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Abstract. Subclass Discriminant Analysis (SDA) [10] is a dimensionality re-
duction method that has been proven to be successful for different types of class
distributions. The advantage of SDA is that since it does not treat the class-
conditional distributions as uni-modal ones, the nonlinearly separable problems
can be handled as linear ones. The problem with this strategy, however, is that
to estimate the number of subclasses needed to represent the distribution of each
class, i.e., to find out the best partition, all possible solutions should be verified.
Therefore, this approach leads to an associated high computational cost. In this
paper, we propose a method that optimizes the computational burden of SDA-
based classification by simply reducing the number of classes to be examined
through choosing a few classes of the training set prior to the execution of SDA.
To select the classes to be partitioned, the intra-set distance is employed as a cri-
terion and a k-means clustering is performed to divide them. Our experimental
results for an artificial data set and two face databases demonstrate that the pro-
cessing CPU-time of the optimized SDA could be reduced dramatically without
sacrificing either the classification accuracy or the computational complexity.

Keywords: Dimensionality Reduction, Subclass Discriminant Analysis,
Clustering.

1 Introduction

Even from the infancy of the field of statistical Pattern Recognition (PR), researchers
have had to wrestle with the “curse of dimensionality”. The literature reports numer-
ous strategies that have been used to tackle this problem. The most well-known one of
these is the Principal Component Analysis (PCA) to compute the basis (eigen) vectors
by which the class subspaces are spanned, thus retaining the most significant aspects of
the structure in the data [1]. While PCA finds components that are efficient for repre-
sentation, the class of Linear Discriminant Analysis (LDA) strategies seek features that
are efficient for discrimination [1]. Being essentially linear algorithms, neither PCA nor
LDA can effectively classify data which is inherently nonlinear. Consequently, LDA-
extensions including two-stage LDA [2], direct LDA [3], kernel-based LDA [4], and
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other new approaches [5], [6] have been proposed. Beside these, to discover the nonlin-
ear manifold structure, various techniques including LLE (Locally Linear Embedding)
[7] and MDA (Mixture Discriminant Analysis) [8], [9] have been proposed.

Recently, to solve the manifold-based problem, Martinez and his co-authors [10]
proposed an approach called SDA (Subclass Discriminant Analysis), by which the un-
derlying distribution of each class can be approximated with a mixture of Gaussians
[10]. The basic idea is to represent the data samples of each class by a set of subclasses -
capturing most of the variance in the data. In SDA, the major problem to be addressed is
to determine the optimal number of Gaussians per class, i.e., the number of subclasses.
To obtain a good estimate for the number of subclasses needed to represent each class
pdf, the authors use a cross-validation test on the training set. The problem with this
strategy, however, is that to estimate the number of subclasses needed to represent the
distribution of each class, i.e., to find out the best partition, all possible solutions should
be verified. Therefore, this approach leads to an associated high computational cost.

In practice, for a given data set of C classes and H subclass divisions per each class,
the searching area for the best solution is dramatically increased in the order of HC .
Thus, the application of SDA is not allowable for PR in which the number of classes
is very large. To overcome this limitation, in this paper, we propose a method that op-
timizes the computational burden of SDA by simply reducing the number of classes to
be examined through choosing a few classes of the training set1. Rather than divide all
classes of a training set, only a few classes of the set are selected to be bisected. To
choose the classes to be clustered, the distribution variance of each class can be used as
a criterion. To measure the variance of the class, the so-called intra-set distance is used.
The distance possesses the capability of measuring the unbiased variances of compo-
nents of the given data set. Thus, it has been used to successfully represent the global
distribution structure. The above method is a way of reducing the computational burden
of SDA without sacrificing the performance of classifiers designed on the subspace.

The main contribution of this paper is to demonstrate that SDA-based classification
can be optimized by employing a pre-clustering step. This has been done by performing
the clustering technique prior to the SDA process and by demonstrating its strength in
terms of the processing CPU-time and the classification accuracy.

2 Subclass Discriminant Analysis (SDA)

The SDA Algorithm: To obtain the subspaces for a given data set X = {xi}n
i=1 ∈ �d,

in SDA, the following steps are performed. First, the remaining data set left-out xi,
Xi = {x1, · · · , xi−1, xi+1, · · · , xn}, is divided into H subclasses and then a projection
matrix, Vq , is computed by performing the eigenvalue decomposition of Σ−1

X ΣBV =
V ΛX . Here, ΣB is the between-subclass scatter matrix obtained with

ΣB =
C−1∑

i=1

Hi∑

j=1

C∑

k=i+1

Hk∑

l=1

pijpkl(μij − μkl)(μij − μkl)T (1)

after dividing the data of each class into a set of subclasses, ΣX is

1 This strategy has been applied to various applications. An example can be found in [11].
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ΣX =
1
n

n∑

i=1

(xi − μ)(xi − μ)T , μ =
1
n

n∑

i=1

xi, (2)

and ΛX is a diagonal matrix of the corresponding eigenvalues. In Eqs. (1) and (2), C
is the number of classes, Hi is the number of subclass divisions in class i, and pij

and μij are the prior probability and mean of the jth subclass of class i, respectively.
Then, the sample xi is used for testing the divisions. Let ri,H = 1 if xi is correctly
classified, otherwise ri,H = 0. After repeating the above procedure n times, one for
each of the samples, the recognition rate for a fixed value of H is obtained with RH =
1
n

∑n
i=1 ri,H . A formalized SDA algorithm [10] is summarized in the following:

1. Initialization: RH = 0, ∀H .
2. Perform the following steps from i = 1 to n by incrementing i per every iteration.

(a) Generate the training set Xi using the NN clustering2.
(b) Compute ΣX of (2) with Xi.
(c) Perform the following steps from H = C to tC by incrementing H per every

iteration. Here, t is an experimental constant to guarantee that the minimum number of
samples per subclass is sufficiently large.

i. Compute ΣB using (1).
ii. Perform the eigenvalue decomposition Σ−1

X ΣBV = V ΛX .
iii. Project the data set Xi onto the subspaces of Vq , i.e., Yi = V T

q Xi.
iv. If the sample zi(= V T

q xi) is classified correctly, then RH = RH + 1.
3. Achieve the optimal value of H with Ho = argmaxH{RH}.
4. After calculating ΣX and ΣB using Xand Ho, obtain the final projection matrix

V ∗
q given by the first q columns of V , where ΣX

−1ΣBV = V ΛX .

In the above algorithm, the optimal Σ∗
B can be computed with Ho. The resulting

projection matrix V ∗
q is d × q matrix whose columns are the eigenvectors associated

with the q largest eigenvalues when H = Ho, while the dimensionality of the sample
vectors is d. Thus, the dimensionality of the projected vectors is q(<< d).

The Computational Complexity of SDA: The time complexity of SDA can be ana-
lyzed as follows: First, let the computation times for the operations of addition (or sub-
traction), substitution (or comparison), and multiplication (or division) be ta, ts, and
tm, respectively. The time required for Step 1 is t1 = Hts. The time needed for Step 2
is a sum of times to compute the three sub-steps of 2(a), 2(b), and 2(c). The times3 for
these sub-steps are: t2(a) = (Cni + CHi)ta + (Cn3

i + CHi)ts + (Cn2
i d + CHi)tm,

t2(b) = d(n − 1)ta + dntm, t2(c) =
(
nHi + 1

2C2Hidni

)
ta +

( 1
4C2H3

i + nHi

)
ts +(

C2H2
i d2

)
tm +8d3 + q(n−1)(dtm +(d−1)ta)+(n−1)(qtm + qta +3ts)+ ta + ts

. The four sub-steps from 2(c) i. to iv. should be repeated at least t (= C−1HC
i )

times. Following these iterations, the outer sub-steps of (a), (b), (c) are repeated n
times again. Thus, when the number of samples, n, is increased, the time complex-
ity of Step 2 will also increase and become significant. Next, the time used for Step
3 to achieve the optimal value H is t3 = (n − 1)ts. Finally, the time consumed for

2 In this clustering, the vectors in class i are sorted and divided into Hi subclasses. The details
of the algorithm are omitted here in the interest of compactness, but can be found in [10].

3 Here, the time complexity for the eigenvalue decomposition is that of O(8d3).
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Step 4 is: t4 = (Cni + CHi)ta + (Cn3
i + CHi)ts + (Cn2

i d + CHi)tm + d(n −
1)ta + dntm + (nHi + 1

2C2Hidni)ta + (1
4C2H3

i + nHi)ts + (C2H2
i d2)tm + 8d3.

Thus, the total time required for the whole procedure to process high-dimensional im-
ages (refer to Experimental Data in Section 4) under the condition ts ≤ ta ≤ tm is
tSDA � n2(nid + tqd) + ntC2H2

i d2 + 8ntd3)tm. From the above analysis, the reader
can observe that the time complexity of SDA is O(ntC2H2

i d2+8ntd3) and the required
time primarily depends on the parameters of n, d, and C. The space complexity of SDA
is O(d2 + dn). (Details of the analysis are omitted here in the interest of compactness.)

3 Optimizing SDA-Based Classification

SDA-based Classification: A SDA-based classification is summarized in the
following:

1. Obtain the projection matrix, V ∗
q , from the training samples, T , with the SDA

algorithm using C, Hi, and t as the input parameters.
2. Project the data set T into a feature space by using V ∗

q . To test a sample z, compute
a feature vector, z′, using the same matrix.

3. Achieve a classification based on invoking a classifier built in the transformed
space and operating on the vector of z′.

In the above algorithm, most of the processing CPU-times are consumed to find the
best partition from the solution space. For example, consider a classification task of
C = 2 and Hi = 2, ∀i, i.e., two-class and bimodal distribution. In this case, the best
partition is found from {(1, 1), (1, 2), (2, 1), (2, 2)}, where h1 and h2 of the notation
{(h1, h2)} are the numbers of subclass divisions in class C1 and C2, respectively. Sim-
ilarly, for the classification task of C = 3 and Hi = 2, ∀i, the best partition is chosen
from { (1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2), (2, 1, 1), (2, 1, 2), (2, 2, 1), (2, 2, 2) }. From
these considerations, it should be clear that the searching area for the best solution is
dramatically increased by the factor of HC

i (i.e., 22 and 23 in the above examples). An
approach to overcome this problem is to reduce the number of classes to be evaluated
for division from C to C′ (≤ C). Rather than divide all classes of the training set T , in
this paper, a few of the classes are bisected. To choose the classes to be clustered, the
distribution variance of each class can be used as a criterion. To measure the variance
of the class, the so-called intra-set distance is used.

Intra-set Distance: Assume that T = {xi}n
i=1 ∈ �d is a labeled data set so that T

can be decomposed into C disjoint subsets {T1, · · · , TC}, Ti = {x1, · · · , xni} , n =∑C
i=1 ni. Then, a criterion associated with Ti is defined as follows: For a pattern xj ∈

Ti, the mean of d (xj , Ti − {xj}) over Ti is called the intra-set distance of Ti, and is
denoted as D2(Ti) = 1

ni(ni−1)

∑ni

j=1
∑ni

l=1
∑d

k=1(xjk − xlk)2 . By conveniently rear-
ranging the elements in the triple summation and considering the relations of xjk = xlk

and (xjk)2 = (xlk)2 for arbitrary j and l, the intra-set distance can be expressed
in terms of the unbiased variances of components of the given patterns as follows:

D2(Ti) = 2
∑d

k=1 σ2
k, where σ2

k = ni

ni−1

{
(xjk)2 − (xjk)2

}
, ∀xj ∈ Ti. This is the
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rationale of the scheme for employing the intra-set distance as a criterion to select the
classes to be clustered.

Optimized SDA-based Classification: In SDA, to find the optimal division of each
class, Zhu and Martinez [10] propose two criteria, namely, the Leave-One-Out-Test cri-
terion and the Stability criterion. The first solution uses the leave-one-out test to find
the most convenient division. Here, the samples left out are used to determine the sub-
division that works best. Although this is a reasonably good approach, it comes with an
associated high computational cost [10]. In this paper, to choose the class to be evalu-
ated, first, the intra-set distances for all classes are computed. Then, the class which has
the largest distance among the objects is divided into two or more sub-classes. The pro-
posed approach, which is referred to as a Optimized SDA-based (OSDA) classification,
is summarized in the following:

1. Compute the intra-set distances of the training data set Ti for all i, 1 ≤ i ≤ C, and
sort them as: D2(T1) ≥ D2(T2) ≥ · · · ≥ D2(TC). Then, set C′ = ρ.

2. Obtain the projection matrix, V ∗
q , from the training samples, T , with the SDA

algorithm using C′, Hi, and t as the input parameters.
3. This step is the same as Step 2 in the SDA-based classification algorithm.
4. This step is the same as Step 3 in the SDA-based classification algorithm.

In Step 1 of the above algorithm, the threshold value ρ is determined experimen-
tally. More importantly, the number of iterations of the step is determined with C′, not
C. Thus, the time complexity of OSDA is O(ntC′2H2

i d2 + 8ntd3) . Then, the space
complexity of OSDA is the same as that of SDA, namely, O(d2 + dn).

4 Experimental Results: Artificial/Real-Life Data Sets

Experimental Data: The proposed method has been tested and compared with con-
ventional methods. This was done by performing experiments on an artificial data set
(which is named as XOR4) and two well-known benchmark face databases, namely,
the AT&T4 and Yale5 databases. The data set named “XOR4”, which has been included
in the experiments as a baseline data set, was generated from a mixture of four 4-
dimensional Gaussian distributions as follows: p1 (x ) = 1

2 N (μ11 , I4 ) + 1
2 N (μ12 , I4 )

and p2 (x ) = 1
2 N (μ21 , I4 ) + 1

2 N (μ22 , I4 ), where μ11 = [−2, −2, 0, 0], μ12 =
[2, 2, 0, 0], μ21 = [2, −2, 0, 0], and μ22 = [−2, 2, 0, 0]. Also, I4 is the 4 -dimensional
Identity matrix. Here, it is clear that each class contains two clusters. Thus, this case
is better treated as a four-class problem rather than a two-class one. The face database
captioned “AT&T” consists of ten different images of 40 distinct subjects for a total of
400 images. “Yale” contains 165 gray scale images of 15 individuals.

Experimental Method: In this paper, all experiments were performed using a “leave-
one-out” strategy. To classify an image of an object, that image was removed from the
training set and the project matrix was computed with the n−1 images. After repeating
this n times for every sample, a final result was obtained by averaging them. In this

4 http://www.cl.cam.ac.uk/Research/DTG/attarchive/facedatabase.html
5 http://www1.cs.columbia.edu/ belhumeur/pub/images/yalefaces
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Fig. 1. Plots of the 2-dimensional data set projected from the original 4-dimensional XOR4: (a)
left and (b) right. (a) is reduced with the direct LDA [3] and (b) is obtained with the optimized
SDA method, in which the reduction of dimensionality is carried out after doing a pre-selection.

experiment, to cluster the training samples of the selected classes, a k-means clustering
algorithm was utilized (of course, other clustering methods could also be considered).
After computing intra-set distances for the data samples of each class, the class with the
largest intra-set distance was clustered first. Then, to simplify the classification task for
the paper, only three approaches, namely, LDA [2], PCA+LDA [2], and direct LDA [3]
were invoked to evaluate the optimized SDA in terms of classification accuracy6. After
reducing the dimensionality, classification was performed by invoking the k-Nearest
Neighbor Classifier (knnc) implemented with PRTools7.

Experimental Results: The run-time characteristics of the proposed algorithm for the
experimental data are reported below and shown in Tables 1 and 2. First, the results of
the dimensionality reduction obtained with the proposed SDA scheme in Section 3 were
probed into. Fig. 1 shows plots of two 2-dimensional data sets projected from XOR4. In
the conventional scheme, the direct LDA [3] was applied to XOR4, while OSDA was
carried out after doing a pre-selection for the data set in the proposed method. From the
figure, it should be observed that the accuracy of the dimensionality reduction step for
the artificial data set can be improved by employing the philosophy of a partition. This
is clearly shown in the classification boundary built between the two classes (×, ◦) in
both pictures. This characteristic could also be observed from the real benchmark face
databases. The details are omitted here in the interest of compactness.

Secondly, as the main results, to examine the rationality of employing the pre-
selection technique in SDA, the processing CPU-time required to compute the pro-
jection matrix, V ∗

q , was experimented. Table 1 shows a comparison of the processing
CPU-times (in seconds) of SDA and OSDA for the experimental data sets.

From Table 1, the reader can see that the processing CPU-time of OSDA can
be reduced significantly by merely employing the pre-selection philosophy. Indeed,
this is achieved without sacrificing the classification accuracy. Consider the Big-oh

6 To maintain the diversity, it would also be desirable to do an experimental comparison with the
latest approaches [5], [6] instead of the ones in [2] and [3]. This is currently being investigated.

7 PRTools (http://www.prtools.org/) is a MATLAB toolbox for pattern recognition.
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Table 1. A comparison of the processing CPU-times (in seconds) of SDA and OSDA (Optimized
SDA). The details of the table are discussed in the text.

Experimental Parameters Big-oh Computation Experimental Measures
Data n d C C′ Hi SDA OSDA SDA OSDA

XOR4 400 4 2 2 2 6.14 × 105 6.14 × 105 7.93 × 101 7.80 × 101

AT&T 400 2756 40 1 2 1.97 × 1024 1.09 × 1014 4.90 × 1014 9.13 × 105

Yale 165 4880 15 3 2 3.43 × 1017 4.09 × 1014 2.88 × 1010 7.01 × 106

Table 2. A comparison of the classification accuracies (%) of LDA-based and SDA-based classi-
fiers (k-NN classifiers). The details of the table are discussed in the text.

Experimental Input Space LDA-based Classification SDA-based Classification
Data Classification LDA PCA+LDA direct LDA Hi = 1 Hi = 2 Intra-set D

XOR4 89.25 53.25 60.75 52.25 53.50 92.50 92.50
AT&T 97.75 97.75 95.75 99.00 99.25 98.00 99.00
Yale 79.39 91.52 93.33 89.70 98.18 98.18 98.18

computation column for Yale. If the 165 4880-dimensional samples of 15 objects were
processed with SDA, the time complexity computed is 3.43 × 1017, where each class
was divided into two subclasses. However, if only three objects were selected from the
fifteen classes and evaluated for divisions, the time complexity obtained is 4.09 × 1014.
From this consideration, the reader should observe that if the optimization of pre-
selecting the objects to be evaluated can be done before performing SDA, the time
required is only about one-thousandth of the time that the original SDA would take.

Then, to highlight the advantage, experimental measures for the experimental data
were compared. Consider again the processing CPU-times (in seconds) for Yale. Here,
the processing times of both SDA and OSDA are numerically estimated as follows:
The times for obtaining V ∗

q is n × t × γ, where n is the number of samples, t is the
number of iterations for dividing each class into two subclasses, and γ is the time for
computing Step 2(c) of the SDA algorithm. For example, in the case of Yale, n = 165,
t = 215 (or 23 for OSDA), and 5309.45 seconds8. Using these values of the parameters,
the processing CPU-times for SDA and OSDA can be computed as 2.88 × 1010 and
7.01 × 106, respectively. From this consideration, the reader should notice that the time
required for OSDA is only a small fraction of the time which SDA would take. Even
if the near-optimal selections were done, the advantage would undoubtedly be very
significant. Identical comments can also be made for the other databases.

Finally, it should be noted that it is possible to keep almost the same classification
performance even though only a few classes, not all of them, are chosen to be evaluated
for division by employing the philosophy of pre-selection. Table 2 shows an experi-
mental comparison of the classification performances of LDA-based and SDA-based
classifiers. In LDA-based classification, the dimensionality reduction has been done
with LDA, PCA+LDA, and direct LDA. In SDA, two types of SDA are performed:

8 This time is obtained with a simulation on a Windows platform (CPU: 2.40GHz, RAM: 2GB).
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(1) without division, i.e., Hi = 1, ∀i and (2) with division such that each of all classes
is divided into two subclasses, i.e., Hi = 2, ∀i. On the other hand, in the optimized SDA
(this is the proposed version), a few classes selected prior to the SDA step are divided
into two subclasses.

From Table 2, it is clear that the classification accuracies can be improved by em-
ploying the pre-clustering technique (see the bold-faced ones). The details are omitted
here in the interest of compactness.

From the table, however, it should also be mentioned that the classification accuracies
of Yale are much more increased compared to those of AT&T. This result seems to
originate from the fact that each image of Yale has bigger variations than that of AT&T
in their illumination, facial expression, and background. From this consideration, it can
be mentioned that the proposed scheme is useful in capturing the nonlinear structure.

5 Conclusions

In this paper, a method that seeks to optimize Subclass Discriminant Analysis (SDA)
has been considered. The method involves a class-pre-selecting step prior to the exe-
cution of SDA to find out the classes of a mixture of Gaussians and divide them into a
set of subclasses. The experimental results for an artificial data set and two well-known
face databases demonstrate that the proposed scheme works well without sacrificing
the classification accuracy rates. Even though an investigation has been made, focusing
on the possibility of the pre-selecting technique being used to solve the computational
burden problem of SDA, many problems remain. The classification performance could
be improved by developing an optimal selection method and by designing suitable clas-
sifiers in the subclass space. The research concerning this is a future aim of the authors.
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