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Abstract. Statistical shape modelling(SSM) is a popular technique in computer
vision applications, where the variation of shape of a given structure is modelled
by principal component analysis (PCA) on a set of training samples. The issue
of sample size sufficiency is not generally considered. In this paper, we propose
a framework to investigate the sources of SSM inaccuracy. Based on this frame-
work, we propose a procedure to determine sample size sufficiency by testing
whether the training data stabilises the SSM. Also, the number of principal modes
to retain (PCA dimension) is usually chosen using rules that aim to cover a per-
centage of the total variance or to limit the residual to a threshold. However, an
ideal rule should retain modes that correspond to real structural variation and dis-
card those that are dominated by noise. We show that these commonly used rules
are not reliable, and we propose a new rule that uses bootstrap stability analysis
on mode directions to determine the PCA dimension.

For validation we use synthetic 3D face datasets generated using a known
number of structural modes with added noise. A 4-way ANOVA is applied for
the model reconstruction accuracy on sample size, shape vector dimension, PCA
dimension, and the noise level. It shows that there is no universal sample size
guideline for SSM, nor is there a simple relationship to the shape vector dimen-
sion (with p-Value=0.2932). Validation of our rule for retaining structural modes
showed it detected the correct number of modes to retain where the conventional
methods failed. The methods were also tested on real 2D (22 points) and 3D
(500 points) face data, retaining 24 and 70 modes with sample sufficiency being
reached at approximately 50 and 150 samples respectively. We provide a foun-
dation for appropriate selection of PCA dimension and determination of sample
size sufficiency in statistical shape modelling.

1 Introduction

Statistical shape modelling (SSM) is a technique for analysing variation of shape and
generating or inferring unseen shapes. A set of sample shapes is collected and PCA is
performed to determine the principal modes of shape variation. These modes can be
optimised to fit the model to a new individual, which is the familiar active shape model
(ASM) [1,2,3]. Further information, such as texture, can be included to create an active
appearance model [4] or morphable model [5].
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Despite its popularity, PCA-based SSMs are normally trained from datasets for which
the issue of sufficiency is not considered. The PCA dimension for an SSM is often
chosen by rules that assume either a given percentage or level of noise. As will be shown
later in this paper that these two methods are highly dependent on sample size.

In this paper, we review the discussions on sample size sufficiency for a closely
related field, common factor analysis (CFA), and design a mathematical framework
to investigate the source of PCA model error. This framework provides a theoretical
evaluation of the conventional rules for retaining PCA modes, and enables analysis
of sample size sufficiency for PCA. We then propose a rule for retaining only stable
PCA modes that uses a t-test between the bootstrap stability of mode directions from
the training data and those from pure Gaussian noise. The convergence of the PCA
dimension can then be used as an indication of sample sufficiency.

We verify our framework by a 4-way ANOVA for reconstruction accuracy is applied
to the models trained from synthetic datasets generated under different conditions. Our
PCA dimension rule and procedure for sample sufficiency determination are validated
on the synthetic datasets and demonstrated on real data.

2 Background

2.1 Minimum Sample Size for CFA

There is little literature on the issue of minimum sample size for PCA. In the related
field of CFA, however, this issue has been thoroughly discussed. CFA is commonly
used to test or discover common variation shared by different test datasets. Guidelines
for minimum sample size in CFA involve either a universal size regardless of the data di-
mension or a ratio to the data dimension. Recommendations for minimum size neglect-
ing the sample dimension and the number of expected factors vary from 100 to 500 [6].
Such rules are not supported by tests on real data. Doubts have been raised about a uni-
versal sample size guideline since it neglects the data dimension. Size-variable ratios
(SVR) may be more appropriate and values of between 2:1 to 20:1 have been sug-
gested [7]. There have been a number of tests using real data, but no correlation was
found between SVR and the mode stability [8], nor has any minimum value for SVR
emerged [9]. The minimum sample size needed in these real tests is not consistent ei-
ther, varying from 50 [8], to 78-100 [9], 144 [10], 400 [11] and 500 or more [12].

The inconsistency among these results shows that the minimum size depends on
some nature of the data other than its dimension. MacCallum et al. [13,14] proposed
a mathematical framework for relating the minimum sample size for CFA with its
communality and overdetermination level. They then designed an experiment using
4-way ANOVA to study the effects of communality, overdetermination level, model
error and sample size on the accuracy in recovering the genuine factors from synthetic
data. The results showed that communality had the dominant effect on the accuracy
regardless of the model error. The effect of overdetermination level was almost neg-
ligible when communality is high. In low communality tests, accuracy improves with
larger sample size and higher accuracy was found in tests with lower overdetermination
levels.
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There is no equivalent to communality and overdetermination level for PCA. Instead,
the factors we consider are the data dimension and the number of genuine structural
modes that are retained.

2.2 Number of Modes to Retain for SSM

Many rules choosing the number of modes to retain for SSM and PCA have been pro-
posed [6,15,16,17]. The most popular rule used in SSM for structural mode determina-
tion is simply to take the leading modes covering a percentage of the total variance in
the sample set. The percentage is arbitrarily set, which equivalent to simply assuming a
corresponding percentage of noise.

Another popular rule is to discard the least principal modes until the sum of total
variance, which is the model residual on the training data, reaches a certain threshold.
This threshold is normally set according to the error tolerance of the application.

Stability measurements for PCA have been proposed to determine the number of
modes. Given two shape models trained from different sample sets, Daudin et al [18]
used a sum of correlation coefficients between pairs of principal components; Besse
et al [19] used a loss function derived from an Euclidean distance between orthogonal
projectors; Babalola et al [20] used the Bhattacharya Metric to measure the similar-
ity of PCA models from different sample sets. Resampling techniques such as boot-
strapping [18] and jackknifing [19] can be used. The distribution of PCA modes across
the replicates reflects their distribution in the population, allowing stability analysis to
be performed. The selected principal modes span a subspace. Besse et al. proposed
a framework for choosing the number of modes based on their spanned-space stabil-
ity [21]. This method differentiates structural modes and noise-dominated modes when
the sample set is large. However, as will be shown in the section 4.3, this method can
only provide a estimation of the number of modes when the sample size is sufficient.

3 Theories

3.1 Sources of PCA Model Inaccuracy

We propose the following mathematical framework to examine the characteristics af-
fecting the sufficiency of a sample set drawn from a population with genuine modes of
variation, listed in the column of A. Due to the presence of noise, we have ̂X instead of
X , and the PCA modes from ̂X are ̂A. The model inaccuracy can be expressed as the
difference between the covariance matrices Δ = ̂X ̂XT − XXT .

Let X = AW and ̂X = ̂ÂW , we have:

̂X = ̂ÂW = AAT
̂ÂW + (I − AAT ) ̂ÂW (1)

Since A is orthonormal, (I −AAT ) is a diagonal matrix with only 1s and 0s. Hence
(I − AAT ) = NNT . Equation 1 becomes:

̂X = AAT
̂ÂW + NNT

̂ÂW = ÂWA + N̂WN (2)
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Applying equation 2 on the covariance matrix of X:

̂X ̂XT = ÂWA
̂WT

A AT + ÂWA
̂WT

N NT + N̂WN
̂WT

A AT + N̂WN
̂WT

NNT

= ÂΣAAAT + AΣANNT + NΣNAAT + NΣNNNT (3)

The model inaccuracy becomes:

Δ = ̂X ̂XT − XXT

= A(̂ΣAA − ΣAA)AT + AΣANNT + NΣNAAT + NΣNNNT

= (A(ΣEE)AT + AΣANNT + NΣNAAT ) + NΣNNNT (4)

A PCA model error consists of two parts:
EN = NΣNNNT , the error introduced by sampling noise modes that are orthogonal

to�. EN depends only on the noise level introduced by human interaction or measure-
ment error during the process of building an SSM. Increasing sample size would cause
little reduction in this error if noise level remains the same.

El = A(ΣEE)AT +AΣANNT +NΣNAAT , the error along the subspace spanned
by structural modes,�. This is due to noise affecting the sample coefficients and insuf-
ficient coverage of the dimensions in�. Therefore, El increases with PCA dimension,
rank(A). It also affected by noise level because at high noise level some structural
modes with small variances may be swamped by noise.

Rather counter-intuitively, El is not dependent on the shape vector dimension, as will
be shown in the section 4.2. However, higher EN can result from higher shape vector
dimension, which therefore increases Δ.

3.2 Sample Size Requirement

According to the framework in section 3.1, the sample size requirement for PCA only
depends on two factors: number of structural modes in the dataset, and the level of
noise. Hence we propose the following procedure for sample sufficiency determination.
For a sample set, X , of n samples:

PCA Sample Size Sufficiency Test
1) Apply PCA on X , to get a set of modes B.
2) Starting with a reasonably small number, n∗, construct a set X∗

j of n∗ samples ran-
domly drawn, allowing repeats, from X .

3) Apply PCA to X∗
j to get a set of modes B∗

j and resolve mode correspondence with
respect to B.

4) Find the number of structural modes in B∗
j , k.

5) Repeat 2-4 with an increased n∗. If k converges before n∗ reaches n, we have suffi-
cient samples. Otherwise, further sample data is required.

Step 4 in this procedure requires determination of the number of structural modes,
which is a common question for PCA. These rules are sometimes is called stopping
rules, since they determine where to stop including the principal modes.
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3.3 PCA Dimension by the Stability of Mode Direction

It is generally assumed that most of the structural variation is modelled by the leading
principal modes. Noise affects the lower ranking modes and dominates those after a
cut-off point further down the rank. Going back to our framework, a cut-off point is
chosen for retaining principal modes in order to reduce EN . However, since genuine
structural variation may still be present in the least principal modes, discarding them
would increase El. There is trade-off between EN and El. Stopping rules should aim
at discarding only modes that are sufficiently dominated by noise.

Assuming noise is randomly spread across all the dimensions, mode instability can
be a good indication of the point where noise begins to dominate. There is a risk with
tests using the magnitude of the variance that stopping rules will be dominated by the
first few modes and fail to identify the correct cut-off point. Also, it is the mode direc-
tions that define the basis of a shape model for fitting or synthetic shape generation.
Therefore we propose a stopping rule based on the stability of the mode direction only.

Fig. 1. Comparison of Leading 8 Eigenmodes from two mutually exclusive sets of 50 samples
from our 3D face mesh database, aligned according to eigenvalue ranks. Darker texture implies
larger variation, showing many mismatched after the 4th mode.

3.3.1 Establishing Mode Correspondence
Examining individual modes requires mode correspondence. Normally, this is done by
matching those with the same eigenvalue ranks. Significant variation can be found be-
tween individual modes drawn from different sample sets with the same ranking, as
shown in figure 1. Although leading modes may correspond, mode 5 on the top seems
to correspond with mode 6 on the bottom, and modes after 6 on the top seems to corre-
spond to none at the bottom. However, the combined modes from different sample sets
may still span similar subspaces. Mode alignment can be achieved by minimising the
distance between these subspaces.

For the leading PCA modes {(ai, λi)|ai| = 1} of an n-dimensional distribution, we
define the principal spanned space (PSS) as the subspace �k spanned by {ai}, where
the distance measure used by Besse et al.[19] can be applied:

d(�k,�k) = k − trace(AAT BBT ) (5)

where the columns of A and B are the modes spanning PSS�k and �k.
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For two sets of PCA modes, ai and bi, trained from different sample sets of a
common distribution, the following rule can be used to establish correspondence. The
first mode in ai corresponds to the mode of a replicate that minimises d(��1,��

1),
and we proceed iteratively. Assume we have already aligned ��

k, the PSS from the
first k modes in ai, to the spanned space ��

k from k modes in the replicate bi. The
mode in bi that corresponds to the k+1th mode in ai will be the one that minimises
d(��k+1,��

k+1).

3.3.2 Bootstrap Stability of PCA Modes
Bootstrap stability analysis can be used to analyse mode stability. We use the angles
between mode directions as the measurement of distance between corresponding modes
from different replicates. The instability, ξ, of mode ai is given by:

ξ(ai) =

∑m
j=1 arccos(ai

′
j · α̂i)·

mπ
(6)

where α̂i is the mean mode vector and m is the number of bootstrap replicates.

3.3.3 Stopping Rule Based on a t-Test against Synthetic Gaussian Noise
Since noise-dominated modes should have higher instability than structural modes, a
threshold on ξ can be used to differentiate them from structural modes. However, the
choice for the threshold is arbitrary and is found to be sensitive to the size of replicates.
Instead, assuming the distribution of angles between corresponding modes is Gaussian,
a one-tailed t-test can be used to establish whether a mode is dominated by noise to a
given significance level.

We generate a pure Gaussian noise dataset to compare with the test dataset. All
conditions must be the same – the dimensionality, the number of samples in the dataset,
the number of replicates, and the number of samples in each replicate. Since we are
only interested in mode directions, the level of noise is not important. Let the angle for
the first pure noise mode to be α1 and the angle for the test samples to be ai, The null
hypothesis of the t-test is H0 : ξ(α1) > ξ(ai). By rejecting H0 at a given confidence
level, one can safely conclude that a mode is not dominated by noise.

4 Experiments

We demonstrate the correctness of our theories with three sets of experiments. First a 4-
way ANOVA is performed on synthetic datasets to show how the PCA model accuracy
is affected by different features as it is discussed in section 3.1. Then we show that our
stopping rule is able to identify the correct number of modes in the synthetic samples
for which commonly used rules fail. This shows that our rule can be used to determine
PCA sample sufficiency, by following the procedure presented in section 3.2. This is
applied to two different sets of real samples.

4.1 Real Datasets

Two real shape datasets are used in the experiments. The first one comprises 150 sam-
ples of 3D faces with 5090 points each from University of Notre Dame [22] prepro-
cessed using Papatheodorou’s method [23], and the second one consists of 135 samples
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a b

Fig. 2. Examples from real 3D Face database (a) and landmarks of 2D AR Face database

a b c

Fig. 3. Examples of three synthetic faces generated with 70 modes with shape vector dimension
being 2100. Different noise levels are applied: 0.1mm (a), 0.25mm (b) and 0.5mm (c). Noise
starts to become visible in (b) and (c).

from the landmarks (22 points) [24] of 2D AR face database [25]. Examples from these
two datasets are shown in figure 2.

4.2 ANOVA Results

For validation of our framework, we generate a dataset consists of 8960 subsets, each
having different combinations of: sample sizes, numbers of modes to generate, levels
of Gaussian noise and decimated to different number of points. A list of choices for
different characteristics are shown as follows

Sample Sizes (SS): 50, 100, 150, 200, 250, 300, 350, 400
450, 500, 550, 600, 650, 700, 750, 800
Shape Vector Dimension: 300, 600, 900, 1200, 1500, 1800, 2100
Number of Genuine Modes: 10, 20, 30, 40, 50, 60, 70, 80
Gaussian Noise Levels (in mm): 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5
Examples of faces generated under different conditions are given in figure 3.

PCA is applied to each of the 8960 subsets of the first synthetic dataset. Results are
compared to the original modes that used to generate the data. Measurement described
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in equation 5 is used to calculate the error of the models trained from the subsets. A
4-way ANOVA was performed to find out which characteristics influence the model
accuracy. As shown in table 1, the results confirm the correctness of our framework
introduced in section 3.1. Sample size and number of genuine modes in the dataset act
as the major source of influence on the model accuracy. Noise also has a significant but
small influence. Also the result showed that the effect of sample dimension is negligible.

Table 1. Result of 4-Way ANOVA

Source Sum of Squares DoF Mean Squares F-Statistic p-Value

Sample Size 194.534 15 12.9689 11315.66 ¡0.03
Sample Dimension 0.008 6 0.0014 1.22 0.2932
Number of Genuine Modes 83.055 7 11.865 10352.48 ¡0.03
Gaussian Noise Level 0.513 9 0.057 49.74 ¡0.03

4.3 Number of Modes to Retain for SSM

We have validated previous stopping rules and our method using synthetic data gener-
ated with a known number of background modes. These shapes are generated using the
leading 80 modes of the model built from all the 150 3D Faces, decimated to 500 points
for faster experiments. Gaussian noise with 1mm standard deviation is added to each
element of the shape vector. Example faces from the synthetic set are shown in figure 4.
Stopping rules applied to this dataset should not retain more than 80 modes.

We validated the rule which retains 95% of the cumulative variance using synthetic
datasets sized from 100 to 600. Compactness plots are shown in figure 5(a). With in-
creasing sample size, the number of modes retained by this rule increases beyond 80,
where the noise dominates the variance. These noise modes contribute to an increasing
proportion of the total variance with increasing sample size, and the number of modes
covering 95% of the total variance increases accordingly. A similar trend was also found

Fig. 4. Synthetic faces generated using 80 modes, added 1mm Gaussian noise on to each element
of the shape vector with dimension 1500
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a b

Fig. 5. 95% thresholded compactness plots of synthetic 3D face datasets (a) with 100, 200, 400
and 600 samples and real 3D face datasets (b) with 30, 50, 100 and 150 samples. The number of
retained modes is clearly dependent on sample size.

Table 2. Number of modes to keep the point error below 1mm

Number of Samples 50 100 150 200 250 300 350 400 450 500
Number of Modes 32 60 95 108 120 140 169 186 204 219

Fig. 6. Instability of PSS for synthetic datasets for synthetic datasets sized from 200 to 2000

for the real data as shown in figure 5(b), which strongly suggests that this rule is un-
reliable and should not be used. A similar effect, as shown in table 2, was found for
the stopping rule that discards the least principal modes until the average error of each
point reaches 1mm.
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Fig. 7. t-Test Based stopping rule on synthetic datasets

Fig. 8. Result of real datasets sufficiency test. Left: 2D faces; Right: 3D faces.

The method of Besse et al [21] was validated with synthetic datasets sized from
200 to 400. A plot of instability, measured as the distance between subspaces spanned
by different replicates, is shown in figure 6. Although this method provides a visible
indication of the correct number of modes to retain when the sample size is sufficiently
large, it cannot identify the lower number of modes that should be retained when the
sample size is insufficient.

Our method was validated with synthetic datasets sized from 100 to 2000. Figure 7
shows the number of modes to retain versus the sample size is also shown. Our stop-
ping rule does not have the tendency to go beyond 80 with large sample sizes. It also
identifies a lower number of stable modes to retain for smaller sample sizes. It appears
a sample size of around 500 is sufficient.

4.4 Sample Size Sufficiency Test for SSM

Figure 8 shows the results of sample size sufficiency tests on the three real datasets we
have. For the 2D dataset, the plot obviously converges at 24 modes with 50 samples.
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With the 3D faces, the graph appears close to convergence at around 70 modes for the
150 samples. These results suggest both face datasets are sufficient.

5 Conclusion and Discussion

We propose a mathematical framework to analyse the sources of inaccuracy in PCA,
which suggests that only the number of genuine structural modes in the dataset and
the noise level will influence the minimum sample size required to stabilise the model.
There is no trivial relationship between the shape vector dimension and the required
sample size. These results are confirmed by a 4-way ANOVA on synthetic data.

We propose a stopping rule that retains modes according to the stability of their direc-
tions. We also establish mode correspondence from different training sets by minimis-
ing the distance between the principal spanned spaces rather than simply by the rank of
their eigenvalues. For a synthetic dataset generated with known structural modes plus
added noise, our method converges correctly where conventional methods did not.

The number of genuine structural modes is not known, but the number of modes to
use for a given dataset can be estimated using our stopping rule. The convergence of
this rule can then be used as an indicator of sample size sufficiency.

Resulting sample size sufficiency suggest 50 samples is sufficient for 2D face land-
marks(22 points), retaining 24 modes in total, and 150 samples is sufficient for the 3D
face meshes (500 points), where around 70 modes are retained. We believe this is the
first principled test for sample sufficiency and determination of the number of modes to
retain for SSM. It can also be applied to other applications of PCA and related fields.
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