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Abstract. The key to the graph based semi-supervised learning algo-
rithms for classification problems is how to construct the weight ma-
trix of the p-nearest neighbor graph. A new method to construct the
weight matrix is proposed and a graph based Subspace Semi-supervised
Learning Framework (SSLF) is developed. The Framework aims to find
an embedding transformation which respects the discriminant structure
inferred from the labeled data, as well as the intrinsic geometrical struc-
ture inferred from both the labeled and unlabeled data. By utilizing
this framework as a tool, we drive three semi-supervised dimensional-
ity reduction algorithms: Subspace Semi-supervised Linear Discriminant
Analysis (SSLDA), Subspace Semi-supervised Locality Preserving Pro-
jection (SSLPP), and Subspace Semi-supervised Marginal Fisher Analy-
sis (SSMFA). The experimental results on face recognition demonstrate
our subspace semi-supervised algorithms are able to use unlabeled sam-
ples effectively.

1 Introduction

Techniques for dimensionality reduction that allow one to represent the data in
a lower dimensional space have attracted much attention in computer vision and
pattern recognition. The supervised dimensionality reduction algorithms include
Linear Discriminant Analysis (LDA) [1], Locality Preserving Projection (LPP)
[2] for supervised case and Marginal Fisher Analysis (MFA) [3].

Labeled data are often, however, very time consuming and expensive to ob-
tain, as they require the efforts of human annotators [4]. However, in many
cases, it is far easier to obtain large numbers of unlabeled data. The problem of
effectively combining unlabeled data with labeled data is therefore of central im-
portance in machine learning [4]. The semi-supervised learning has attracted an
increasing amount of attention recently, and several novel approaches have been
proposed. Graph based semi-supervised learning algorithms [4-8] have attracted
considerable attention in recent years. These algorithms consider the graph over
all the samples as a prior to guide the decision making. Techniques of M. Belkin
et al. [5] and Deng Cai et al. [8] are base on regularization.

The weight matrix is the key to the graph based semi-supervised learning
algorithms for classication problems. In order to obtain the weight matrix, the
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previous methods [4-8] are based on the assumption that points that are near are
likely to have the same label. However, we found that the assumption may not
be tenable in some cases. For example, if the face images were captured under
varying pose, illumination and expression, the face images that are near in the
original image space are very likely to belong to different classes. So, in this case,
the problem is how to obtain the weight matrix which can precisely represent
the relationship of the points.

A new method to construct the weight matrix of the p-nearest neighbor graph
is proposed and a graph based Subspace Semi-supervised Learning Framework
(SSLF) is developed. By using the labeled data, we first find a projection sub-
space by applying the supervised algorithm and embed the labeled and unla-
beled data into this subspace. In the subspace, the points of different classes
are apart from each other, while the points of the same class are close to each
other. Then, the weight matrix is obtained according to not only the relationship
between the mapped points in the subspace but also the labels of the points.
Using this method, the obtained weight matrix can more precisely represent the
relationship of the points than the weight matrix which is obtained based on
the relationship of the points in the original point space. SSLF, which exploits
the geometric structure of the labeled and unlabeled data and incorporates it as
an additional regularization term in the objective function, aims to find an em-
bedding transformation which respects the discriminant structure inferred from
the labeled data, as well as the intrinsic geometrical structure inferred from
both the labeled and unlabeled data. By utilizing this framework as a tool, we
drive three semi-supervised dimensionality reduction algorithms: Subspace Semi-
supervised Linear Discriminant Analysis (SSLDA), Subspace Semi-supervised
Locality Preserving Projection (SSLPP), and Subspace Semi-supervised Mar-
ginal Fisher Analysis (SSMFA).

The rest of this paper is organized as follows. In Section 2, we develop the
basic framework for subspace semi-supervised learning where we formulate an
objective function that utilizes both labeled and unlabeled data, and we ex-
tend the framework to non-linear dimensionality reduction scenarios by applying
the kernel trick. In Section 3, we derive different algorithms for subspace semi-
supervised learning that arise out of our framework. The experimental results
are presented in Section 4. Finally, we conclude the paper in Section 5.

2 Subspace Semi-supervised Learning Framework

In this section, we introduce our subspace semi-supervised framework which re-
spects both discriminant and geometrical structure in the data for dimensionality
reduction.

2.1 Background

Given a set of labeled samples {xi}l
i=1 ⊂ R

m and the class label of the sample
xi is assumed to be ti ∈ {1, · · · , c}, dimensionality reduction aims to find a
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mapping function f : x → y that transforms x ∈ R
m into y ∈ R

d(d � m),
where l is the number of samples and c is the number of classes.

Let Gg = {Xl, B} be the intrinsic graph with vertex set Xl = [x1,x2, · · · ,xl]
and affinity matrix B which is a symmetric l× l matrix. Let Gc = {Xl, C} be the
constraint graph with the same vertex set Xl as that of Gg and constraint matrix
C which is a symmetric l×l matrix. These two graphs are defined to characterize
certain statistical or geometric properties of the sample set. The edge weights of
the matrix B and C measure the similarities between vertex pairs. The purpose
of graph embedding is to represent vertices as low dimensional vectors that
preserve the similarities which are measured by the edge weights of the matrix
B, and suppress the similarities which are measured by the edge weights of the
matrix C.

Let {wi}l
i=1 be the one dimensional representation of the vertices and w =

[w1, w2, · · · , wl]T . The general framework of graph embedding for dimensionality
reduction finds the optimal w by minimizing

wopt = argmax
w

wT Bw
wT Cw

. (1)

With different choices of affinity matrix B and constraint matrix C, this frame-
work will lead to many recently proposed manifold learning algorithms, e.g.,
ISOAMP [9], Laplacian Eigenmap [10], Locally Linear Embedding [11].

If we choose a linear function, i.e. wi = f(xi) = aT xi, we have w = XT
l a.

The objective function (1) becomes

aopt = arg max
a

aT XlBXT
l a

aT XlCXT
l a

. (2)

The optimal a is the eigenvector corresponding to the maximum eigenvalue of
eigen-problem:

XlBXT
l a = λXlCXT

l a. (3)

This approach is the linear extension of graph embedding. Many recently pro-
posed linear dimensionality reduction algorithms, like Linear Discriminant
Analysis [1], Locality Preserving Projection [2], and Marginal Fisher Analysis
[3], can be interpreted in this framework with different choices of affinity matrix
B and constraint matrix C.

2.2 The Objective Function

Our goal is to extend this framework and get our Subspace Semi-supervised
Learning Framework (SSLF) which respects both discriminant and geometrical
structure in the data for dimensionality reduction.

Given a data set {x1, · · · ,xl,xl+1, · · · ,xn} ⊂ R
m and a label set L = {1, · · · ,

c}, the first l points xi(i � l) are labeled as ti ∈ L and the remaining points
xu(l + 1 � u � n) are unlabeled, where c is the number of classes.
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We first select a subspace R and the algorithm will be performed in this
subspace. Suppose the number of dimensions of the subspace R is r, i.e. dim(R) =
r. Assume that the subspace R is spanned by the orthonormal vectors u1, · · · ,ur,
i.e. R = span[u1, · · · ,ur]. We project both labeled and unlabeled data into the
subspace R as follows:

xi → zi = PT xi, i = 1, · · · , l, l + 1, · · · , n,

where P = [u1, · · · ,ur]. Let Z = [z1, z2, · · · zn], X = [x1,x2, · · · ,xn] and Xl =
[x1,x2, · · · ,xl]. Then Zl = PXl and Z = PX . In the subspace R, the objective
function (2) becomes:

aopt = arg max
a

aT ZlBZT
l a

aT ZlCZT
l a

= arg max
a

aT PXlBXT
l PT a

aT PT XlCXT
l PT a

. (4)

The optimal a is the eigenvector corresponding to the maximum eigenvalue of
eigen-problem:

ZlBZT
l a = λZlCZT

l a. (5)

The optimization problem of the regularized version of the objective function
(4) can be written as follows:

aopt = argmax
a

aT ZlBZT
l a

α · aT ZlCZT
l a + (1 − α)R(a)

. (6)

The regularization term R(a) provides us the flexibility to incorporate the geo-
metrical structure of the data manifold.

We construct a p-nearest neighbors graph G to model the relationship between
data points. Let W be the weight matrix of G. Ideally, the weight of the edge
between points of different classes is zero, and the weight of the edge between
near points of the same classes is allotted a big value. However, in some cases,
we found that points that are near in the original data space are also very likely
to belong to different classes. So, based on the assumption that points that are
near in the original data space are likely to belong to the same class, we cannot
obtain the weight matrix which can precisely represent the relationship of the
points. So, we try to find a subspace. In the subspace, the mapped points of
different classes are apart from each other, while the points of the same class
are close to each other. Then, the weight matrix can be obtained based on the
relationship of the mapped points in the subspace.

Let the column vectors h1, · · · ,hc−1 be the solutions of (5), ordered according
to their eigenvalues, λ1 > · · · > λc−1. Then, we find a transformation matrix
H = [h1, · · · ,hc−1]. In the subspace which is spanned by the columns of H , the
mapped points of different classes are apart from each other, while the points
of the same class are close to each other. The transformation matrix H maps
all the n samples to a set of points {qi|qi = HT zi, i = 1, · · · , n} in R

c−1. Let
l(xi) be the class label of xi, and Np(qi) = {q1

i ,q
2
i , · · · ,qp

i } be the set of qi’s
p-nearest neighbors. The weight matrix W is defined as follows:
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Wij =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γ, if xi and xj are labeled and they share the same label;
γ, if xi is labeled, xj is unlabeled, qi ∈ Np(qj)

and for each qs ∈ Np(qj), if xs is labeled, l(xs) = l(xi);
γ, if xj is labeled, xi is unlabeled, qj ∈ Np(qi)

and for each qs ∈ Np(qi), if xs is labeled, l(xs) = l(xj);
1, if xi and xj are unlabeled, and qi ∈ Np(qj) or qj ∈ Np(qi);
0, otherwise.

(7)

In order to discover both geometrical and discriminant structure of the data
manifold, we incorporate the manifold structure of both labeled and unlabeled
samples as the regularization term in the objective function (6). Thus the regu-
larization term can be defined as follows:

R(a) =
1
2

∑

i,j

(aT zi − aT zj)2Wij

= aT Z(D − W )ZT a

= aT PXLXTPT a

. (8)

where D is a diagonal matrix; its entries are column sum of W , Dii =
∑

j Wij .
L = D − W is the Laplacian matrix. We get the objective function of our
Subspace Semi-supervised Learning Framework (SSLF):

aopt = argmax
a

aT PXlBXT
l PT a

aT (αPXlCXT
l PT + (1 − α)PXLXT PT )a

. (9)

The projective vector a that maximizes (9) is given by the maximum eigenvalue
solution to the gerneralized eigenvalue problem

PXlBXT
l PT a = λP (αXlCXT

l + (1 − α)XLXT )PT a. (10)

Let the column vector a1, · · · , ad be the solutions of equation (10), ordered
according to their eigenvalues, λ1 > · · · > λd. Thus, the embedding is as follows:

xi → yi = AT zi = AT PT xi = (PA)T xi, A = [a1, · · · , ad],

where yi is a d-dimensional representation of the high dimensional data point
xi. PA is the transformation matrix.

2.3 Subspace Selection

The selection of subspace R will influence the performance of the proposed al-
gorithm. We can select the original m-dimensional space R

m as the subspace R
to perform our algorithm, i.e. R = R

m. The vector set {ei}m
i=1 is one orthonor-

mal basis of R
m, where ei is a m-dimensional vector with ei(j) = 1 if i = j; 0

otherwise. Then the matrix P = [e1, · · · , en] = I is a m × m identity matrix.
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The subspace R can also be the subspace spanned by the columns of Xl, i.e.
R = R(Xl) = Span[x1, · · · ,xl]. Suppose the rank of Xl is r, i.e., rank(Xl) =
dim(R(Xl)) = r. Perform the singular value decomposition of Xl as Xl =
U

∑
V T , where U = [u1, · · · ,ur,ur+1, · · · ,um] is the left orthonormal matrix,

∑
is the singular value matrix, and V is the right orthonormal matrix. Then

the matrix P = [u1, · · · ,ur].

2.4 Complete Algorithm

In summary of the discussion so far, the complete algorithm is given below:

1. Select a subspace R.
2. Find a orthonormal basis of R : Find a vector set {ui}r

i=1 which forms
a orthonormal basis of the subspace R, where r is the number of dimensions
of the subspace R. The subspace R is spanned by the orthonormal vectors
u1, · · · ,ur , i.e. R = span[u1, · · · ,ur] . The matrix P = [u1, · · · ,ur] gives a
vector space projection from R

m to the subspace R.
3. Map data points into the subspace R:

xi → zi = PT xi, i = 1, · · · , l, l + 1, · · · , n.

4. Construct the affinity matrix B and constraint matrix C: According
to the similarities between labeled sample pairs, construct the affinity matrix
B and the constraint matrix C.

5. Eigen-problem: Compute the eigenvectors with respect to the eigenvalues
for the gerneralized eigenvector problem:

ZlBZT
l h = λZlCZT

l h.

The column vectors h1, · · · ,hc−1 are the solutions ordered according to their
eigenvalues, λ1 > · · · > λc−1. We obtain the transformation matrix H =
[h1, · · · ,hc−1].

6. Construct the adjacency graph: Map all the samples to the subspace
which is spanned by the columns of H , construct the p-nearest neighbors
graph matrix W as in (7) to model the relationship between nearby data
points and calculate the graph Laplacian matrix L = D − W .

7. Eigen-problem: Compute the eigenvectors with respect to the eigenvalues
for the gerneralized eigenvector problem:

PXlBXT
l PT a = λP (αXlCXT

l + (1 − α)XLXT )PT a.

The column vectors a1, · · · , ad are the solutions ordered according to their
eigenvalues, λ1 > · · · > λd. We obtain the transformation matrix A =
(a1, · · · ,ad).

8. Linear graph embedding: The data point can be embedded into
d-dimensional subspace by

x → y = AT z = AT PT x = (PA)T x.
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2.5 Kernel SSLF for Non-linear Dimensionality Reduction

When the data manifold is highly nonlinear, the linear method described above
may fail to discover the intrinsic geometry. Here we show how SSLF can be
extended to non-linear dimensionality reduction scenarios.

For a given nonlinear mapping φ , the input data in the space R
m can be

mapped into the feature space H :

φ : R
m → H,x �→ φ(x). (11)

The algorithm will be performed in the subspace R(Φ), where Φ = [φ(x1), · · · ,
φ(xk)] and k = l or n. Let {β1, · · · , βr} be one orthonormal basis of the subspace
R(Φ), where r is the rank of Φ. It is easy to show that every vector βi, i = 1, · · · , r
can be linear expanded by

βi =
k∑

j=1

γijφ(xj), i = 1, · · · , r. (12)

Denote A = ΦT Φ, whose elements can be determined by the following kernel
function:

Ai,j = φ(xi)T φ(xj) = (φ(xi) · φ(xj)) = K(xi,xj). (13)

Calculate the orthonormal eigenvectors ν1, · · · , νr of A corresponding to the
r largest positive eigenvalues, λ1 > · · · > λr . Then the orthonormal vectors
β1, · · · , βr can be obtain by

βi = λ
− 1

2
i Φνi, i = 1, · · · , r. (14)

After the projection of the mapped samples φ(xi), i = 1, · · · , n into the subspace
R(Φ), the transformed feature vectors zi , i = 1, · · · , n can be obtained by

zi = PT φ(xi), i = 1, · · · , l, l + 1, · · · , n, (15)

where P = [β1, · · · , βr]. Let Λ = diag(λ
− 1

2
i , · · · , λ

− 1
2

r ) and V = [ν1, · · · , νr] . The
equation (15) can be rewritten as:

zi = [β1, · · · , βr]T φ(xi)

=ΛV T ΦT φ(xi)

=ΛV T [K(x1,xi), · · · , K(xl,xi)]T
. (16)

According to the similarities between labeled sample pairs, construct the affin-
ity matrix B and the constraint matrix C. Compute the eigenvectors with respect
to the c − 1 largest eigenvalues for the eigenvector problem:

ZlBZT
l hi = λZlCZT

l hi, i = 1, 2, · · · , c − 1. (17)

We obtain the transformation matrix F = [h1, · · · ,hc−1]. The transformation
matrix F maps all the n samples to a set of points {qi|qi = FT zi, i = 1, · · · , n}
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in R
c−1. Construct the p-nearest neighbor graph matrix W as in (7) to model

the relationship between nearby data points and calculate the graph Laplacian
matrix L = D − W .

Compute the eigenvectors with respect to the d largest eigenvalues for the
gerneralized eigenvector problem:

ZlBZT
l ai = λ(αZlCZT

l + (1 − α)ZLZT )ai, i = 1, · · · , d. (18)

Let A = (a1, · · · ,ad) . For a data point x , the embedded data point y can be
obtained by

y = AT ΛV T ΦT
l φ(x)

= (V ΛA)T [K(x1,x), · · · , K(xk,x)]T .
(19)

3 Instances of SSLF

SSLF provides an efficient framework for the graph embedding problem. With
different choices of affinity matrix B and constraint matrix C, this framework
will lead to three linear dimensionality reduction algorithms: Subspace Semi-
supervised Linear Discriminant Analysis (SSLDA), Subspace Semi-supervised
Locality Preserving Projection (SSLPP), and Subspace Semi-supervised Mar-
ginal Fisher Analysis (SSMFA).

3.1 SSLDA

Linear Discriminant Analysis (LDA) [1] seeks directions that are efficient for
discrimination. Suppose lk is the number of labeled data in the k-th class, then
l =

∑c
k=1 lk .The objective function of LDA is as follows:

aopt = argmax
a

aT Sba
aT Sta

, (20)

where Sb is the between-class scatter matrix and St is the total scatter matrix.
Define

WLDA
i,j =

{
1/lk, if xi and xj both belong to the k-th class;
0, otherwise.

(21)

With this WLDA, it is easy to check that Sb = Xl(WLDA − 1
l 11T )XT

l and
St = Xl(I − 1

l 11T )XT
l , where 1 = [1, · · · , 1]T is a l-dimensional vector and I

is a l × l identity matrix. Please see [2] for detail derivation. With the choice
of affinity matrix B = WLDA − 1

l 11T and constraint matrix C = I − 1
l 11T ,

the SSLF leads to the Subspace Semi-supervised Linear Discriminant Analysis
(SSLDA). The between-class scatter matrix Sb has at most rank c − 1 . This
implies that the multiplicity of λ = 0 is at least m − c + 1. Therefore, SSFDA
can find at most c − 1 meaningful directions.
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3.2 SSLPP

Let N+
k (xi) denote the set of k nearest neighbors of xi among the data sharing

the same label with xi. Define

WLPP
i,j =

{
1, if xi ∈ N+

k (xj) or xj ∈ N+
k (xi);

0, otherwise.
(22)

The objective function of LPP [2] is as follows:

aopt = arg min
a

aT XlL
LPP XT

l a
aT XlDLPP XT

l a
= argmax

a

aT XlW
LPP XT

l a
aT XlDLPP XT

l a
, (23)

where DLPP is a diagonal matrix whose entries are column sums of WLPP

and LLPP = DLPP − WLPP is the graph Laplacian. Please see [2] for details.
With the choice of the affinity matrix B = WLPP and the constraint matrix
C = DLPP , the SSLF leads to the Subspace Semi-supervised Locality Preserving
Projection (SSLPP).

3.3 SSMFA

In Marginal Fisher Analysis (MFA [3]), the intrinsic graph characterizes the
intraclass compactness and connects each data point with its neighboring points
of the same class, while the constraint graph connects the marginal points and
characterizes the interclass separability. Let N−

k (xi) denote the set of k nearest
neighbors of xi among the data sharing the different label with xi.Define

W+
i,j =

{
1, if xi ∈ N+

k1
(xj) or xj ∈ N+

k1
(xi);

0, otherwise.
(24)

W−
i,j =

{
1, if xi ∈ N−

k2
(xj) or xj ∈ N−

k2
(xi);

0, otherwise.
(25)

Let D+ be the diagonal matrix whose entries are column sums of W+ and
L+ = D+ −W+. Let D− be the diagonal matrix whose entries are column sums
of W− and L− = D− − W− . The objective function of MFA is

aopt = argmax
a

aT Xl(D− − W−)XT
l a

aT Xl(D+ − W+)XT
l a

= arg max
a

aT XlL
−XT

l a
aT XlL+XT

l a
(26)

Please see [3] for details. With the choice of the affinity matrix B = L− and the
constraint matrix C = L+ , the SSLF leads to the Subspace Semi-supervised
Marginal Fisher Analysis (SSMFA).
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4 Experimental Results

In this section, the performance of SSLDA, SSLPP and SSMFA for face recogni-
tion is investigated. A face recognition task is handled as a multi-class classifica-
tion problem. Each test image is mapped to a low-dimensional subspace via the
embedding learned from training data, and then it is classified by the nearest
neighbor criterion. We evaluate the performance of SSLDA in comparison with
LDA and Semi-supervised Discriminant Analysis (SDA) [8], the performance of
SSLPP with comparison to LPP and the performance of SSMFA in comparison
with MFA

4.1 Datasets

In our experiments, we use the CMU PIE (Pose, Illumination and Expression)
databases [12] for face recognition to evaluate the performance of the proposed
algorithms. In all the experiments, preprocessing to locate the faces was applied.
Original images were normalized (in scale and orientation) such that the two eyes
were aligned at the same position. Then, the facial areas were cropped into the
final images for matching. The size of each cropped image in all the experiments

Table 1. Recognition error rates (%) on CMU PIE database

Method Subspace
G40/L3/P40 G40/L4/P40

Unlabeled error Test error Unlabeled error Test error

LDA − 40.6±8.8 (19) 41.6±10.3 (19) 31.4±10.2 (19) 36.1±8.6 (19)
SDA − 45.5±7.0 (19) 43.7±7.5 (19) 38.6±10.5 (19) 40.5±8.5 (19)
SSLDA R

m 28.8±7.2 (19) 29.5±9.3 (19) 22.7±9.4 (19) 26.0±7.5 (19)
SSLDA R(Xl) 26.2±6.3 (19) 26.3±7.5 (19) 20.2±8.0 (19) 24.2±6.0 (19)
LPP − 38.0±8.3 (19) 38.4±10.3 (39) 30.4±10.7 (41) 35.2±9.2 (39)
SSLPP R

m 29.2±7.4 (28) 29.4±10.0 (29) 23.5±9.6 (19) 26.1±7.9 (19)
SSLPP R(Xl) 26.0±5.3 (38) 26.1±7.5 (38) 20.6±7.9 (35) 24.5±5.3 (35)
FMA − 37.7±7.9 (21) 38.3±10.7 (23) 31.5±11.4 (33) 35.9±9.1 (30)
SSFMA R

m 27.4±6.2 (21) 27.8±9.1 (20) 22.4±9.0 (22) 24.9±6.7 (25)
SSFMA R(Xl) 26.7±5.5 (25) 26.9±7.4 (23) 21.3±7.2 (22) 25.3±5.6 (30)

Method Subspace G40/L5/P40 G40/L6/P40

Unlabeled error Test error Unlabeled error Test error

LDA − 28.5±10.6 (19) 28.8±11.2 (19) 23.1±7.6 (19) 22.2±6.2 (19)
SDA − 37.3±10.0 (19) 36.6±10.7 (19) 33.9±7.8 (19) 30.4±7.4 (19)
SSLDA R

m 20.0±7.9 (19) 21.0±9.2 (19) 17.1±6.5 (19) 16.6±4.6 (19)
SSLDA R(Xl) 19.0±7.7 (19) 19.7±8.7 (19) 15.5±6.0 (19) 15.4±4.3 (19)
LPP − 27.1±10.3 (40) 27.5±10.7 (39) 22.1±6.7 (43) 21.1±5.8 (43)
SSLPP R

m 20.8±8.1 (25) 21.2±9.0 (28) 18.6±7.6 (28) 16.9±4.8 (30)
SSLPP R(Xl) 18.1±7.3 (39) 19.1±8.1 (39) 15.5±5.6 (39) 15.2±4.1 (38)
FMA − 28.3±9.7 (33) 28.4±9.7 (35) 23.2±8.5 (36) 22.0±5.2 (27)
SSFMA R

m 19.8±7.6 (19) 20.4±7.9 (19) 16.9±6.6 (19) 15.9±4.2 (19)
SSFMA R(Xl) 19.1±7.3 (28) 19.6±7.4 (27) 16.5±6.6 (25) 16.2±4.3 (30)
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is 32 × 32 pixels, with 256 gray levels per pixel. Thus, each image is represented
by a 1024-dimensional vector in image space.

The CMU PIE face database contains more than 40,000 facial images of 68
people. The face images were captured under varying pose, illumination and
expression. From the dataset which contains five near frontal poses (C05, C07,
C09, C27, C29), we randomly choose 20 persons and 80 face images for each
person in the experiments .

The image set is then partitioned into the gallery and probe set with different
numbers. For ease of representation, Gm/Ll/Pn means m images per person
are randomly selected for training and the remaining n images are for testing.
Among these m images, l images are randomly selected and labeled which leaves
other (m − l) images unlabeled.

4.2 Face Recognition Results

In the experiments, we empirically set the parameters as p = 5, α = 0.8 and γ =
0.9. The recognition error rates of different algorithms on CMU PIE databases
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Fig. 1. Model selection for algorithms: error rate vs. different values of the parameters
α and γ
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Fig. 2. Model selection for algorithms: error rate vs. different values of the parameters
p and d

are shown in Table 1. In each case, the minimum error rate is boldfaced. For
each Gm/Ll/Pn, we average the results over 20 random splits and report the
mean as well as the standard deviation.

Dimensionality estimation is a crucial problem for most of the subspace learn-
ing based face recognition methods. The performance usually varies with the
number of dimensions. We show the best results obtained by these subspace
learning algorithms. The numbers in parentheses in Table 1 are the correspond-
ing feature dimensions with the best results after dimensionality reduction.

From the results in Table 1, we can make the following comments: (1) In
comparison with the performance of LDA, SDA, LPP and MFA, the proposed
algorithms greatly improved the performance of face recognition by using the
unlabeled data. (2) In the subspace R(Xl) spanned by the labeled data, the
proposed algorithms almost always achieved the best performance.

4.3 Model Selection

Model selection is a crucial problem in many learning problems. The learning
performance may vary drastically with different choices of the parameters. In
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our algorithms, there are four parameters: α, γ , p, and d. Figure 1 and 2 show
the performance of our algorithms with respect to different values of these pa-
rameters. As can be seen, our algorithm is not sensitive to α and γ. For the
value of p, in order to discover the local geometrical and discriminant structure
of the data space, it is usually set to a small number. If the number of dimen-
sions of the learned subspace d � c − 1, with the increase of d, there are little
varieties in the performances of the different algorithms, where c is the number
of classes.

5 Conclusions

In this paper, we propose a general Subspace Semi-supervised Learning Frame-
work for dimensionality reduction. The framework aims to find an embedding
transformation which respects the discriminant structure inferred from the la-
beled data, as well as the intrinsic geometrical structure inferred from both the
labeled and unlabeled data. By utilizing this framework as a tool, we derive three
linear dimensionality reduction algorithms: SSLDA, SSLPP, and SSMFA. Exper-
imental results on face recognition demonstrate the subspace semi-supervised
algorithms are able to use unlabeled samples effectively.
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