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Abstract. Finding the most relevant symmetry planes for an object is
a key step in many computer vision and object recognition tasks. In fact
such information can be effectively used as a starting point for object
segmentation, noise reduction, alignment and recognition. Some of these
applications are strongly affected by the accuracy of symmetry planes
estimation, thus the use of a technique that is both accurate and robust
to noise is critical. In this paper we introduce a new weighted association
graph which relates the main symmetry planes of 3D objects to large sets
of tightly coupled vertices. This technique allows us to cast symmetry
detection to a classical pairwise clustering problem, which we solve using
the very effective Dominant Sets framework. The improvement of our
approach over other well known techniques is shown with several tests
over both synthetic data and sampled point clouds.
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1 Introduction

Among all the features that can be extracted from a 2D image or 3D object
symmetry is one of the most important. For instance symmetry axes can be
used to set a canonical orientation, which in turn can be useful for matching
different objects, computing partial registration of surfaces or simply to offer
a comparable point of view in visual application. Other applications exploit
symmetries as a descriptor for searching in large databases or as a starting point
for locating other features. In addition partial local symmetries can be very
effective as a cue in segmentation. Finally, due to its abundance in both natural
and crafted object, symmetries play an important role in visual perception and
Gestalt theory. Because of this wide range of applications, symmetry estimation
has been a popular research field for long time. Most seminal papers appeared in
the eighties and were focused on perfect symmetries, mainly because this kind
of analysis required less computational power. Atallah[1] and Wolter[2] solved
the problem very efficiently by casting it into substring matching. Some more
recent approaches use orientation histograms[3], singular value decomposition[4],
extended Gaussian image[5] and generalized complex moments[6]. Also principal
component analysis[7] can be used with good results when dealing with strongly
symmetric objects. All these approaches rely on the existence of a perfect plane
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of symmetry, thus they are very sensitive to noise and cannot be applied to
objects where partial or local symmetries are present.

In order to deal with partial or imperfect symmetries some measures of the
distance between a given object and the nearest perfectly symmetric shape have
been proposed[8,9]. Such a measure could be used to search in the full plane
space for the solution that minimizes the error, however since it can be applied
to just one plane at a time it would not be an efficient solution.

A more practical approach, that has been proved effective in a wide range of
contexts, is to use some kind of transform. That is a mapping from a function
defined over the space of the object data to a function defined over the space of
the feasible solutions, where local and global maximum are usually associated to
local and global solutions of the problem itself. The most well known transform
in computer vision is the Hough transform, which maps points on a plane to
the space of parametrized straight lines. Over the last decade several symmetry
transform have been proposed[10,11,12,13,14]. Recently the Planar-Reflective
Symmetry Transform (PRST) has been presented in[15,16] and extended in[17].
This is a transform that maps the points of three dimensional objects to a real-
valued function in the three dimensional space of parametric planes. As for any
transform technique in practical implementations it is computed in a discrete
form: that is, the function is evaluated only on a large set of randomly selected
points and the results are used to vote for the best solutions in a discrete set
of bin that are uniformly distributed over the space of planes. This approach
leads to coarse errors, due to the discrete size of the bins. However a continuous
refinement technique is proposed that greatly enhances the solution by searching
for a more accurate symmetry plane inside the winning bin by using an error
minimization technique inspired by the Iterative Closest Point algorithm[18].

In this paper we propose a novel approach which casts the problem to the
search for pairwise clusters in a newly defined weighted association graph that
we named Symmetry Consensus Graph. In such a graph each vertex is associated
to a candidate symmetry plane and the similarity between vertices expresses the
consensus between planes. This way each large cluster in the graph captures a
set of highly similar plane candidates and leaves out all the unwanted outliers,
according to the high internal homogeneity and external inhomogeneity proper-
ties of clusters. In section 2 we define the Symmetry Consensus Graph in both a
binary and a weighted form. In section 3 we suggest a very effective framework
in order to find large cluster in a Consensus Graph. Finally, in sections 4 and 5
we compare our approach with PCA and the very accurate PRST technique.

2 The Symmetry Consensus Graph

Given a large set of 3D points describing an object our goal is to find the largest
subsets that share a common symmetry plane. The most widely used approach is
to select a large number of point pairs and thus collect votes for the plane between
them in an appropriate parameters space. As for any other voting technique,
concrete implementations of this approach need to choose a quantization of the
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parameters space into discrete bins. In many scenarios the choice of the size of
the bins can be very critical as a too coarse quantization can lead to a poor
precision in the estimation of the symmetry, while a too fine one could suffer of
vote dispersion due to the dimensionality curse. In [16] the authors suggest to
adopt a quite coarse parameters space quantization ad thus apply a continuous
refinement step in order to minimize the local symmetry error among points that
voted for the winning bin. This step enhances the quality of the solution found,
but still is quite sensible to the presence of local outliers in the rather large
winning bin. In order to obtain the best results an optimal bin size should be
used, that is a quantization that allows to collect just the most relevant votes,
leaving out local outliers. Unfortunately it is very hard to know in advance
which size to use as it depends on many factors such as noise and quality of the
symmetry. By contrast, the main idea which underpin our method is to avoid
the quantization by using a more global approach able to weight all the voting
point pairs at once.

2.1 Binary Symmetry Consensus Graph

In this section we focus our attention on objects that, although not being sym-
metric as a whole, contain one or more subset of points that are perfectly specular
by a plane. Obviously this scenario is not very realistic from a practical point of
view, nevertheless it permits us to define an useful structure that we will expand
in section 2.2 to be more suitable for real world applications:

Definition 1. Given a set of points in space P = {p1, p2 . . . pn}, their Binary
Symmetry Consensus Graph (BSCG) is the undirected graph GB = (VB , EB)
where VB = {(pa, pb) ∈ P |a < b} is the set of pairs of points in P and where
((pa, pb), (pc, pd)) ∈ EB if and only if the plane between pa and pb is exactly the
same plane between pc and pd.

Each vertex in such a graph represents a pair of points in the original object and
is attributed with the plane that separates such points in a symmetric way. The
key property of this graph is that two vertices are connected if and only if they
share the same plane. As this is an equivalence relation the transitive property
holds and it is easy to see that each set of vertices that share the same symmetry
plane with each other forms a complete subgraph (clique). By building the BSCG
over a set of points we can thus cast the search for the most relevant symmetry
planes into the search for the largest cliques over the Consensus Graph. Although
this is known to be a NP-complete problem many powerful heuristics have been
suggested for it.

In figure 1 we illustrate a simple example of a BSCG. On the left an object
with two partial perfect symmetry planes is shown. On the right the BSCG is
built over all the pairs of point of the object. Only two cliques are found in the
BSCG, respectively between pairs ag, bf, ce, which are symmetric with respect
to the vertical axis, and between pairs bc, ef , which are symmetric with respect
to the horizontal axis. All other pairs do not share their symmetry plane with
any other pair in the graph, thus all of them are singleton.



200 A. Albarelli, M. Pelillo, and S. Viviani

Fig. 1. A very simple object with perfect partial symmetries (left) and its Binary Sym-
metry Consensus Graph (right). Only pairs of vertices that share the same symmetry
plane are connected by an edge. For practical reasons only a part of the graph is shown.

2.2 Weighted Symmetry Consensus Graph

The assumptions taken in section 2.1 are very strict in practical scenarios. In
fact noise, numerical errors and not perfect symmetries in the object itself can all
make very difficult for many pairs of points to share exactly the same symmetry
plane. One possible solution to this problem could be the use of a threshold in
order to state that two plane are equals. Unfortunately this approach introduces
two more hurdles: the first is the correct choice for such threshold, which is not
different from the choice of the correct bin size, the other is that this way the
transitive property would be no more valid, thus breaking the correspondence
between cliques in the Consensus Graph and symmetries.

Our proposal is to extend the BSCG presented in 2.1 to a weighted graph
where each edge is weighted according to the similarity between the planes as-
sociated to the vertices connected:

Definition 2. Given a set of points in space P = {p1, p2 . . . pn}, their Weighted
Symmetry Consensus Graph (WSCG) is the edge weighted undirected graph
GW = (VW , EW , ω) where VW = {(pa, pb) ∈ P |a < b} is the set of pairs of
points in P , EW = VW × VW is the set of edges and ω : EW → R

+ is a weight
function that assigns to each edge a positive real value ω((pa, pb), (pc, pd)) propor-
tional to the similarity between the symmetry plane of pa, pb and the symmetry
plane of pc, pd.

From a topological point of view a WSCG is by construction a complete graph,
so it would not be interesting to search for cliques in it as we made for the
BSCG. Instead we are interested in finding large sets of vertices that are all
associated to very similar symmetry planes. In other words, since the edges
reflect the similarity between planes we are interested in finding sets of vertices
that present a high pairwise similarity among them and a low pairwise similarity
with respect to vertices external to the set itself. These two properties (high
internal similarity and low external similarity) are commonly used to define the
notion of a cluster, which indeed generalizes to the weighted graphs context the
notion of clique in binary graphs.

In figure 2 we illustrate a simple example of a WSCG. The object shown is
a slightly perturbed version of the one shown in figure 1. In this case there are
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Fig. 2. A very simple object without perfect symmetries (left) and its Weighted Sym-
metry Consensus Graph (right). The weight of the edges is proportional to their thick-
ness. For practical reasons negligible edges are not drawn and only a part of the graph
is shown.

no subset of points that exhibit a perfect symmetry, nevertheless the separation
plane between a, g is very similar to the one between b, f , which in turn is just
a little less similar to the ones between c, d and c, e, and so on (note that only
the edges with relevant weight are drawn). The two largest clusters correspond
to the two most relevant symmetry planes in the model. It is worth noting than
a cluster could assign to the same point in the model two or more different
specular points, as in the case of point c which is symmetric to both e and d.
This many-to-many property of the assignment is critical when dealing with data
coming from sampling, where artifacts and random noise make very unlikely a
direct correspondence between each point and its specular instance, even in the
presence of perfect simmetry in the sampled object.

3 Dominant Sets Cluster Extraction

In section 2.2 we shown how the problem of finding optimal symmetry planes
can be casted into the search for large clusters in a set of vertices over which
we defined a pairwise similarity measure ω. In order to perform this search we
propose to use the Dominant Set framework [19] which is a very effective pairwise
clustering technique.

Given an edge weighted undirected graph G = (V, E, ω), a subset of vertices
S ⊆ V and two vertices i ∈ S and j /∈ S the following function measures the
coherence between nodes j and i, with respect to the average coherence between
node i and its neighbors in S

φS(i, j) = ω(ij) − 1
|S|

∑

k∈S

ω(ik) (1)

And overall weighted coherence between i and other nodes in S is defined as:

wS(i) =

⎧
⎪⎨

⎪⎩

1 if |S| = 1∑

j∈S\{i}
φS\{i}(i, j)wS\{i}(j) otherwise (2)
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Intuitively, wS(i) will be high if i is highly coherent with vertices in S. Given
this measure S ⊆ V is said to be dominant if

∑
i∈T wT (i) > 0 for any nonempty

T ⊆ S and the following conditions hold:

wS(i) > 0, ∀i ∈ S (3)
wS∪{i}(i) < 0, ∀i /∈ S (4)

The conditions above correspond to the two main properties of a cluster:
namely internal homogeneity and external inhomogeneity, which are exactly the
properties that we expect to hold for the sets we are searching for.

Another compelling reason to use the Dominant Set framework is that, de-
spite the complexity of their recursive definition, they are very easy to find in
practice: in fact a single set (corresponding to a symmetry plane) can be found
in polynomial time and a convenient technique exists in order to enumerate all
the Dominant Sets in a graph.

Pavan and Pelillo [19] have shown that dominant sets correspond to local
maximizer over the standard simplex (i.e. the sets of vectors with components
that sum up to 1) of the quadratic function

f(x) = xtAx (5)

where A is the weighted adjacency matrix of the graph (thus Aij = ω(i, j)).
These maximums can be found by exploiting the convergence properties of

the payoff monotonic replicator dynamic

xi(t + 1) =
(Ax(t))i

x(t)tAx(t)
(6)

which is guaranteed to converge to a local maximum when the association
graph is undirected and, thus, the matrix A is symmetric[20]. At convergence
the value of the function f is a measure of the global coherence of the extracted
set, which in turn express the strength of the symmetry found.

Since an object could express more than a single symmetry plane it would be
useful to be able to enumerate at least the most relevant Dominant Sets present
in the graph. In addition, although replicator dynamics are guaranteed to con-
verge it does not need to stop on the largest Dominant Set, thus by enumerating
them we could choose always the most relevant ones. To obtain such enumeration
we used the technique proposed in [21].

4 Experimental Results

In order to show the effectiveness of the proposed approach we performed both
qualitative tests on a database of real world objects and quantitative validation
over a larger set of synthetic data generated under different conditions of noise
and occlusion. In both cases our technique has been compared with the PRST[15]
algorithm which we implemented with 64 bins for each dimension of the space
of planes parametrization and with ISP refinement. As an optimization meant
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to keep the size of the Symmetry Consensus Graph reasonable we filtered the
vertex set VW by sampling a fixed number of random vertices.

The qualitative tests have been made against a database of about 40 3D scans
of sunglasses models acquired as point clouds with a structured light scanner.
Each model counts between 10.000 and 20.000 points which have been sampled
with a metric error which is guarantee to be less than 10 micrometers. Our goal is
to find for each model the main symmetry plane, that is, in this context, the plane
that split each sunglasses pair in two specular halves. Despite the high quality of
the sampling process it is difficult to obtain an accurate result because of slight
differences in the two halves of the model, incomplete sampling and parts of the
object that are not fixed and can move during the sample process (for instance
nose pads). These hurdles strongly limit the use of traditional global techniques,
such as PCA, and the presence of non perfect symmetry can easily lead to some
slight imprecision also in more refined methods, such as PRST.

In figure 3 we show the performance of these latter methods in comparison
to WSCG. The central blue plane is the symmetry plane found, the two lat-
eral yellow planes are added reference planes that are parallel and equidistant
to it. The rows in the figure show respectively the plane obtained with PCA,
PRST and WSCG. The plane found by PCA is clearly skewed because of the
asymmetric sampling of the object during range scanning. The result obtained
by the PRST algorithm is far better than PCA, as expected, while WSCG gives
another improvement over it.

Qualitative results offer a visual hint about the kind of improvement obtained
with the WSCG technique, but as PRST is in itself very accurate this enhance-
ment could appear minimal. In order to give a more quantitative insight we

Fig. 3. Qualitative results on 3D scans. In the first row the symmetry plane obtained
with PCA is shown from different angles and details. The second row contains the
results of PRST and the third the results of WSCG.
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Fig. 4. Accuracy of PRST and WSCG with different level of noise and occlusion

performed a set of experiments with synthetic data which allowed us to com-
pare the symmetry planes obtained with respect to an accurate ground truth
plane. We generated a random distribution of 2000 points within a range of 400
millimeters perfectly symmetric with respect to a known plane. To evaluate the
performance of WSCG in different conditions we added gaussian random noise
along all three axes with a value of the parameter σ ranging from 0.1 to 1 mil-
limeters. Then we repeated the experiments by setting σ = 0.5 and simulating
occlusion with the deletion of a growing percentage of random points from one
side of the symmetry plane. Each experimental condition has been tested with
20 independent runs. In each run the two algorithms are applied and the dis-
tance between the obtained principal symmetry plane and the ground truth is
measured. While several symmetry measures have ben proposed [8,9], we are
not really interested in knowing how much the found symmetry diverge from a
perfect one, as we already know that our data are noisy: rather we are interested
in a plane distance measure. Each plane has been parametrized by the vector
P perpendicular to it and the distance between two planes is measured as the
norm of the difference between their respective associated vectors P1 and P2:

d =‖ P1 − P2 ‖ (7)

It must be noted that this simple measure mixes up translational and rota-
tional errors, which is reasonable in this context because errors are always very
small for both PRST and WSCG. The measure of equation 7 is also used to de-
fine the function ω that weights the edges of the WSCG in definition 2.2. If Pab

is the vector perpendicular to the separation plane between points pa, pb and Pcd

the one associated to the plane between pc, pd then we measure the similarity
between vertices (pa, pb) and (pc, pd) of the WSCG as:

ω((pa, pb), (pc, pd)) = e−‖Pab−Pcd‖ (8)

In figure 4(a) the performance of WSCG is shown for several levels of gaus-
sian noise added to the test points and in figure 4(b) the robustness with respect
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Fig. 5. Running time and accuracy of WSCG with respect to the number of points

to occlusion is shown for different percentages of sample points removal. The
comparison with PRST shows that both techniques offer comparable very good
performance and that WSCG is more accurate on average. In particular WSCG
seems to be more tolerant to occlusion, which is expected as PRST relies on
a voting algorithm. In figure 5(a) we show the convergence time of the WSCG
algorithm with respect to the number of vertices that are kept in the Consensus
Graph. Each test has been performed 20 times with gaussian noise of parameter
σ = 0.5 and an occlusion of 50% and has been executed on a 2Ghz Athlon CPU.
These result show that by keeping the number of sampled points low, WSCG
can be executed in less than a second. This optimization does not imply a lower
quality in the symmetry plane estimation, in fact figure 5(b) shows that the error
becomes very small when keeping as few as 300 vertices.

5 Conclusions

The Weighted Symmetry Consensus Graph is a new approach to planar symme-
try detection that exploits pairwise clustering to find a solution that is maximally
consistent from a global perspective. The main features of WSCG are that it does
not require any quantization of the solutions space and is adaptive with respect
to outliers. Experimental validation shows that this approach gives better results
than another state-of-the-art algorithm. Finally WSCG is quite general as the
compatibility measure needs not to be related to planar symmetry. In fact future
work will aim to extend the approach to radial symmetry and other features that
can be estimated by exploiting a global consensus.
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