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Abstract. In this paper we investigate how to establish a hypergraph
model for characterizing object structures and how to embed this model
into a low-dimensional pattern space. Each hyperedge of the hypergraph
model is derived from a seed feature point of the object and embodies
those neighbouring feature points that satisfy a similarity constraint. We
show how to construct the Laplacian matrix of the hypergraph. We adopt
the spectral method to construct pattern vectors from the hypergraph
Laplacian. We apply principal component analysis (PCA) to the pat-
tern vectors to embed them into a low-dimensional space. Experimental
results show that the proposed scheme yields good clusters of distinct
objects viewed from different directions.

1 Introduction

Graph-based methods have played an important role in machine learning due to
their ability to represent relational patterns. Various applications of graph-based
methods can be found in data mining, natural language processing and informa-
tion retrieval. In computer vision, the attractive feature of graph representations
is that they concisely capture the relational arrangement of object primitives in
a manner which can be invariant to changes in object viewpoint[1].

However, in many situations the graph representation for relational patterns
is incomplete. This is because in real-world problems objects and their features
tend to exhibit multiple relationships rather than simple pairwise ones. Since
graphs are of limited use in representing complex relational patterns, hyper-
graphs have been adopted as a more sophisticated alternative.

Hypergraphs have certain advantages over graphs. These include their accu-
racy and completeness in describing feature relations and structures. As a result,
hypergraphs have recently found applications in a variety of practical problems
such as partitioning circuits[7] and clustering categorical data[6]. In computer vi-
sion, hypergraphs have been applied to image segmentation[3], edge detection[4]
and noise removal[4]. However, most of these applications are based on low-level
approximated image analysis, and thus induce a heavy computation burden.

In addition, to be easily manipulated and hence useful in machine learning, hy-
pergraphs must be represented in an mathematically consistent way, e.g. as ma-
trices or vectors. Since Chung’s definition on the Laplacian matrix of a k-uniform
hypergragh[5], there have been several investigations of the matrix representation
of hypergraphs[9][11] [14]. However, none of the proposed mathematical represen-
tations has been generally accepted as a basis for the spectral manipulation of
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hypergaphs. In this paper, we develop a spectral hypergraph embedding method.
The starting point is to show how to encode hyperedge structure in a improved ver-
sion of the hypergraph Laplacian in [14]. The pattern vectors are then established
by using the Laplacian eigenmodes, which is proved to be permutation invariant
to both the vertex labels and hyperedge labels. We apply the proposed method
to clustering objects based on a high-level feature-based analysis of images. The
proposed method gives good object clusters.

This paper is organized as follows. In Section 2, we review the relevant back-
ground on hypergraphs. In Section 3, we develop our hypergraph model for
representing the object structure. In Section 4, we introduce a Laplacian matrix
representation of hypergraphs. In Section 5, we develop a spectral embedding
scheme for hypergraphs by using the associated Laplacian matrix. Section 6 gives
experimental results for the proposed scheme on clustering visual information.
Finally, conclusions are presented in Section 7.

2 Hypergraph Fundamentals

A hypergraph is a generalization of a graph. Unlike the edge of a graph, which
can connect only two vertices, the edge of a hypergraph, i.e. hyperedge, can
connect any number of vertices. A hypergraph is normally defined as a pair
H(V, E) where V is a set of elements, called nodes or vertices, and E is a set of
non-empty subsets of V called hyperedges.

An example of a hypergraph is shown in Figure 1(a), where the vertex set
V = {v1, v2, v3, v4, v5, v6} and the hyperedge set E = {e1 = {v1, v2, v3}, e2 =
{v3, v4, v5}, e3 = {v5, v6}}. The representation of a hypergraph in the form of
sets, concretely captures the relationship between vertices and hyperedges. How-
ever, it is difficult to manipulate this form in a computationally uniform way.
Thus one alternative representation of a hypergraph is in the form of a matrix.
For a hypergraph with m hyperedges and n vertices, we establish a m×n matrix
H with element hi,j as follows:

hi,j =
{

1 if vi ∈ ej

0 otherwise (1)

(a) Hypergraph (b) Incidence Matrix

Fig. 1. An Example of Hypergraphs
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Here, H is referred to as the incidence matrix of the hypergraph H(V, E). The
incidence matrix can be more easily manipulated than its equivalent set repre-
sentation. The incidence matrix of the example hypergraph is shown in Figure
1(b), where each column is associated with the corresponding hyperedge, and
each row with the corresponding vertex.

3 Hypergraph Representation of Objects

There has been a considerable body of research aimed at how to represent visual
information using relational graphs[10][13]. However, these methods mainly focus
on the representation of the relational arrangement of object primitives but
neglect the intrinsic characteristics of the feature points (such as their colors
and intensities). On the other hand, the hypergraph-based image representation
proposed by Bretto et al incorporates the intensity levels of picture elements into
the neighbourhood description for edge detection and denoising[4]. However, the
low-level representation is pixel-based it is computationally burdensome.

To overcome these problems, in this paper, we develop a high-level hypergraph
representation, i.e. feature hypergraph, based on feature points, rather than the
pixel contents of an image. We exploit the intensities of feature points to charac-
terize the similarities between different image locations. The hypergraph associ-
ated with one object is established with m vertices and m hyperedges, where m
is the cardinality of the feature point set V = {v1, v2 · · · vm} extracted from the
object. Each feature point is represented by one vertex in the hypergraph and
therefore the feature point set is identical to the hypergraph vertex set (denoted
by V ). Each hyperedge is specific to one vertex, which we define as the seed of
the hyperedge. To determine the elements of each hyperedge in addition to the
seed, we measure the similarities between the intensities of the seed and of the
other vertices which lie in the spatial neighbourhood of the seed to confine the
extent of the hyperedge. Let c(vi) denote the spatial coordinate of the feature
point vi in an image, I(vi) denote the intensity of vi, Thj1 be a fixed value which
represents the distance threshold for neighbourhood, and Thj2 be the similarity
threshold between the vertex intensities. The threshold Thj2 could be either a
fixed value or calculated in an adaptive way[4]. The association of the vertex vi

to the hyperedge E(vj) derived from the seed vj is determined as follows:

vi

{
∈ E(vj) if ‖c(vi) − c(vj)‖ ≤ Thj1 and if | I(vi) − I(vj) |≤ Thj2
/∈ E(vj) otherwise (2)

The first condition confines one set of candidate vertices to the spatial neigh-
bourhood of the seed. The second condition selects a set of candidate vertices
satisfying the similarity constraint. The intersection of the two sets constitute
one hyperedge. We hereby refer to the hypergraph established in (3) as the
feature hypergraph of an object.

The incidence matrix of the feature hypergraph is hence of size m×m. The ith
column represents the hyperedge derived from vi, and the jth row corresponds
to vertex vj . Thus the element of incidence matrix is denoted as:
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h(i, j) =
{

1 if ‖c(vi) − c(vj)‖ ≤ Thj1 and if | I(vi) − I(vj) |≤ Thj2
0 otherwise (3)

4 Laplacian Matrix of a Hypergraph

Although the incidence matrix can fully describe the characteristics of the con-
structed hypergraph, it poses some drawbacks. Firstly, the elements of the inci-
dence matrix represent a vertex-to-hyperedge relationship rather than a vertex-
to-vertex relationship. Secondly, it is not possible to perform spectral analysis
on the incidence matrix of a hypergraph, since the incidence matrix is normally
not square (although that of our hypergraph is square). For these reasons, we
establish the hypergraph adjacency matrix and Laplacian matrix.

4.1 Adjacency Matrix

For a hypergraph with a incidence matrix H, the associated adjacency matrix
A is:

A = HHT − Dv (4)

where HT is the transpose of H and Dv is the diagonal vertex degree matrix
whose diagonal element d(vi) is the summation of the ith row of H. The (i, j)th
entry of HHT records the number of hyperedges which contain both vi and vj .

An interpretation of (4) can be given in terms of the associated bipartite graph
of the hypergraph[12]. To establish the associated bipartite graph, we use a dual
representation in which each hyperedge is represented by a new vertex. The new
vertex is incident to every original vertex in the corresponding hyperedge. The
new vertex set and the original vertex set therefore constitute the associated
bipartite graph with the new vertices corresponding to hyperedges on one side
and the original vertices on the other side. The (i, j)th entry of the adjacency
matrix A is the number of directed paths with length 2 from vi to vj in the
bipartite graph.

The adjacency matrix of a hypergaph defined in (4) characterizes it in a way
that is essentially analogous to that of a graph, since it encodes the incidence

(a) Bipartite Graph (b) Adjacency Matrix

Fig. 2. The Bipartite Graph and The Adjacency Matrix of Figure 1(a)
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relations between vertices. In the extreme situation of all hyperedges with cardi-
nality 2, the adjacency matrix of a hypergraph reduces to the adjacency matrix
of a graph.

The associated bipartite graph representation of the example hypergraph is
shown in Figure 2, together with its associated adjacency matrix. The adjacency
matrix can be computed either from (4) or by using the bipartite graph method.
As an example of the bipartite graph method, the (1, 3)th entry of the adjacency
matrix is 1 because there is only one directed path v1e1v3 with length 2 from
v1 to v3.

4.2 Laplacian Matrix

Recently, Zhou et al have detailed a hypergraph Laplacian that is suitable for
spectral analysis[14]. However, there are some drawbacks with their Laplacian
when it is used to deal with vision problems. One of these is that the defini-
tion involves the diagonal hyperedge degree matrix to guarantee the positive
semi-definiteness of the hypergraph Laplacian. This is necessary to ensure that
the embedding coordinates of vertices obtained from the spectrum of the Lapla-
cian is real. However, the diagonal hyperedge degree matrix contains redundant
information. Another problem with the definition of Zhou et al is that it in-
volves normalizing the hypergraph Laplacian in order to ensure that the Fiedler
vector has the properties that lend it to bi-partitioning. However, in our pre-
liminary experiments we found that the normalized Laplacian is not effective in
distinguishing relational data[15]. To overcome these drawbacks, we define the
hypergraph Laplacian by analogy with the graph Laplacian, as follows:

L = Dv − A = 2Dv − HHT (5)

This definition does not involve the diagonal hyperedge degree matrix, which as
noted above contains redundant information. Furthermore, we do not normalize
our Laplacian since the unnormalized Laplacian has been shown to be superior in
distinguishing relational data[15]. Therefore, the hypergraph Laplacian in (5) can
be regarded as an improvement over Zhou’s hypergraph Laplacian, which is more
concise in characterizing the structures of hypergraphs. It is also can be regarded
as a star expansion representation of a hypergraph according to [2].

5 Spectral Embedding of Hypergraphs

The structure of a hypergraph is invariant under permutations of the node and
hyperedge labels. However, the incidence matrix is modified by the node order
and hyperedge order since the rows and columns are respectively indexed by the
node order and hyperedge order. If we relabel the nodes, the incidence matrix
undergoes a permutation of rows, while if we relabel the hyperedges, the inci-
dence matrix undergoes a permutation of columns. The associated adjacency
matrix and Laplacian matrix, which represent the incident relationship between
nodes, might thus also undergo the permutation of rows and columns when there
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is a reordering of nodes or hyperedges. Hence, the problems to be solved here
are a) how to establish a set of feature vectors that are permutation invariant
to the change of the node and hyperedge order and b) how to embed them into
a low-dimensional space.

5.1 Pattern Vectors

Suppose that H and HP are the incidence matrices associated with two iso-
morphic hypergraphs H(V, E) and HP (V, E) respectively. Let the matrix PV

be the node permutation matrix representing the change in node order between
H(V, E) and HP (V, E) and PE the hyperedge permutation matrix representing
the change in hyperedge order. Both PV and PE are orthogonal matrices and as
a result PV PT

V = IV and PEPT
E = IE , where IV and IE are identity matrices

of the same size with PV and PE respectively. The permutation relationship
between the two incidence matrices can be denoted as HP = PV HPE . Thus,
the relationship between the adjacency matrices of HP (V, E) and of H(V, E) is:

AP = HPHT
P − DvP = PV HPE(PV HPE)T − PV DvPT

V

= PV HPEPT
EHT PT

V − PV DvPT
V = PV (HHT − Dv)PT

V = PV APT
V (6)

where DvP is the diagonal vertex degree matrix of HP (V, E). The relationship
between the Laplacian matrix of HP (V, E) and of H(V, E) is:

LP = 2DvP − HPHT
P = 2PV DvPT

V − PV HPE(PV HPE)T

= 2PV DvPT
V − PV HPEPT

EHTPT
V = PV (2Dv − HHT )PT

V = PV LPT
V

(7)

From (6) and (7) it is clear that the hyperedge order has no effect on either
the permutation of the adjacency matrix or the permutation of the Laplacian
matrix, which are both solely controlled by the node permutation matrix.

Furthermore, let e be a normalized eigenvector of L with associated eigenvalue
λ and let eP = PV e. With these ingredients, we have that:

LPeP = PV LPT
V PV e = PV Le = λPV e = λeP (8)

From (8) eP is an eigenvector of LP with eigenvalue λ. Hence, the isomorphic
hypergraphs H(V, E) and HP (V, E) with changes in hyperedge order and node
order both share the common Laplacian spectrum, i.e. the same set of eigenvalues
of the Laplacian. Spectra from the adjacency matrices exhibit the same property
and this can be proved in a similar way as (8).

We construct our pattern vectors by using the hypergraph Laplacian spec-
trum. The pattern vector of a hypergraph which is permutation invariant to
node labels and hyperedge labels can thus be established by sorting the eigen-
values of the hypergraph Laplacian in an ascending order and taking the second
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smallest up to the (N + 1)th smallest ones as vector components. Although
the hypergraphs studied might be of different sizes, thus inducing different di-
mensionalities of the eigenspaces, we can fix the number of eigenvalues used to
restrict the dimension of pattern vectors to N . As a result, the pattern vectors
of hypergraphs with different sizes can be formulated in the common form of
v = [λ2, λ3 · · · λN+1]T without distinctions in length.

5.2 Embedding Using PCA

In Section 5.1, we construct the pattern vectors which both characterize the
structures of the hypergraphs and that are invariant to label permutations. How-
ever, it is inconvenient to apply these pattern vectors to clustering objects and
visualization when the vector dimension N is high. For this reason, we embed
the pattern vector into a low-dimensional space by using principal component
analysis (PCA). The purpose of this technique is to find a linear projection
which describes the class differences rather than the overall variance of the data.
Therefore the coordinates representing the original indvidual hypergraphs in the
embedding space tend to be massed into clusters according to the class labels.

6 Experiments

In this section, we experiment with our new spectral representation of hyper-
graphs for the problem of clustering object views. All the experiments are under-
taken based on the feature points extracted from objects by Harris detector[8].
We commence by comparing the proposed scheme with the traditional graph-
spectral method. We embark on the experiments on a set of house images pre-
viously used in [10] and [13]. There are three classes of houses in the image set,

(a) House Sequences

(b) COIL Datasets

Fig. 3. Datasets for Experiments
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Fig. 4. Distance Map of Houses
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Fig. 5. Results of Clustering Houses

which are from the CMU database, the MOVI database and the chalet sequence.
For each object, we have a sequence with different camera viewing directions.
From the left to right, Figure 3(a) shows the sample image from the CMU
database, the MOVI database and the chalet sequence. We establish the feau-
ture hypergraphs of objects as reported in Section 3 based on the feature points
as vertices. The neigbourhood threshold Thj1 is set to 1/4 the size of the image.
The similarity threshold Thj2 is computed in the adaptive way. Then we estab-
lish the pattern vector for each feature hypergraph as presented in Section 5.1.
Here we set the dimensionality of the pattern space N = 6. Figure 4(a) is the
distance map of the proposed pattern vectors, and Figure 5(a) is the clustering
results of the proposed scheme in the space spanned by the first two principal
linear projections in PCA. The distance map and clustering results from the
graph-spectral method are illustrated in Figure 4(b) and Figure 5(b) respec-
tively. The graphs here used are Delaunay graphs of which the feature points
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are the vertices. We can see from the experimental results that the proposed
hyergraph-spectral method outperforms the traditional graph-spectral method
in clustering the house sequences. We then applied the proposed method and the
traditional graph-spectral method to the COIL database. There are 72 views for
each object in the COIL database, acquired by rotating the object under study
about a vertical axis. The sample images of different objects in COIL database
are illustrated in Figure 3(b). The hypergraphs and graphs and their correspond-
ing pattern vectors are established in the same way as the experiments on the
house sequences. Figure 6 shows the first component of the pattern vectors, i.e.
λ2, from the proposed hypergraph Laplacian and the graph Laplacian separately
as a function of view number for the first five objects. The different curves cor-
respond to different objects. The main feature to note is that the curves in the
top plot, which is the result of our hypergraph-based method, is better sep-
arated than those in the bottom plot, which is the result of the graph-based
method. All the above experiments imply that the hypergraph-spectral method
is generally superior to the graph-spectral method in clustering visual informa-
tion. This is because the graph based method mainly focuses on the relational
arrangement of objects and neglects the similarity between feature points. The
proposed hypergraph method, on other hand, incorporates a similarity measure
between feature points as well as considering the arrangement of feature points
in terms of neighbourhood relationship. Therefore, the hypergraph model repre-
sents richer sources of scene information about objects than the graph model.

Finally, we compare the performance of our hypergraph Laplacian and of
Zhou’s hypergraph Laplacian[14] in clustering views of objects. We first estab-
lish the Laplacian matrices of the feature hypergraphs as reported in Section 4.2
and as reported in [14] separately. We then perform PCA on the spectral pattern
vectors from the two kinds of Laplacian and embed them into a 3-dimensional
space. We locate the clusters by using the K-means method and calculate the
Rand index to evaluate the clustering performance. The Rand indices, about the
two methods, of the clustered objects with different numbers of classes are illus-
trated in Figure 6. From the point of view by using Rand index for evaluation,
the proposed hypergraph Laplacian is superior to Zhou’s hypergraph Laplacian
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in clustering visual information. This indicates that although Zhou’s hypergraph
Laplacian performs well in classifying categorical data, it is not suitable for visual
clustering problems.

7 Conclusion

In this paper we have investigated how spectral pattern vectors extracted from
the hypergraph Laplacian can be embedded in low-dimensional spaces for the
purpose of clustering. There are two main contributions in this paper. The first is
that we develop a hypergraph representation based on the locations of attributed
feature points, i.e. feature hypergraph, to represent objects. The second is that
we introduce an improved hypergraph Laplacian and develop one embedding
method by applying PCA to the pattern vectors generated from it. The hyper-
graphs studied in our analysis are of different sizes and we do not need to locate
correspondences. Experimental results indicate that the proposed scheme can
provide useful pattern vectors for objects which perform well the in the domain
of object view clustering.
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