x, xj)] ,

which concludes the proof. �	
Lemma 2. For any f ∈ HK and input vectors xi, (i ∈ {1, . . . , �}),

||PKf ||2HK
= f ′G+

Kf (14)

holds, where f = [f(x1), . . . , f(x�)]′.

Proof. Since f ∈ HK ,

PKf

=
�∑

i=1

�∑

j=1

(G+
K)i,j [K(x, xi) ⊗ K(x, xj)] f

=
�∑

i=1

�∑

j=1

(G+
K)i,jf(xj)K(x, xi)

holds. Thus

||PKf ||2HK

=

〈
�∑

i=1

�∑

j=1

(G+
K)i,jf(xj)K(x, xi),

�∑

k=1

�∑

l=1

(G+
K)k,lf(xl)K(x, xk)

〉

HK

=
�∑

i=1

�∑

j=1

�∑

k=1

�∑

l=1

(G+
K)i,j(G+

K)k,lf(xj)f(xl)〈K(x, xi), K(x, xk)〉HK

=
�∑

i=1

�∑

j=1

�∑

k=1

�∑

l=1

f(xj)(G+
K)j,i(GK)i,k(G+

K)k,lf(xl)

= f ′G+
KGKG+

Kf = f ′G+
Kf

holds since GK is symmetric. �	

5 Optimal Kernel in a Class of Kernels Forming a
Monotonic Classes of Functions with an Invariant
Metric

Let us consider a monotonic classes of functions HKi , (i ∈ {1, . . . , N}) written
as

HK1 ⊂ HK2 ⊂ · · · ⊂ HKN , (15)

forming Hilbert spaces specified by a class of kernels Ki, (i ∈ {1, . . . , N}) with
an invariant metric satisfying

〈f, g〉HK1
= 〈f, g〉HK2

= · · · = 〈f, g〉HKN
(16)

for any f, g ∈ HK1 . Note that
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||f ||2HK1
= ||f ||2HK2

= · · · = ||f ||2HKN
(17)

trivially holds for any f ∈ HK1 from Eq.(16).

Theorem 1. [7] If K is the reproducing kernel of the class F with the norm
|| · ||, and if the linear class F1 ⊂ F forms a Hilbert space with the norm || · ||1,
such that ||f ||1 ≥ ||f || for any f ∈ F1, then the class F1 possesses a reproducing
kernel K1 such that Kc = K − K1 is also a reproducing kernel.

According to Theorem 1, there exists a kernel Kc
j such that

Kj = K1 + Kc
j ,

for any j > 1 since ||f ||HKj
= ||f ||HK1

for any f ∈ HK1 . Note that corresponding
Gram’s matrices satisfy

GKj = GK1 + GKc
j

for a set of input vectors.

Lemma 3. [12] Let H1 and H2 be non-negative definite (n.n.d.) Hermitian ma-
trices, then there exists a non-singular matrix T that jointly diagonalizes H1 and
H2 written as

TH1T
∗ = Λ1, TH2T

∗ = Λ2,

where Λ1 and Λ2 denote diagonal matrices.

Lemma 4. Let H1 and H2 be n.n.d. Hermitian matrices and let T be a non-
singular joint diagonalizer of H1 and H2 written as

TH1T
∗ = Λ1, TH2T

∗ = Λ2,

where Λ1 and Λ2 denote diagonal matrices. The matrix T ∗(Λ1 + Λ2)+T is gen-
eralized inverse matrix of H1 + H2.

Proof. Since H1 + H2 = T−1(Λ1 + Λ2)(T ∗)−1,

(H1 + H2)(T ∗(Λ1 + Λ2)+T )(H1 + H2)
= (T−1(Λ1 + Λ2)(T ∗)−1)(T ∗(Λ1 + Λ2)+T )(T−1(Λ1 + Λ2)(T ∗)−1)
= T−1(Λ1 + Λ2)(Λ1 + Λ2)+(Λ1 + Λ2)(T ∗)−1

= T−1(Λ1 + Λ2)(T ∗)−1 = H1 + H2

holds, which concludes the proof. �	

Lemma 5. Let H1 and H2 be n.n.d. Hermitian matrices, then H1(H1+H2)−H2
is invariant for any (H1 + H2)−, where the superscript − denotes a generalized
inverse[12].
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Proof. Let B = H1 + H2 and let B−
1 and B−

2 be different generalized inverse
matrices of B, then

B−
2 = B−

1 + Y − B−
1 BY BB−

1 (18)

holds with a certain matrix Y [12]. Thus,

H1B
−
1 H2 − H1B

−
2 H2

= H1B
−
1 H2 − H1(B−

1 + Y − B−
1 BY BB−

1 )H2

= −H1Y H2 + H1B
−
1 BY BB−

1 H2

= −H1Y H2 + H1Y H2 = O

holds since R(Hi) ⊂ R(B), (i = 1, 2). �	

Theorem 2. Let H1 and H2 be n.n.d. Hermitian matrices and let y ∈ R(H1),
then

J = y∗(H+
1 − (H1 + H2)+)y ≥ 0 (19)

holds.

Proof. Since y ∈ R(H1), there exists z such that y = H1z. Thus,

J = y∗(H+
1 − (H1 + H2)+)y

= z∗H1(H+
1 − (H1 + H2)+)H1z

= z∗H1z − z∗H1(H1 + H2)+H1z (20)
= z∗H1z − z∗(H1 + H2 − H2)(H1 + H2)+(H1 + H2 − H2)z
= z∗H1z − z∗(H1 + H2)z − z∗H2(H1 + H2)+H2z + 2z∗H2z

= z∗H2z − z∗H2(H1 + H2)+H2z. (21)

From Eqs.(20) and (21), we have

2J

= z∗(H1 + H2)z
−z∗H1(H1 + H2)+H1z − z∗H2(H1 + H2)+H2z

= z∗(H1 + H2)z
−z∗[(H1 + H2)(H1 + H2)+(H1 + H2)

− H1(H1 + H2)+H2 − H2(H1 + H2)+H1]z
= z∗(H1 + H2)z

−z∗[(H1 + H2) − H1(H1 + H2)+H2 − H2(H1 + H2)+H1]z
= z∗[H1(H1 + H2)+H2 + H2(H1 + H2)+H1]z. (22)

From Lemma 3, there exists a non-singular matrix T such that TH1T
∗ = Λ1

and TH2T
∗ = Λ2. From Lemmas 4 and 5, Eq.(22) is reduced to

2J = z∗[H1(H1 + H2)+H2 + H2(H1 + H2)+H1]z
= 2z∗[T−1Λ1(Λ1 + Λ2)+Λ2(T ∗)−1]z
= 2z∗T−1[Λ1(Λ1 + Λ2)+Λ2](T−1)∗z.
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On the basis of Sylvester’s law of inertia, Λ1 and Λ2 are n.n.d., which immediately
yields J ≥ 0. �	

The following theorem is the main result of this paper.

Theorem 3. For any f ∈ HK1 and input vectors xi, (i ∈ {1, . . . , �}),

||f − PK1f ||2HKN
≤ ||f − PKj f ||2HKN

(23)

holds for any 1 < j ≤ N .

Proof. For any j ∈ {1, . . . , N} and any f ∈ HK1 ,

||f − PKj f ||2HKN
= ||f − PKj f ||2HKj

= 〈f, f〉HKj
+ 〈PKj f, PKj f〉HKj

− 2〈f, PKj f〉HKj

= 〈f, f〉HKj
+ 〈PKj f, PKj f〉HKj

− 2〈f, P 2
Kj

f〉HKj

= 〈f, f〉HKj
+ 〈PKj f, PKj f〉HKj

− 2〈PKj f, PKj f〉HKj

= 〈f, f〉HKj
− 〈PKj f, PKj f〉HKj

= 〈f, f〉HKN
− f ′G+

Kj
f ,

from Lemma 2 and the fact that PKj is an orthogonal projector. It is obvious
that f ∈ R(AK1) = R(AK1A

∗
K1

) = R(GK1). Therefore, Theorems 1 and 2 yield

||f − PKj f ||2HKN
− ||f − PK1f ||2HKN

= (〈f, f〉HKN
− f ′G+

Kj
f ) − (〈f, f〉HKN

− f ′G+
K1

f )

= f ′(G+
K1

− G+
Kj

)f

= f ′(G+
K1

− (GK1 + GKc
j
)+)f ≥ 0,

which concludes the proof. �	

According to Theorem 3, given a class of kernels that forms a monotonic classes of
functions with an invariant metric, it is concluded that the kernel corresponding
to the smallest class of functions gives the best generalization ability among the
given class of kernels.

6 Discussions

One of classes of kernels whose corresponding RKHSs have an invariant metric
is the sinc kernel written as

Kα(x, x̃) =
sin α||x − x̃||

π||x − x̃|| ,

where α > 0 denotes the parameter. In [9], we proposed a method of selecting
the best kernel from a class of kernels forming a monotonic classes of functions



538 A. Tanaka et al.

with an invariant metric and we observed that the RKHS corresponding to the
selected kernel by the method was the smallest class of functions including the
unknown true function in the numerical experiment using the sinc kernel. This
result is given its theoretical ground in this paper.

As is well known, the best kernel that perfectly reconstructs the unknown
true function f with a finite (at least one) number of training samples, is

KP (x, x̃) = f(x)f(x̃).

In fact,

PKP f(x)

=
�∑

i=1

�∑

j=1

(G+
K)i,j

[
KP (x, xi) ⊗ KP (x, xj)

]
f(x)

=
�∑

i=1

�∑

j=1

(G+
K)i,jK

P (x, xi)f(xj)

=
�∑

i=1

�∑

j=1

(G+
K)i,jf(x)f(xi)f(xj)

= f(x)f ′(ff ′)+f = f(x)f+f = f(x)

holds since f+f is the one-dimensional projector with rank(f+f ) = 1, that is,
f+f = 1. It is obvious that KP corresponds to the smallest class of functions
that includes f , which agrees with the analytical result of this paper.

As already mentioned, the scope of this paper is in selection of R(A∗
K). How-

ever, selection of R(A∗
K) does not always have precedence over selection of an

element in R(A∗
K) since the total generalization ability, that is, minimization of

||f − f̂ || is required in practical problems.
In this paper, we discussed a class of kernels whose corresponding RKHSs have

an invariant metric. However, this limitation is quite severe. In fact, this analysis
cannot be applied to popular kernels such as Gaussian kernels and polynomial
kernels. Thus, one of important future works is an extension of our discussions
to a class of kernels with variant metrics.

7 Conclusion

In this paper, we considered a class of kernels that forms a monotonic classes
of functions with an invariant metric and showed that the kernel corresponding
to the smallest class of functions including the unknown true function gives the
best model space for the true function. An extension of our result to a class
of kernels corresponding to classes of functions with variant metrics is one of
important future works that should be resolved.
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