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Abstract. Suppressed fuzzy c-means (s-FCM) clustering was introduced
in [Fan, J. L., Zhen, W. Z., Xie, W. X.: Suppressed fuzzy c-means
clustering algorithm. Patt. Recogn. Lett. 24, 1607–1612 (2003)] with the
intention of combining the higher speed of hard c-means (HCM) cluster-
ing with the better classification properties of fuzzy c-means (FCM) al-
gorithm. They added an extra computation step into the FCM iteration,
which created a competition among clusters: lower degrees of member-
ships were diminished according to a previously set suppression rate, while
the largest fuzzy membership grew by swallowing all the suppressed parts
of the small ones. Suppressing the FCM algorithm was found successful
in the terms of accuracy and working time, but the authors failed to an-
swer a series of important questions. In this paper we attempt to clarify
the view upon the optimality and the competitive behavior of s-FCM via
analytical computations and numerical analysis.

Keywords: fuzzy c-means algorithm, suppressed fuzzy c-means algo-
rithm, competitive clustering, alternating optimization.

1 Introduction

The fuzzy c-means (FCM) and hard c-means (HCM) algorithms are probably
the most popular clustering approaches, due to their fine separation abilities and
easy implementation. It is a well-known diagnosis, that FCM outperforms HCM
in the terms of partition quality, at the cost of a slower convergence.

Several researchers have studied the convergence speed of FCM and tried to
introduce modified algorithms with improved characteristics [3,6]. Another trend
was to combine competitive and FCM clustering techniques. In this order, sev-
eral new algorithms appeared which tried to fuzzify Kohonen’s learning vector
quantization (LVQ) algorithm [9,10]. Karayiannis and Bezdek [7] introduced an
integrated approach to fuzzy LVQ and FCM, based on the notion of generalized
mean of real numbers. These algorithms, even if their main goal wasn’t to im-
prove the convergence of accurate clustering techniques, they had a considerable
contribution.
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Recently, Wei and Xie [8] proposed a technique called rival checked FCM to
modify the fuzzy membership values given by FCM, in order to improve the
performance against the clock. Their solution, which rose the highest degree of
membership at the detriment of the second largest, led to unacceptable results
in some cases. In order to confront this problem, Fan et al. [4] introduced the
suppressed fuzzy c-means algorithm (s-FCM). The authors stated that, by priz-
ing the highest membership and suppressing all others, the modification does
not disturb the original order among clusters. They also remarked, that setting
the suppression rate α = 0 makes s-FCM and HCM identical, while α = 1 re-
duces the algorithm to the conventional FCM. The s-FCM algorithm was found
successful based on some numerical analysis, but unfortunately, the authors left
several issues wide open:

1. The extra step of s-FCM was inspired by the basis of competitive learning
[4], but the authors failed to give any evidence of its competitive behavior.

2. The question of optimality did not even emerge.
3. The authors failed to provide any strategy to choose the suppression rate

α. This was already pointed out by Hung et al. [5], who formulated a criterion
for α based on considerations regarding cluster validity.

These are the main topics to be investigated in the present paper, which is
structured as follows. Section 2 presents the background works that have impact
on our investigations. Section 3 contains the analytical computations performed
in order to reveal some properties of s-FCM. Section 4 gives a numerical analysis
of the properties of s-FCM. Conclusions are given in the last section.

2 Background

The traditional FCM algorithm partitions a set of object data into a num-
ber of c clusters based on the minimization of a quadratic objective function:
JFCM =

∑c
i=1

∑n
k=1 um

ik||xk − vi||2 =
∑c

i=1
∑n

k=1 um
ikd2

ik, where xk represents
the input data (k = 1 . . . n), vi represents the prototype or centroid or repre-
sentative element of cluster i (i = 1 . . . c), uik ∈ [0, 1] is the fuzzy membership
function showing the degree to which datum k belongs to cluster i, m > 1 is the
fuzzyfication parameter, and dik is the distance between datum xk and proto-
type vi. According to the definition of fuzzy sets, for any datum xk, we have∑c

i=1 uik = 1. The minimization of the objective function is reached by alter-
nately applying the optimization of JFCM over {uik} with vi fixed, i = 1 . . . c,
and the optimization of JFCM over {vi} with uik fixed, i = 1 . . . c, k = 1 . . . n
[2]. During each cycle, the optimal values are computed from the zero gradient
conditions, and obtained as follows:

u�
ik =

d
−2/(m−1)
ik

∑c
j=1 d

−2/(m−1)
jk

and v�
i =

∑n
k=1 um

ikxk∑n
k=1 um

ik

, (1)

According to the alternating optimization (AO) scheme, the formulae shown
in (1) are alternately applied, until cluster prototypes stabilize.



A Thorough Analysis of the Suppressed Fuzzy C-Means Algorithm 205

The main difference between HCM and FCM clustering is the membership
logic. While in case of fuzzy clustering, the degree of membership of a datum k to
cluster i, denoted by uik, can take any value between 0 and 1, hard clustering uses
as degrees of membership only two values: hik ∈ {0, 1}. Although the objective
function of HCM is the same as the one of FCM, using m = 1, the optimization
formula differs from Eq. (1): for any k = 1 . . . n, hik is set to 1 whenever vi is
the closest cluster prototype viewed from xk, and 0 in any different case. Ties
are resolved arbitrarily. The computation of cluster prototypes is performed
according to the weighted averaging formula given in Eq. (1).

The suppressed fuzzy c-means algorithm was introduced by Fan et al. [4], hav-
ing the declared goal of improving the convergence speed of FCM, while keeping
its good classification accuracy. They inserted an extra computational step be-
tween the formulae given in Eq. (1): for each datum xk, after having obtained
its new optimal fuzzy membership values uik, they search for the highest one
uwkk, and declare cluster wk ∈ {1, 2, . . . , c} the winner. The fuzzy memberships
are then modified such a way, that all non-winner values are decreased via mul-
tiplying by a so-called suppression rate α, (0 ≤ α ≤ 1): μik = αuik if i �= wk, and
the winner membership is increased such a way, that the probabilistic constraint
remains fulfilled by the modified memberships: μwkk = 1 − α + αuwkk. Here
μik, i = 1 . . . c, k = 1 . . . n, represent the fuzzy memberships obtained with the
modification introduced by s-FCM. Cluster prototypes are computed similarly
to FCM, but using the modified degrees of membership.

3 What Is the Suppressed Fuzzy C-Means Algorithm?

3.1 Competition by Suppression

We will start the investigation from FCM’s fuzzy membership update formula
shown in (1). When the new degrees of membership of datum xk are computed,
everything depends on the distances dik, i = 1 . . . c. If we change the scale of the
metric such a way, that distances are lengthened or shortened proportionally,
the obtained memberships remain the same. In other words, the ratio of two
membership values, say uik/ujk does not depend on the above mentioned scale.

Conversely, when memberships to non-winner clusters are proportionally sup-
pressed via multiplying them by α, it can be interpreted as their distances from
vector xk remain constant, but as the winner cluster receives a higher degree
of membership, prototype vwk

is counted as it were closer to xk than it really
is. Again, in other words, when new cluster prototypes vi are computed using
the weighted averaging formula in Eq. (1), the vectors xk whose competition
the currently computed prototype has won, are taken into consideration as they
were at a reduced distance d′wkk < dwkk, giving those winner vectors a higher
impact than in FCM. This reduced distance can be characterized with a learning
rate defined as:

ηs−FCM = 1 −
d′wkk

dwkk
, (2)
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which will be computed in the followings. We will use the notations: δik =
d
−2/(m−1)
ik ∀i = 1 . . . c, ∀k = 1 . . . n, and δ′wkk = γδwkk, where we expect γ ≥ 1.

Using these new notations, we can rewrite the left part of (1) for both winner
and non-winner clusters. For the winner cluster we have:

μwkk =
γδwkk

γδwkk +
∑c

j=1,j �=wk
δjk

=
γδwkk

(γ − 1)δwkk +
∑c

j=1 δjk
, (3)

while the non-winner clusters receive the memberships:

μik =
δik

γδwkk +
∑c

j=1,j �=wk
δjk

=
δik

(γ − 1)δwkk +
∑c

j=1 δjk
. (4)

Now we can compare the suppressed memberships obtained in (3) and (4)
with their definition given by Fan et al. From the latter one we get:

δik

(γ − 1)δwkk +
∑c

j=1 δjk
= α

δik∑c
j=1 δjk

. (5)

As δik is never zero, this equation can be restructured as follows:
c∑

j=1

δjk = α(γ − 1)δwkk + α

c∑

j=1

δjk , (6)

and so
γ = 1 +

1 − α

αuwkk
=

μwkk

αuwkk
=

μwkk

μwkk − (1 − α)
. (7)

If we started from (3), we would obtain the same formula for γ. Although this
is not yet the learning rate, we should discuss about the possible singularities:

– The degree of membership assigned by FCM to the winner class, uwkk, can-
not be zero, because then all other uik values would be zero, and that con-
tradicts the probability constraint of FCM.

– The suppression rate α can be zero, but that would reduce s-FCM to HCM,
which is a trivial case with strict winner-takes-all competition.

– As the suppression rate α and the winner cluster’s fuzzy membership are
both in the interval [0, 1], we indeed have γ ≥ 1. Equality holds when α = 1,
that is, there is no suppression.

We can conclude, that Eq. (7) is valid if 0 < α ≤ 1. Under these circumstances,
the learning rate of the s-FCM is:

ηs−FCM = 1 −
d′wkk

dwkk
= 1 − γ(1−m)/2 = 1 −

(

1 +
1 − α

αuwkk

)(1−m)/2

. (8)

It was expected, that the fuzzyfication parameter m and the suppression rate
α influence the learning rate. In addition, another factor is present, namely the
fuzzy membership value of the winner cluster, uwkk. Some graphical representa-
tions of the learning rate vs. suppression rate are shown in Fig. 1 (a) and (b).
So far we can conclude, that s-FCM has a quasi-competitive behavior with a
variable learning rate given in Eq. (8).
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Fig. 1. Effect of suppression on the learning rate of s-FCM: (a) at uw = 0.8 and
different values of m, (b) at m = 2 and different values of winner membership uw ; (c)
learning rate of Os-FCM at m = 2 and different values of uw

3.2 Is s-FCM Optimal?

Let us consider from the beginning, that 0 < α < 1, as the two extreme cases are
trivial anyway and need no investigation. We can call s-FCM optimal if we find
an objective function, whose AO minimization gives the optimization formulae:

μik = α · d
−2/(m−1)
ik

∑c
j=1 d

−2/(m−1)
jk

∀k = 1 . . . n ∀i �= wk , (9)

μwkk = 1 − α + α ·
d
−2/(m−1)
wkk

∑c
j=1 d

−2/(m−1)
jk

∀k = 1 . . . n, wk = argmin
i

{dik} , (10)

vi =
∑n

k=1 μm
ikxk∑n

k=1 μm
ik

∀i = 1 . . . c . (11)

Unfortunately, this kind of analytical function is not likely to exist. There
exists at least one function, namely

Jnot s−FCM =
n∑

k=1

c∑

i=1

[μik − (1 − α)hik]md2
ik , (12)

which satisfies the first two conditions for any α ∈ (0, 1), but the generated
cluster prototypes coincide with the ones of FCM. Let us now propose a novel
approach for an optimal suppression and name it optimally suppressed fuzzy
c-means algorithm (Os-FCM):

JOs−FCM =
n∑

k=1

c∑

i=1

[αum
ik + (1 − α)hik]d2

ik , (13)

where α is a parameter that is intended to mix fuzzy and hard c-means clustering,
similarly to s-FCM, but creating a pure mixture of FCM and HCM. It is obvious,
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that there are two values of α, where s-FCM and Os-FCM coincide: 0 and 1,
corresponding to HCM and FCM, respectively. In case of any other α, s-FCM
and Os-FCM differ. The AO iteration formulae of Os-FCM are easy to obtain
via the well-known technique of Lagrange multipliers. The update criteria we
obtain for uik and hik are the same as in case of FCM and HCM algorithms,
respectively. However, the update formula for cluster prototypes becomes:

vi =
∑n

k=1 [αum
ik + (1 − α)hik] xk∑n

k=1 [αum
ik + (1 − α)hik]

∀i = 1 . . . c . (14)

In the followings, we will compare the s-FCM algorithm with our newly pro-
posed optimal clustering model, from two different points of view: (1) we will
compute the quasi-competitive learning rate of Os-FCM and compare it with the
one of s-FCM; (2) we will analyze the behavior of both algorithms by employing
them to cluster the IRIS data [1] with several different settings.

Using the notations defined at the computation of the learning rate of s-
FCM, and based on Eq. (14), we can write the following equation in these new
circumstances:

α

(
δwkk∑c
j=1 δjk

)m

+ (1 − α) =

(
γδwkk

(γ − 1)δwkk +
∑c

j=1 δjk

)m

, (15)

which represents the weighting coefficient received by a vector xk whose compe-
tition was won by cluster prototype vi. According to Eq. (1), we can transcribe
the following equation as:

αum
wkk + (1 − α) =

(
γuwkk

1 + (γ − 1)uwkk

)m

, (16)

which is an expression that is difficult to solve analytically. Let us ease the
circumstances by setting m = 2, which then yields:

γ2u2
wkk = [1 − α + αu2

wkk][1 + (γ − 1)uwkk]2 . (17)

This leads to the following second order equation in γ:

αu2
wkk(1+uwkk)γ2−2uwkk[1−α+αu2

wkk]γ−(1−uwkk)[1−α+αu2
wkk] = 0 , (18)

which has only one acceptable (non-negative) solution:

γ =
1 − α + αu2

wkk +
√

1 − α + αu2
wkk

αuwkk(1 + uwkk)
. (19)

Let us verify the extreme values: if α → 0, then γ → ∞, which is what we

expected. Also, if we set α → 1, we get γ → u2
wkk+uwkk

uwkk(1+uwkk) = 1, which means zero
learning rate, corresponding to FCM. So the learning rate is given by:

ηOs−FCM = 1 − γ
1−m

2 = 1 −
√
√
√
√

αuwkk(1 + uwkk)

1 − α + αu2
wkk +

√
1 − α + αu2

wkk

, (20)
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its graphical representation is shown in Fig. 1(c). The curves on in this graph are
quite similar but not identical with the ones shown in Fig. 1(b). This is not yet
a proof for similar behavior of the two algorithms, this is what was possible to
show the analytical way. The comparison of s-FCM and Os-FCM should continue
with a numerical analysis.

4 Numerical Analysis

In the followings we will present some numerical analysis of the functional char-
acteristics of the suppressed FCM algorithm. These tests are performed using
the IRIS data, which consist of 150 labeled feature vectors of four dimensions.

A series of numerical tests targeted the clustering accuracy. It is well-known
that the IRIS data cannot be perfectly classified without using the labels for
supervised learning. In case of unsupervised clustering, a deterministic misclas-
sification rate of 10% represents fine accuracy. In case of FCM, HCM, or s-FCM,
this accuracy is reached only if an intelligent cluster prototype initialization
scheme is applied. If the initial prototypes are not properly chosen, the algo-
rithms might fail. Generally FCM is less sensitive to initialization than HCM.

We have tested the clustering accuracy and robustness, intentionally using
a least smart initialization: randomly chosen input vectors, differing from each
other, were set as initial cluster prototypes. The left columns in Fig. 2(left) show
the failure percentage of s-FCM vs. the suppression rate α. These results suggest,
that s-FCM requires the proper initialization as much as HCM does. If the initial
prototypes are chosen randomly, but choosing exactly one from each label class,
then the confusion rate reduces to zero for all FCM, HCM, and s-FCM.

The right columns of in Fig. 2(left) show the number of necessary iterations
vs. suppression rate, using the same threshold value in the stopping criterion.
These values are in full accordance to those found in [4]: a suitably chosen
suppression rate may reduce 2-3 times the necessary computation cycles. Taking
into consideration, that an efficient implementation uses a few percent more

Fig. 2. (left) Failure rate (percentage) in case of random initialization, and the num-
ber necessary iterations to reach a strict convergence criterion, represented vs. the
suppression rate; (right) Clustering score of s-FCM and Os-FCM, represented vs. the
suppression rate.
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computations to perform the fuzzy membership modification, we can conclude
that suppressing the FCM algorithms is a useful idea.

Further tests have been executed to establish the differences and similarities
between the behavior of FCM and s-FCM. We have found that both need prac-
tically the same amount of iterations to reach a given level of convergence at a
predefined value of α, and the graphical plot of their classification score not only
shows the same numbers, but also their shape is similar (see Fig. 2(right)).

5 Conclusions

In this paper we assumed to study the properties of the suppressed fuzzy c-
means algorithm. Based on analytical computations, we have exploited the quasi-
competitive behavior of s-FCM. On the other hand, using numerical analysis,
we have have shown, that s-FCM succeeded to inherit the quick convergence of
HCM, and the accuracy of FCM, but also has the disadvantage of being almost
as sensitive to prototype initialization as HCM is. We have proposed an optimal
version of the suppressed FCM algorithm and compared their properties via
analytical computations and numerical tests. We found only slight differences
between their performance: Os-FCM should be favored mostly because of its
guaranteed optimality.

References

1. Anderson, E.: The IRISes of the Gaspe peninsula. Bull. Amer. IRIS Soc. 59, 2–5
(1935)

2. Bezdek, J.C.: Pattern recognition with fuzzy objective function algorithms.
Plenum, New York (1981)

3. Cannon, R.L., Dave, J.V., Bezdek, J.C.: Efficient implementation of the fuzzy c-
means clustering algorithms. IEEE Trans. Patt. Anal. Machine Intell. 8, 248–255
(1986)

4. Fan, J.L., Zhen, W.Z., Xie, W.X.: Suppressed fuzzy c-means clustering algorithm.
Patt. Recogn. Lett. 24, 1607–1612 (2003)

5. Hung, W.L., Yang, M.S., Chen, D.H.: Parameter selection for suppressed fuzzy c-
means with an application to MRI segmentation. Patt. Recogn. Lett. 27, 424–438
(2006)

6. Kamel, M.S., Selim, S.Z.: New algorithms for solving the fuzzy clustring problem.
Patt. Recogn. 27, 421–428 (1994)

7. Karayiannis, N.B., Bezdek, J.C.: An integrated approach to fuzzy learning vector
quantization and fuzzy c-means clustering. IEEE Trans. Fuzzy Syst. 5, 622–628
(1997)

8. Wei, L.M., Xie, W.X.: Rival checked fuzzy c-means algorithm. Acta Electr. Sin. 28,
63–66 (2000)

9. Tsao, E.C.K., Bezdek, J.C., Pal, N.R.: Fuzzy Kohonen clustering networks. Patt.
Recogn. 27, 757–764 (1994)

10. Yair, E., Zeger, K., Gersho, A.: Competitive learning and soft competition for
vector quantization design. IEEE Trans. Sign. Proc. 40, 294–309 (1992)


	A Thorough Analysis of the Suppressed Fuzzy C-Means Algorithm
	Introduction
	Background
	What Is the Suppressed Fuzzy C-Means Algorithm?
	Competition by Suppression
	Is s-FCM Optimal?

	Numerical Analysis
	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




